Multi-party Purity Distillation and Instrument
Simulation in the One-Shot Regime

Igor BERNARD

Abstract—We address the problem of distributed multi-party
purity distillation (PD) involving three parties in the one-shot
regime. By obtaining a one-shot inner bound for the distributed
instrument simulation problem that naturally generalizes to the
best known asymptotic inner bound, and combining it with a
recent one-shot single-party local purity concentration protocol
[1], we design a one-shot multi-party PD protocol, analyze its
performance and derive a new inner bound. The derived inner
bound naturally generalizes to the best known asymptotic inner
bound [2].

I. INTRODUCTION

Purity distillation is a fundamental task in quantum infor-
mation theory, with deep connections to thermodynamics and
resource-theoretic formulations of information processing. In
its simplest form, it asks how much local purity can be distilled
from a noisy quantum resource via local unitaries. When one
considers a two-party scenario, wherein distributed parties
Alice and Bob have access to copies of a mixed state p*% and
have to distil local pure states, an additional resource of one-
way classical communication is necessary. Building on [3], [4]
formulated a purity distillation (PD) problem that studies this
trade-off. Specifically, [4] permitted the parties to (i) perform
local unitaries, (ii) use pre-prepared ancillas, so long as they
are returned. Studying the trade-off between the number R of
bits that Alice must send Bob to distil a total of P pure qubits
amidst them in a conventional asymptotic Shannon theoretic
framework, [4] provided a single-letter characterization.

A broader look at the PD problem reveals connections
to the complementary problem of entanglement distillation.
Indeed, the obtained rates inform us of the amount of local
and non-local information present in bipartite states. This
motivates us to investigate the PD problem in a multi-party
scenario in a more generalized Shannon theoretic framework.
Specifically, we consider a scenario wherein three distributed
parties Aliceq, Alices and Charlie have access to a single copy
of a tripartite state p4142¢ Classical communication between
senders Aliceq, Alices and receiver (Rx) Charlie is modeled
as a multiple-access dephasing channel. How many bits R;
must Alice; communicate to Charlie to distill a total of P
pure states amidst the three parties? Our focus in this article
is to characterize the set of all rate triples (Ri, Ra, P) for
which there exists a PD protocol guaranteeing these rates.

A combination of two aspects central to our study distin-
guishes it from all prior work. Firstly, the distributed multi-
party aspect involving three components of an entangled state
entails elements not addressed in a two-party scenario. Indeed,
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entanglement between the A; and As-systems implies that an
efficient protocol must remove the correlation between the bits
sent by the senders - an aspect not addressed in two-party
studies [1], [3], [4]. Secondly, we study this problem in the
general one-shot regime. Crucially, this forces us to design
protocols that cannot leverage techniques such as time sharing
which can greatly simplify protocol design. We are thus forced
to design one-shot protocols and analyze them without the
benefit of concentration and tools such as typical subspaces.
[2], as discussed later, undertake an asymptotic study.

Throughout, we focus on characterizing inner bounds. We
design a one-shot purity distillation protocol for the multi-
party setup and analyze its information theoretic performance.
Our main contribution is a characterization of a one-shot inner
bound (Thm. 3) for the multi-party purity distillation. The
derived inner bound is optimal in the sense that its natural
asymptotic generalization yields the current known best inner
bound for the multi-party purity distillation in the asymptotic
regime. As elaborated below, our pursuit also yields a one-shot
inner bound (Thm. 1) for the problem of instrument simulation
involving three distributed parties.

A key element in optimizing communication rates in a PD
protocol is measurement compression (MC). Indeed, distilling
pure states from mixed states with minimal bit rates forces the
protocol to compress measurement outcomes. In fact, since the
state acted upon needs to be preserved, MC protocols [5], [6]
are insufficient since these only preserve the reference. We
are thus led to formulate and solve a general problem of com-
pressing a separable instrument acting on a two-component
state in the one-shot regime. Characterizing a new inner bound
(Thm. 1) to the instrument simulation (IS) problem, we then
employ this in the multi-party PD. Employing the novel one-
shot single-party purity concentration protocol of [7], we
design our one-shot multi-party PD protocol. With regard to
our analysis, we rely on Sen’s one-shot fully smooth multi-
party covering [8].

A survey of previous works allows us to highlight the new
challenges we encounter and our tools. [3], [4] were focussed
on the then popular asymptotic regime. Recently, the novel
work of Chakraborty et al. [1], [7] has designed and analyzed
PD protocols in the one-shot regime and obtained tight char-
acterizations. As discussed earlier, efficient PD crucially relies
on efficient measurement simulation, i.e. measurement com-
pression (MC). The complexity of MC protocols had restricted
MC studies to simulation of a single-component measurement.
[9] developed a time-sharing protocol to compress separable



measurements acting on two components of a distributed state.
Building on this, [2] has characterized inner bounds for the
multi-party PD problem studied here. However, since they
rely on time sharing and typicality based arguments, they are
inapplicable in the one-shot regime.

Designing and analyzing a general distributed MC protocol
that does not rely on time sharing and preserves the states it
acts on is the main challenge we face. The two simulation
measurements employed by the parties, while designed based
on a single component measurement, must preserve the post-
measurement entanglement. In [10], we identify a compatible
operator sliding (COS) tool to accomplish this. However,
[10] does not preserve the state acted upon. Moreover, the
simulation protocol must preserve the acted upon state. Here,
by elevating the COS tool, we accomplish efficient instrument
simulation in the one-shot regime. In addition to being an
independent contribution, this enables us to solve the multi-
party PD in the one-shot regime. Owing to the page-limit
constraints and the involved nature of a quantum analysis, we
provide detailed proofs in [11].

II. PRELIMINARIES AND PROBLEM STATEMENTS

Notation: We supplement notation in [12] with the following.
For n € N, we let [n] 2 {1,--- ,n},[7] £ {0} U[n]. H4 and
Hx will denote state spaces of the accessible and inaccessible
(reference) components of our quantum systems respectively.
Throughout, all Hilbert spaces are assumed to be finite-
dimensional and sets to be of finite cardinality. An underline
denotes an appropriate aggregation of related objects. For
ex. if Ha,,Ha, are Hilbert spaces, H4 denotes Ha, @ Ha,,
whereas when k; € [K;] for j € [2] are elements in index
sets, k = (ki,k2) or we let py |y denote pyw,w,. L(H),
P(H) and D(H) denote linear, positive and density operators
acting on H. For a stochastic matrix (pyw (y|w) : (w,y) €
W x Y), we let g;/‘w(),gpylw(-) denote the CPTP maps

Ey" (@) 2 X gy ey Priw (o) [w) (wlalw)(w] @ )y
and & " (@) £ Y, ewny Pyiw (yw) (wlalw) [yXyl. CP,
TNI, TP abbreviate completely positive, trace non-increasing,
trace preserving respectively. The definition of I§; is recalled
in Section 1.4 of [13], while the definition of 5 appears in

Definition 1 of [8].

Rem 1. Our choice of notation is motivated by the intent to
keep our presentation consistent with earlier works on PD [2],
[4]. Owing to multi-party nature with 3 components, we admit
the notation is slightly involved.

A. Purity Distillation : Problem Statement

Distributed parties Alice;, Alices and Charlie hold respective
components (systems) of a tripartite state p142¢ . The goal is
that each party distills pure states by performing local unitary
operations. To accomplish this, they share a multiple-access
dephasing channel from (Alice;,Alices)—Charlie. In addition,
each party may catalytically use pre-prepared pure ancilla
qubits to “pump prime” their distillation protocol, which must

however be returned at the end. Following these remarks
on notation, we formalize a purity distillation protocol and
quantify its ability by the total dimension of the distilled purity.
Rem 2. Since we have three systems in PD, we let a single
underline, as stated earlier, aggregate the first two components
and a double underline aggregate all three components. For
ex. | represents triple (11,l2,13). As will be clear in the sequel,
system C will correspond to index 3 and Alice; with index i
forie€[2].
Defn 1. Given Hilbert spaces (Ha, : i € [2|,H¢e), a
tripartite purity distillation protocol (M,1,s,Ua, N ,Uc) =
(M, My, ly,12,13, 81, 82, 83,Ua, N',Uc) comprises
o Alice;’s local unitary Ua, @ Ha, @ Hpo — Har ®
Hao @ Hag, with dim(H r) = s;, dim(H 40) = I; and
diHll(/H]\/[i) = M, for 1 € [2}, '
o A multi-access dephasing channel N
L(Hpr), where Har = Har, @ Hir,
o Charlie’s local unitary Uc : Ho @ He, @ Hy — He, ®
He, with dim(Hce,) = s3, dim(Hc,) = Is.
A1 AC

L(Hy) —

Defn 2. Given a tripartite quantum state p , an n—pure

state can be distilled at rate P with communication cost
(R1, Ry) if there exists a tripartite purity distillation protocol
(M,l,s,Ua, N ,Uc) such that logM,; < R; for i € [2],
3

Zlog s; —logl; > P and

i=1

T waraze, — [0)€0[ 4» ®[0)(0] 4z ® 0){0]¢, I, <n

where w = Uc o N o UaUa,(pa,a,040480,) and

PAyACAQ a9, = P20 ® 10){0] 40 @10)(0] 4 ®[0){0l,,- In

this case, we say the triple (P, Ry, Ry) is n—purity-achievable.
We say pure states can be perfectly distilled at rate P with

communication cost (Ry, R2) if for every n > 0, there exists

N, € N such that for all n > N,, n copies of the tripartite

state ®?:1pA1A2C, can yield n—pure states at rate nP with

communication cost (nRy,nRs). In this case, we say triple
(P, Ry, Ry) is perfectly purity achievable.

B. Instrument Simulation : Objects and Problem Statements

A quantum instrument J : L(Ha) — L(Hp @ CPI)
with outcome alphabet Y is a collection {7, : L(Ha) —
L(Hp)}yey of CP TNI maps such that the total map
Zyey Jy is trace preserving (TP). Equivalently,

JT(p)=Trg | > Myp M y)yl|,

yeY
with operators M, Ha — Hp ® Hg such that
Zyey MJMy = I, and an environment Hp satisfying

dimH, < dimHp ® Hg. In the latter formulation, the
classical outcome y is coherently stored in an orthonormal
basis {|y) : y € Y} of a classical register. Our focus will be
on simulating a separable instrument defined below.

Defn 3. An instrument J : L(Ha) — L(Hp ® CY)
acting' on a bipartite state specified through a collection

IRecall our underline notation. . A denotes H 4, ® H a, and so on.



{Jy + L(Ha) — L(MHp) : y € Y} of CP TNI maps
is separable if there exists, for i € [2] instruments T :
L(Ha,) — L(Hp, @ CVi) specified through a collection
{le) cL(Ha,) = L(Hp,) : w; € W;} of CP TNI maps and
a stochastic matrix Dy |w,w, such that, for each y € Y we

have
Ty = Z Py wyws (Y|wr, w2)Z,

w1, W2

A (1)

The scenario of interest involves three distributed parties
- Alice;, Alices; and Charlie. While Charlie holds classical
register Y, for ¢ € [2] Alice; holds system A; of the bipartite
state pA1A2 The goal is to simulate the action of in trument

J: L(Ha, @ Ha,) — L(Hp, @ Hp, ®CY)
with finite outcome set )’ such that the classical outcome Y
available at Charlie and the post-instrument quantum states are
available at Alice;, Alices respectively. To achieve this, each
sender Alice; : ¢ € [2] shares with Charlie (i) a limited rate
classical communication link modeled as dephasing channels,
and (ii) statistically independent common randomness.

We first note that to simulate a separable instrument 7, it
suffices for each party Alice; to apply instrument Z(*) and let
Charlie stochastically process the outcomes w, wo through the
stochastic matrix py|w,w,. We henceforth focus exclusively
on simulating Z(") and Z(?). The main idea now is that, instead
of implementing the full instruments with outcome alphabets
Wi and W, each Alice; applies an encoding instrument with
a much smaller number M; < |W;| of outcomes and sends the
resulting classical message to Charlie. Using these messages
together with the corresponding shared randomness, Charlie
stochastically post-processes outcomes Wi e W and Ws €
WotoY €Y using py|w,w,. The resulting post-instrument
quantum state, which remains in the possession of Alice; and
Alices in conjunction with the classical register Y at Charlie, is
required to be indistinguishable from that obtained by directly
applying the target instruments which is given by

T 2 (idx ® J) {|p¥ 442 (X A4z}, )

We therefore need a protocol to use the dephasing channels
and common randomness. We formalize the same and pre-
cisely state the multi-party instrument simulation problems.
Defn 4. A (K, M, &, D) one-shot instrument szmulatton (IS )
protocol consists of (i) a bank of K; instruments 5
L(Ha,) — L(Hp, ® CM) 1 k;, € [K,;] each wzth M,
outcomes for i € [2]|, and a (ii) decoder instrument Dy, :
L(CM @ CM2) — £(CPI). T’s action on p*142 can be
n-simulated with (communication) cost (R, C) if there exists
a (K, M,E&,D) one-shot IS protocol for which log K; < C;,
log M; < R; for i € [2] and state T in (2) satisfies

A GRETA
K K,

idy ®Z
k1,k2

(¢pXA1A2) - T

1

<7.3)

J’s action on p*142 can be perfectly simulated with (com-
munication) cost (R, C) if for every nn > 0, there exists N,
such that for all n > N,, @7, J’s action on @}, p™142 can
be n-simulated with cost (nR,nC).

ITI. MULTI-PARTY QUANTUM INSTRUMENT SIMULATION

In this section, we present two inner bounds (Thms. 1, 2) for
the problem of instrument simulation. Owing to the page limit
constraints, we exploit the common structural characterization
that these three inner bounds possess to provide, compromising
readability slightly, a unified characterization. We therefore
begin with preliminaries before addressing one-shot simulation
with IID codes in Sec. III-A. Defn. 5 below enables us to
transition from pre Fourier-Motzkin elimination (FME) bounds
to post FME bounds for all three inner bounds.

Defn 5. Given an ordered collection B 2 (By,---,Bg) €
[0, 008 of six non-negative real numbers, we define the region

a(B) & {(Ri, Ra, C1,C2) € Ry : (5) — (8) below hold; (4)
Ri> By — Bg, Ra> Bo — Bg, Ri+ Ro> By + By — Bg, (5)
Ri+Cy > By — B, R+ Ry +Cy > By + Bs — Bg, (6)
Ry+Cs > By — Bg, R+ Ry +Cs > By + By — Bg, (7)

Ry + Cy + Ro + Cy > max{Bs + By, Bs} — Bs. (8)

Our next Defn. 6 enables us to characterize all possible

“test channels” or single-letter instruments that we can utilize
in designing our instrument simulation protocol.
Defn 6. For instrument J : L(Ha) — L(Hp @ CY) speci-
fied through a collection {7, : L(Ha) = L(HB) :y € V} of
CP TNI maps, let 7 (J) denote the collection (W, Z, py|w)
of all triples, where (i) T : L(Ha,) — L(Hp, @ CV)
are instruments for i € [2] each specified through collection
{I£f3 : L(Ha,) > L(Hp,) : w; € W;} of CP TNI maps and
a stochastic matrix py w,w, such that (1) holds for all y € V.
For a triple (W, Z, py|w ), we let

X B1B2WiWaY A (idX ®EY\K®Z){¢XA1A2}

o X Bidz—iWi A (1dXA2 l WAG )){ XAlAg}

K2

©))
(10)

where I = [Z(l) ®I(2)].

A. Instrument Simulation with IID Codes : One-Shot Regime

Our first finding is an inner bound to distributed instrument
simulation in the one-shot regime. Towards characterizing
the same, we begin by identifying the one-shot information
quantities appearing in the pre FME bounds.

Defn 7. For W,Z py‘W) € J(J) (Defn. 6) and an € > 0,
define €5 = 2log L, B¢ £ (B¢, B, BS, BS, BS, BS) where

Bi = IQE(Wl ZAQX)Jl-F €5, BE = IQE(WQIAlX)JQ-I- €5
BS=I5(W,:YBX), +e5, Bi=I5(Wy:YBX), + €5
Bg — D§<0.XCwYHO.W1 ®0.W2 ®0.XC§Y)O_ + €5,

B = 15 (W3: W), — bes

with all the above information quantities computed wrt states
in (9), (10). Define the region <7.(W,Z, py|w ) 2 a(B€) where
a(+) is defined in Defn. 5

We are now set to characterize a one-shot inner bound for
multi-party quantum instrument simulation.



Thm 1. For n > O, instrument J’s action on p?i42

can be n-simulated in one-shot with communication cost

(R1, Ra, Cy, Cy) if there exists a (W, Z,py\w) € T (J) for
- 4

which (Ry1, Ry, C1,Cs) € o3(W, L, pyw) where 1) = 35z

Proof. Fix a generic triple (W, Z, pyw) € 7 (J) and let

I(i)(PAi) = Trg, Z Vi, pa, VwiT ® |w2><wl|Wl ,
w; EW;
where V,,, : Ha, — Hp, ® Hg,, i € {1 2}, satisfy

ZwiEWi VwiTVwi = IAi' Let pw,w, (wlﬂ w2) - Tr[('uwl ®
[tws) PAyAs s fhw; 2 Vi, Vi, We begin by describing the
K1, K5 encoder instruments and the stochastic decoder.

The K; encoder instruments: Throughout, K; = 20 M, =
2t B, = 2% ¢ N and [K;],[M;],[B;] denote common
randomness, message and bin index sets respectively. Since,
the two POVM outcomes are correlated, a Slepian-Wolf
[14] binning can reduce message rates Rj, Re. The out-
comes are therefore binned and the bin index b; € [B]
is not communicated to the Rx. Specifically, for i € [2],

let ¢ = (cx, : k; € [K;]) denote a multi-code consist-
ing of K; = 2¢ codes wherein the k;—th code Cr;, =
(w; (ks my, 2) € W; : (my,b;) € [M;] x [B;]) consist of

M; = 2% bins each w1th B; = 2% codewords. Associated
with codeword w;(kiymi, b)), let Vi m, b £ Viwi (ks yma bi)
Fokes ymis by € P(H;). Define the operators

s

m;=1b;=1

MwL(k“mu

VPA; Mkimabi /PA;
M;B; Tr(pAi:uknmmbi)’

o, 2 Hsupp(sy,)s

and 7y, & I, — zy,. For m; € [M;] define

1
b; A Vkiﬂ”iabi VPA,; Ski 2
V' MiBi Tr(pa, ik, mi b;)

1
z denotes the generalized inverse (equal to 0

'HM 404

mi,
oy

; (1)

where Si,~
on the null space of S )) Note that, by definition 8,
Ha, = Hp, @HE,. Slnce Tk, 1S a projector, fix an 1sometry
Qi Ha, = Hp, ® HE, and define the “0-th” operator

A 0 Tyo
= Qi O, Oh. = Tk,

Note that for every (k;, m;, b;) € [K;] x [M;] x [B;], we have
Viei,mi bi v/PA,

0

/S VMB; Tx(pa, thim. ;)
It is also easy to verify that for each (k;,m;,b;) € [rKZ] X
[M;] x [Bi], ‘L)m“ : Ha, — Hp, @ Hp, and 0} '0) +
> s HZ“’ Hm“ i = I,,. We are now set to define the two

banks of encodlng instruments. For i € [2], Alice;’s instrument
corresponding to common randomness index k; € [K;] is

so that

m;,b;
— 0,0\ /Sy, =

5,5.? : L(Ha,) — L(Hp, ®CMi), defined through its action
M, B
; Qm“ k SGm“ ‘® m;iXm;
5gwﬁﬁmig;g; maXmilag, | p

+69.569 T @ [0)0],,,

onany S € L(Ha,).

Rem 3. Observe that S,;_% at the right of Qz“bi in (11) is a
sum spanning over all clodebook elements. When we randomize
over the codebook, S k_ 2 will be random. Owing to this random
operator sum raised to the power —%, we are unable to prove
any concentration. This causes a central difficulty in analysis

which we overcome through the idea of proxy states.

K1 K5 Decoder post-processing maps: Recall that the bin in-
dices are not communicated to Charlie. The decoder Dy, :
L(CM @ CM2) — L£(CY!) is therefore a composition
Dy, 2 D oD, wherein the DV : £(CM) - £(CM o CE)
is a standard one-shot hypothesis-testing based [15] decoder
used in Slepian Wolf decoding and D,(f) is a plain stochastic
processing defined as

S pyiw (ylw(k, m, b)) ly)m b| S [m bYyl .

me[M]yey

DR (9) =

for any S € L(CMX®CE) where w(k, m,b), CXL, CE abbrevi-
ates wl(kl, mi, bl), U}Q(kg, ma, bg), CcM CMZ, CB @ CB-2
respectively. Regarding the former, consider a hypothesis-
testing based one-shot Slepian Wolf decoder that tests between
pw,w, and py, @ pw,. As this decoder is standard, we omit
the details here. A detailed proof is provided in [16] O

B. Instrument Simulation via IID Codes : Asymptotic Regime

Having characterized a one-shot inner bound, it is straight-
forward to obtain an asymptotic version of the same which we
characterize in the following. Rem. 4 highlights the difference
in the hypothesis divergence and the one obtained through
covering (convex split). We begin by identifying the pre FME
information quantities.

Defn 8. For a triple W, Z,py\w) € 7(J) (See Defn. 6)
define B® & BY, BY, B, BY, B, BY) where

(
1 =I(W;: A2 X),,, BO_J(W2 A1X) o,
BY = I(W, :YBX),, B} =I1(Wy:YBX),
B2 = I(Wl,Wz YBX), + I(Wyi; Wa),,
Bg = I(Wl, Wg)a

13)

with all the above information quantities computed wrt states
in (9), (10). Define the region </o(W,Z,py|w) a a(BY)
where «(-) is defined in Defn. 5.

Thm 2. Instrument J’s action on p*142 can be perfectly
simulated with communication cost (R, Ry, C1,Cy) if there
exists a W, Z,py\w) € 7 (J) for which (R, Ry,C1,C3) €
W, Z,py|w)

Rem 4. In characterizing the inner bound achievable in the
asymptotic regime, we note that the maximum appearing in
the bound (8) could be simplified. Indeed BY > BY + BY
since I(XEY, W1W2)g + I(Wl; Wg)g = I(XEY, Wl)a‘ +
[(XBY;Wa|W1), + I(WisWa), = I(XBY; W), +
I(W1 XBY; W3),. Note that we cannot claim the same in-
equality in relation to B§, B§, By, B§.



IV. THREE PARTY PURITY DISTILLATION

Our main result is an inner bound to the one-shot purity dis-
tillation obtained by leveraging Thm 1. Let AlY), :
MaxXoCcy: p(Q)>1—+/z mlnyEQ Hmax(A)pA > (A)pq;"
as in [1].

Thm 3 (Achievable one-shot three-party purity distillation).
Let paa,c € D(Ha, @Ha,®Hc) and let 0 < e < 1/2. For
a purification @, of pa, a,c, fix measurement maps (equiva-
lently POVMs) ") = L(Ha,) — L(Ha, @ C7), i €
{1, 2}, with finite outcome sets Y1,V and define the cq-states

max(

with HE

max

W= WRA, Ay CY1 Y, ‘= (idRC ®I(1) ®I(2))((pp).

Wi = WRA; A2CY; ‘= (idRCA?,fi ®I(l))(@P)

Fix rates (Ry, Ro, P). If these rates satisfy, for i € {1, 2},

R; > IS(YiIRCA3—i)wi—I%(Yl;yé)w+3log;
Ri+Ry > I5(Y1:RCAy),, + I5(Ya: RCAY).,
—I5%(Y1;Ya), —|—510g1
P <logda,da,dc — HYE (A1]Y1)w
—HYE (C|Y1Y)), — I5(Y1: RASO),,

max

(14)
— HYE (A3]Y3)w

max

1
—I5(Y2:RA,C),,, —4log -

then (Ry, Ra, P) is 14 £ —purity-achievable.

Proof. We only provide a proof sketch here, highlighting the
main steps of the argument; a complete and detailed proof can
be found in [11]. Assume first that the parties have access to
an unlimited amount of common randomness (to be removed
later by derandomization). Let p4, 4,¢ be the shared state, and
consider local measurement maps, i.e., instruments

IW: L(Ha,) — L(Ha, ®C¥),  of the form
W (pa,) Z Vyipa, V), T ® lyiXyily, » where
Y €Vi
Vit Ha, = Ha,, i € {1,2}, satisfy 3, o, V,,, TV, = Ia

In our purity distillation protocol, we require that both the
encoders and decoder know the outcome of the protocol;
we directly simulate the product instrument Z() @ Z(?),
no stochastic processing is involved at the decoder. Alice;
and Alice, generate classical messages (my, mo) and Charlie
reconstructs outcomes (171, Yg) such that the simulated post-
instrument state w is 7-close (in trace norm) to the ideal
post-instrument state wy = (ide ® ZW @ T3 (pa, a,0)-
By monotonicity of the trace distance under local operations,
the subsequent local purity distillation steps performed con-
ditioned on (171,}72) incur at most an additional 7 loss in
performance. Thm 1 ylelds n = 32¢7 with the chosen rate
bounds. From defn. €k , the proof of Thm 1 shows that an
ancilla of size M; B;+1 is required to implement it coherently.

Let Uggf) denote the unitary implementing the one party
purity distillation procedure for the conditional state p% . from

[1]. For y = (y1,y2), define U, := Uﬁ) ® Uéf). In [1], the
protocol uses an ancillary system whose dimension depends
on the amount of purity one aims to distill. Here, we fix a
common target purity level that is simultaneously achievable
for almost all conditional states {pi{{'i}yi, and we implement

each unitary Uy, () using the corresponding common ancillary
register. For those values of y; for which a larger amount of
purity could in principle be distilled, we simply refrain from
extracting the additional purity. For the remaining values of y;
for which the target purity is not achievable, we set Ué:) to be
the identity. Applying unitary U := 3 U, ®|y)(y| to the state
w produced by the instrument simulation protocol is equivalent
to the following sequence of operatlons coherently implement
the encoding instruments ew ./, trace out the systems B;, apply
the controlled unitary Uy := Y Uykm, f(k,m)) @ [m){m
dephase the registers M; and Ms, and finally apply the
decoding instrument. This decomposition makes explicit that
we can (i) coherently realize the protocol instruments, (ii) per-
form conditional purity distillation on A; Ao, (iii) transmit the
classical registers M; and Ms to Charlie through dephasing
channels, and (iv) distill purity from C' conditioned on the
reconstructed outcomes (Y7, Ys).

Purity extraction given the outcomes. Now, from the def-

inition of HS, (A|Y),, a set of measure at least 1 — e'/4

(with respect to py,) of the states p% . satisfy ﬁnﬁx(Aim)w <
Hifax(A3)
distillation p}otocol from [1] on these states, Alice; distills
an amount of local purity on her side of the form Py, <
logday, —fL}{agx(AﬂY;)w. Since Charlie has access to (Y1, Ys),
he can distill local purity from his system at rate Po <
log de: — HYx(C|Y1Y3).,. Each system is 5¢2/4-close to the
target pure state. Summing these contributions and subtracting
the purity invested in catalytic pure ancillas used to coherently
implement the protocol’s instruments yields an overall net
distilled purity as in the theorem statement. With the additional
common randomness resource, our protocol thus yields a
global state 47¢7-close to 10){0] 4» @ [0){0] 4 ® [0){O] ¢, -
Derandomization. At the end of the previous protocol, the
overall action on the system can be summarized as follows:

Z gkle ) -

k1,k2

ol Thus using the one—shot single-party purity

10)(0] £o 1= 4T €T,

1

<e
K1K2 =0

Since &k, is CPTP, fidelity-trace distance relation [12,
(9.164)] yields

! €0
K K, ggz (0] Exyra (p) [0) > (1 _ 5)

¥,k3) such that
. Applying once more

Therefore, there exist indices (
2
(Ol &z (p)I0) > (1-%)
the same inequality we have
[€rsks(p) = 10)O]]|, < 2vE0 = 2VATes < 14e5.

Thus, we removed common randomness while keeping the
same amount of distilled purity. [
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