
A Simple Universal Technique to Analyze Binning
over Quantum Channels with Several Applications

Fatma Gouiaa Arun Padakandla

Abstract—We propose a simple universal technique based on
a likelihood encoder and a soft covering analysis to analyze the
canonical strategy of binning that is widely used in channel cod-
ing. Through its simplicity and generality, our technique enables
us to analyze binning in all known classical and quantum channel
coding scenarios. Our technique overcomes the drawbacks of
previously developed approaches to analyze binning such as
overcounting, non-unique decoding and enables us to derive new
inner bounds for 3-user channels.

I. INTRODUCTION

Addressing the problem of channels with state, Gelfand and
Pinsker [1] invented a powerful technique of binning, wherein
a channel code is partitioned into bins. This technique provides
an encoder with an exponential collection of codewords -a bin
- to encode the message. Following its invention, binning has
found utility in several fundamental scenarios including the
broadcast [2], 3-user channels [3]–[5], channels with state in
both classical and quantum [6], [7] realms.

Binning has been proven to yield increased communication
rates in any channel coding scenario wherein the channel’s
operation is affected either by a state [1], [6] or when the
encoder must multiplex bit streams [2], [8]. In such scenarios,
a bin enables the encoder to intelligently choose the transmit-
ted/chosen codeword to be compatible (typical) with the state
[1] or codewords encoding the other receiver (Rx) messages
[2]. While this enhances bit rates, its analysis gets involved
since the choice implies the transmitted/chosen codeword,
and the bin of codewords it is chosen from, are statistically
dependent. While information-theoretic analysis of binning for
classical channels is well studied with several elegant ideas
[9], the same does not hold for quantum channels. Specifically,
while the event wherein the decoder does not correctly identify
the chosen codeword within the bin can be done away with,
a quantum analysis forces one to upper bound the probability
of this event.

This above mentioned challenge has resulted in multiple
attempts and missteps [8, See note in Sec. 1]. In 2015, Savov
and Wilde [8] proposed an overcounting trick to address
this challenge in the context of a 2−user classical quantum
broadcast channel (2−CQBC). While the overcounting trick
resolved the 2−CQBC case, recent studies [4] assert that the
overcounting trick of [8] is inapplicable in more generalized
scenarios such as the 3−CQBC. The following extract from
[4] summarizes this. “First it (overcounting) is more involved.
Second, the resulting preliminary rate inequalities do not mirror
their classical counterparts. And third, it is not clear how it can

be extended to the case with a common message (though [40]
deals with Marton’s code with common message).” To address the
purported difficulties, [4] proposes a non-unique decoding-
based approach. Essentially, by pooling together projection
operators corresponding to codewords in a bin, [4] claims the
challenges with analyzing binning can be overcome. [4] builds
on this to present several inner bounds to the 3−CQBC with
multi-level messages analogous to [10]. A careful consider-
ation of the proposed non-unique decoding-based approach
reveals concerns in its applicability and the veracity of the
proofs.1 See Rem. 4. In essence, while we are confident the
inner bounds stated in [4] hold, the proofs provided in [4]
are not complete. This leaves the problem of developing a
simple general technique to analyze binning open for classical
quantum (CQ) channels.

The modest goal of this article is to put forth and thereby
document a simple universal technique to analyze binning that
is applicable for any scenario that we are aware of, including
classical and CQ channels with state, CQBCs with any number
of Rxs, coset coding strategies, etc. Our technique is based
on using a likelihood encoder and a soft covering analysis.
Our approach separates the encoding technique of binning,
i.e. covering with an exponential number of codewords, and
decoder packing in such a way that makes it amenable for
any scenario. To illustrate this, we present a detailed proof
of achievability of Marton’s inner bound for the 2−CQBC
in Sec. II. Remark 3 clearly highlights why this approach
works for any scenario we are aware of. As an application
of our technique, we present, in Sec. III, inner bounds for
the 3−CQBC that combines coset codes, unstructured IID
codes, and simultaneous decoding with our likelihood encoder
coupled with the soft-covering analysis.

While our techniques are simple, we are not aware of this
use of soft covering in a channel coding scenario to analyze
binning. We refer to closely related works [11], [12] and [13]
that are primarily developed for source coding problems. Here,
we remark that for some reason these ideas have not percolated
into quantum studies, as evidenced by the missteps as recently
as [4]. Simply put, the main utility of our work is possibly a
clear documentation of our proposed technique for analyzing
binning, thereby preventing missteps.

Notation: For n ∈ N, [n] =∆ {1, · · · , n}. For a Hilbert space
H, L(H),P(H) and D(H) denote the collection of linear,
positive, and density operators acting on H respectively. We

1We have communicated the same to the first author of [4].



let an underline denote an appropriate aggregation of objects.
For example, V =∆ V1 × V2 for sets, HY =∆ ⊗2

i=1HYi for
Hilbert spaces HYi : i ∈ [2] etc. We abbreviate probability
mass function, random variables, conditional typical projector,
and unconditional typical projector as PMF, RVs, C-Typ-Proj
and U-Typ-Proj respectively.

II. BINNING ANALYSIS IN THE 2−CQBC

Consider a (generic) 2-CQBC (ρx ∈ D(HY ) : x ∈ X , κ)
specified through (i) a finite set X , (ii) Hilbert spaces HYj

:
j ∈ [2], (iii) a collection (ρx ∈ D(HY ) : x ∈ X ) and (iv) a
cost function κ : X → [0,∞). The cost function is assumed
to be additive, i.e., the cost of preparing the state ⊗n

t=1ρxt

is κn(xn) =∆ 1
n

∑n
t=1 κ(xt). Reliable communication on a

2-CQBC entails identifying a code.

Defn 1. A 2-CQBC code c = (n,M, e, λ) consists of (i) two
message index sets Mj : j ∈ [2], (ii) an encoder map e :
M1×M2 → Xn and (iii) POVMs λj =

∆ {λj,mj
∈ P(H⊗n

Yj
) :

mj ∈ Mj} : j ∈ [2]. The average probability of error of the
2-CQBC code (n,M, e, λ) is

ξ(e, λ) =∆ 1− 1

|M1||M2|
∑

m∈M
tr
(
λmρ⊗n

c,m

)
,

where λm =∆ ⊗2
j=1λj,mj

, ρ⊗n
c,m =∆ ⊗n

t=1ρxt
and (xt : 1 ≤ t ≤

n) = xn(m) =∆ e(m). Average cost per symbol of transmitting
message m ∈ M is τ(e|m) =∆ κn(e(m)) and the average cost
per symbol of 2-CQBC code is τ(e) =∆ 1

|M|
∑

m∈M τ(e|m).

Defn 2. A rate-cost triple (R1, R2, τ) ∈ [0,∞)3 is
achievable if there exists a sequence of 2-CQBC codes
(n,M(n), e(n), λ(n)) for which lim

n→∞
ξ(e(n), λ(n)) = 0,

lim
n→∞

n−1 log |M(n)
j | = Rj : j ∈ [2], and lim

n→∞
τ(e(n)) ≤ τ.

The capacity region C of a 2−CQBC is the set of all
achievable rate-cost vectors and C (τ) =∆ {R : (R, τ) ∈ C }.

Theorem 1. A rate-cost triple (R1, R2, τ) ∈ [0,∞)3 is
achievable if there exists (i) two finite sets V1, V2, (ii) a PMF
pV1V2

on V1×V2 and (iii) a mapping function f : V1×V2 → X
such that

∑
(v1,v2)

pV1V2(v1, v2)κ(f(v1, v2)) ≤ τ ,

R1 +R2 <

2∑
j=1

I(Vj ;Yj)− I(V1;V2) and Rj < I(Vj ;Yj)

holds, for j ∈ [2], where all the information
quantities are computed wrt the state ρV XY =∆∑

(v,x) pV X(v, x) |v, x⟩⟨v, x| ⊗ ρY1Y2
x , with pV X(v, x) =

pV (v)1{x = f(v)}, for (v, x) ∈ V × X .

Remark 1. Note that we present our approach only for
binning. Our technique and its analysis straightforwardly
extend to the general coding scheme involving both binning
and superposition.

Proof. Consider a pair Vj : j ∈ [2] of finite sets, a generic
function f : V → X and a generic PMF pV on V that satisfy

the average cost
∑

v pV (v)κ(f(v)) ≤ τ . Let (R1, R2) be a
rate pair that satisfy the corresponding bounds in Thm. 1. We
divide the proof into four parts entailing the code structure,
encoding rule, decoding POVMs and error analysis.
Code structure: For j ∈ [2], the code employed to com-
municate Rx j’s message comprises (i) a collection Cj =∆

{vnj (bj ,mj) : bj ∈ [2nKj ],mj ∈ [2nRj ]} constructed over the
alphabet Vn

j and (ii) a binning map bj : [2nR1 ] × [2nR2 ] →
[2nKj ]. For j ∈ [2], let cj(mj) =

∆ (vnj (bj ,mj) : bj ∈ [2nKj ])
denote the bin corresponding to message mj . Conventionally,
the codewords in Cj are picked IID with distribution

∏n
t=1 pVj .

However, to demonstrate the generality of our approach,
we pick these codewords, as will be formalized when we
analyze the error probability, IID with an alternate distribution∏n

t=1 qVj
. Secondly, the binning map, which identifies the

chosen codewords, is conventionally based on typicality. In
other words, (b1(m), b2(m)) ∈ [2nK1 ] × [2nK2 ] is chosen
deterministically to ensure vnj (bj(m),mj) : j ∈ [2] is jointly
typical with respect to pV1V2

. A corresponding randomization -
uniformly chosen amongst all joint typical pairs - is employed
to analyze error probability. Instead of forcing typicality, as is
done conventionally, we employ a soft probabilistic approach
inspired by Cuff’s likelihood encoder [14] to determine our
binning. This will be evident when we specify the distribution
with respect to which the binning map bj : [2

nR1 ]× [2nR2 ] →
[2nKj ] is chosen.
Encoding Rule: For each message pair (m1,m2), the
encoder chooses codeword pair

(
vnj (bj(m),mj) : j ∈ [2]

)
.

To communicate the messages (m1,m2), the encoder
prepares the quantum state ρY1Y2

xn(m) where xn(m) =∆

fn (vn1 (b1(m),m1), v
n
2 (b2(m),m2)), with f evaluated letter-

by-letter.
Decoding POVMs: Since the decoding POVMS for Rx 1
and Rx 2 being identical, we present the same in terms
of a generic index j. Let πvn

j
and π denote the C-TYP-

Proj and U-TYP-Proj with respect to the state ρvn
j

and ρ

respectively, where ρvn
j

=
⊗n

t=1 ρvjt and for all vj ∈ Vj ,
ρvj

=∆
∑

vj
pVj |Vj

(vj |vj)ρ
Yj

f(v1,v2)
, where j ∈ {1, 2}\{j}

denotes the complement index, i.e., {j, j} = {1, 2}, and
ρ =∆

∑
v1,v2

pV1V2
(v1, v2)ρ

Yj

f(v1,v2)
. We define the square-root

measurement {λmj
: mj ∈ [2nRj ]} to decode mj as

λmj
=∆

 ∑
(b̃j ,m̃j)

γb̃j ,m̃j

− 1
2
∑

bj

γbj ,mj

 ∑
(b̃j ,m̃j)

γb̃j ,m̃j

− 1
2

,

and λ
Yj

−1 =∆ I −
∑

mj
λmj , where γbj ,mj =∆ ππvn

j (bj ,mj)π.
Error analysis: We begin by specifying the codebook dis-
tribution. Let

P

((
V n
j (bj ,mj) = vnj (bj ,mj) : bj ∈ [2nKj ],mj ∈ [2nRj ]

)
,(

Bj(m) = bj(m) : m ∈ [2nR1 ]× [2nR2 ]
)
: j ∈ [2]

)

=

 2nR1∏
m1=1

2nK1∏
b1=1

qnV1
(vn1 (b1,m1))

 2nR2∏
m2=1

2nK2∏
b2=1

qnV2
(vn2 (b2,m2))





 2nR1∏
m1=1

2nR2∏
m2=1

rnV (v
n
1 (b1(m),m1), v

n
2 (b2(m),m2))∑

(l1,l2)
rnV (v

n
1 (l1,m1), vn2 (l2,m2))

 , (1)

specify our joint codebook distribution, where

rnV (v
n
1 , v

n
2 ) =

∆
pnV (v

n
1 , v

n
2 )

qnV1
(vn1 )q

n
V2
(vn2 )

, for (vn1 , v
n
2 ) ∈ V1 × V2. (2)

Remark 2. As specified when we described the code struc-
ture, the distribution of our binning map conditioned on
the code distinguishes our encoder from conventional joint
typicality-based encoders. Specifically, note from (1) that
P
(
Bj(m) = bj : j ∈ [2]

∣∣Cj(mj) = cj(mj) : j ∈ [2]
)
=

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))∑

(l1,l2)
rnV (v

n
1 (l1,m1), vn2 (l2,m2))

.

We now derive an upper bound on the average error probabil-
ity. We have

ξ(e, λ) =∆
1

2n(R1+R2)

∑
m

tr
{
(IY1Y2 − λm1

⊗ λm2
)ρY1Y2

e(m)

}
≤ T1 + T2, where, for j ∈ [2]

Tj =
∆ 1

2n(R1+R2)

∑
m

tr
{(

IYj − Γmj

)
ρ
Yj

e(m)

}
, and

Γmj
=∆

 ∑
(b̃j ,m̃j)

γb̃j ,m̃j

− 1
2

γbj(m),mj

 ∑
(b̃j ,m̃j)

γb̃j ,m̃j

− 1
2

.

The inequality follows from (i) IY1Y2−λm1
⊗λm2

≤ (IY1Y2−
λm1 ⊗IY2)+(IY1Y2 −IY1 ⊗λm2

) and (ii) the fact that λmj
≥

Γmj , for j ∈ [2]. Observe that,

Tj =
1

2n(R1+R2)

∑
m

∑
b

1{b1(m) = b1, b2(m) = b2}

tr

{(
IYj − Γmj

)
ρ
Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}
(∗)
= Tj.1 + Tj.2, where

Tj.1 =∆
1

2n(R1+R2)

∑
m

∑
b[

1{b1(m) = b1, b2(m) = b2} −
rnV (v

n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

]
tr

{(
IYj − Γmj

)
ρ
Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}
and Tj.2 =∆

1

2n(R1+R2)

∑
m

∑
b

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

tr

{(
IYj − Γmj

)
ρ
Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}
.

The equality (∗) follows by adding and subtracting

rnV (vn1 (b1,m1), v
n
2 (b2,m2))

2n(K1+K2)
, (3)

thereby decomposing Tj into Tj.1 and Tj.2 described above.

Remark 3. We highlight the above technique of adding and
subtracting the term in (3) which enables us to decompose
the error into two terms, Tj.1 is analyzed using the soft-
covering lemma and Tj.2 using a conventional channel coding
approach. This enables us to break the statistical dependence.
Moreover, bounding

qVj
(.)

pVj
(.) appropriately via the divergence

(see equation (4)) enable us to obtain the right channel
coding bound. This approach essentially decouples the binning
analysis and the channel coding analysis, thus leaving the
channel coding analysis oblivious to the presence of binning.

The term Tj.1 is simply bounded by a covering argument
[15] referred to therein as ‘cloud mixing’. Observe that,

Tj.1 ≤ 1

2n(R1+R2)

∑
m

∑
b∣∣∣∣1{b1(m) = b1, b2(m) = b2} −

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

∣∣∣∣∣∣∣∣tr{(IYj − Γmj

)
ρ
Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}∣∣∣∣
≤ 1

2n(R1+R2)

∑
m

∑
b∣∣∣∣1{b1(m) = b1, b2(m) = b2} −

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

∣∣∣∣ .
We evaluate the expectation over Cj(mj) : j ∈ [2]. We obtain

E[Tj.1] ≤
1

2n(R1+R2)

∑
m

∑
b

∑
cj(mj):j∈[2]

P (Cj(mj) = cj(mj) : j ∈ [2])∣∣∣∣∣∣
P
(
Bj(m) = bj : j ∈ [2]

∣∣Cj(mj) = cj(mj) : j ∈ [2]
)

−
rnV (v

n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

∣∣∣∣∣∣
=

1

2n(R1+R2)

∑
m

∑
b

∑
cj(mj):j∈[2]

P (Cj(mj) = cj(mj) : j ∈ [2])∣∣∣∣∣∣∣∣∣
rnV (v

n
1 (b1,m1), v

n
2 (b2,m2))∑

(l1,l2)
rnV (v

n
1 (l1,m1), vn2 (l2,m2))

−
rnV (v

n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

∣∣∣∣∣∣∣∣∣
=

1

2n(R1+R2)

∑
m

∑
b

∑
cj(mj):j∈[2]

P (Cj(mj) = cj(mj) : j ∈ [2])

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))∑

(l1,l2)
rnV (v

n
1 (l1,m1), vn2 (l2,m2))∣∣∣∣∣∣1−

∑
(l1,l2)

rnV (v
n
1 (l1,m1), v

n
2 (l2,m2))

2n(K1+K2)

∣∣∣∣∣∣
=

1

2n(R1+R2)

∑
m

∑
cj(mj):j∈[2]

P (Cj(mj) = cj(mj) : j ∈ [2])∣∣∣∣∣∣
∑

(l1,l2)

rnV (v
n
1 (l1,m1), v

n
2 (l2,m2))

2n(K1+K2)
− 1

∣∣∣∣∣∣



= E


∣∣∣∣∣∣
∑

(l1,l2)

rnV (V
n
1 (l1,M1), V

n
2 (l2,M2))

2n(K1+K2)
− 1

∣∣∣∣∣∣
 ,

From the ‘cloud mixing’ lemma [15, Lemma 19], we have
E[Tj.1] ≤ ϵ, if K1 + K2 > D(pV1V2

∥qV1
qV2

) and Kj >
D(pVj

∥qVj
), for j ∈ [2].

Remark 4. Next, we employ the Hayashi Nagaoka inequality
[16]. We now elaborate on the mis-steps in [4]. The operator
ΠB1

u1(m0,m11,m21,m12)
defined in [4, Eq.4] is identified as S

in the Hayashi Nagaoka inequality. Note, however, that the
hypothesis requires 0 ≤ S ≤ I . Since ΠB1

u1(m0,m11,m21,m12)
is

a sum of projectors, S ≤ I is not. Indeed, if the codewords
in the bin are identical, which is not precluded via a random
code construction, ΠB1

u1(m0,m11,m21,m12)
will not be dominated

by I .

Continuing with our proof, we bound the term Tj.2 on the
above using the Hayashi Nagaoka inequality [16]. Specifically,
we identify γbj(m),mj

=∆ ππvn
j (bj(m),mj)π as S. This identifi-

cation is justified, since γbj(m),mj
= ππvn

j (bj(m),mj)π ≤ π ≤
I . We obtain Tj.2 ≤ 2 Tj.2.1 + 4 (Tj.2.2 + Tj.2.3), where

Tj.2.1 =∆
1

2n(R1+R2)

∑
m

∑
b

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

tr

{
(IYj − π πvn

j (bj ,mj) π)ρ
Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}
,

Tj.2.2 =∆
1

2n(R1+R2)

∑
m

∑
b

∑
m̃j ̸=mj

∑
b̃j

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

tr

{
π πvn

j (b̃j ,m̃j)
πρ

Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}
, and

Tj.2.3 =∆
1

2n(R1+R2)

∑
m

∑
b

∑
b̃j ̸=bj

rnV (v
n
1 (b1,m1), v

n
2 (b2,m2))

2n(K1+K2)

tr

{
π πvn

j (b̃j ,mj)
πρ

Yj

fn(vn
1 (b1,m1),vn

2 (b2,m2))

}
.

Analysis of Tj.2.1: We evaluate the expectation of Tj.2.1 over
the codebook generation distribution. We obtain

E[Tj.2.1] =
1

2n(R1+R2)

1

2n(K1+K2)

∑
m

∑
b

∑
vn
1 ,vn

2

qnV1
(vn1 )

qnV2
(vn2 )r

n
V (v

n
1 , v

n
2 ) tr

{(
IYj − π πvn

j
π
)
ρ
Yj

fn(vn
1 ,vn

2 )

}
(a)
=

1

2n(R1+R2)

1

2n(K1+K2)

∑
m

∑
b

∑
vn
1

∑
vn
2

pnV (v
n
1 , v

n
2 )

tr
{(

IYj − π πvn
j
π
)
ρ
Yj

fn(vn
1 ,vn

2 )

}
(b)
=

1

2n(Rj+Kj)

∑
mj

∑
bj

∑
vn
j

pnVj
(vnj ) tr

{(
IYj − π πvn

j
π
)
ρ
Yj

vn
j

}
=

1

2n(Rj+Kj)

∑
mj

∑
bj

∑
vn
j /∈Tn

δ (pVj
)

pnVj
(vnj ) +

1

2n(Rj+Kj)

∑
mj

∑
bj

∑
vn
j ∈Tn

δ (pVj
)

pnVj
(vnj ) tr

{(
IYj − π πvn

j
π
)
ρ
Yj

vn
j

}
≤ ϵ+

1

2n(Rj+Kj)

∑
mj

∑
bj

∑
vn
j ∈Tn

δ (pVj
)

pnVj
(vnj )

tr
{(

IYj − π πvn
j
π
)
ρ
Yj

vn
j

} (c)

≤ 2ϵ+ 2
√
ϵ,

where (a) follows from (2), (b) follows from the defi-
nition of ρ

Yj

vn
j

, and (c) follows from tr
{
ππvn

j
πρ

Yj

vn
j

}
=

tr
{
πvn

j
πρ

Yj

vn
j
π
}

≥ tr
{
πvn

j
ρ
Yj

vn
j

}
−
∥∥∥πρYj

vn
j
π − ρ

Yj

vn
j

∥∥∥
1
≥ 1 −

ϵ − 2
√
ϵ, where the first equality follows from the cyclicity

of the trace, first inequality follows from using tr(∆ρ) ≥
tr(λσ)−∥ρ− σ∥1, for 0 ≤ ∆, ρ, σ ≤ I , and second inequality
follows from the typical property tr

{
πvn

j
ρ
Yj

vn
j

}
≥ 1 − ϵ, for

vnj ∈ Tn
δ (pVj

) and from the gentle measurement operator [17].
Analysis of Tj.2.2: We evaluate the expectation of Tj.2.2 over
the codebook generation distribution. We obtain

E[Tj.2.2] =
1

2n(R1+R2)

1
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∑
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∑
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∑
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ṽn
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fn(vn
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2 )

}
(a)
=
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1
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∑
b̃j

∑
ṽn
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∑
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qnVj
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2 ) tr
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ππṽn

j
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Yj

fn(vn
1 ,vn

2 )

}
(b)
=

∑
m̃j ̸=mj

∑
b̃j

∑
ṽn
j ∈Tn

δ (pVj
)

qnVj
(ṽnj ) tr

{
ππṽn

j
π
(
ρYj
)⊗n

}
(c)

≤
∑
m̃j

∑
b̃j

∑
ṽn
j ∈Tn

δ (pVj
)

2−n(D(pVj
||qVj

)−δj) pnVj
(ṽnj )

tr
{
πṽn

j
π
(
ρYj
)⊗n

π
}

(4)

(d)

≤ 2−n(I(Vj ;Yj)+D(pVj
||qVj

)−2δ−δj−(Rj+Kj)),

where (a) follows from (2), (b) follows from the definition of(
ρYj
)⊗n

, and from πṽn
j
= 0, for ṽnj /∈ Tn

δ (pVj
), (c) follows

from (i) the cyclicity of the trace and from (ii) qnVj
(ṽnj ) ≤

2−n(D(pVj
||qVj

)−δj) pnVj
(ṽnj ), for ṽnj ∈ T n

δ (pVj
), (d) follows

from tr
{
πṽn

j
π
(
ρYj
)⊗n

π
}

≤ 2−n(H(Yj)−δ) tr
{
πṽn

j
π
}

≤

2−n(H(Yj)−δ) tr
{
πṽn

j

}
≤ 2−n(H(Yj)−δ)2n(H(Yj |Vj)−δ), for

ṽnj ∈ Tn
δ (pVj

). Hence, for ϵ > 0, E[Tj.2.2] ≤ ϵ, if
Rj +Kj < I(Vj ;Yj) +D(pVj

||qVj
). Following the identical

steps as used in bounding E[Tj.2.2], for ϵ > 0, we have,
E[Tj.2.3] ≤ ϵ, if Kj < I(Vj ;Yj)+D(pVj ||qVj ). This completes
the proof. The bounds stated in Thm. 1 can now be derived
via Fourier–Motzkin elimination [9, Appendix D].

III. NEW ACHIEVABLE RATE REGIONS FOR 3−CQBC

Notation: For prime υ ∈ Z, Fυ will denote finite field of
size υ ∈ Z with ⊕ denoting field addition in Fυ (i.e. mod−υ).
In any context, when used in conjunction i, j, k will denote



ΨUU⊕V XY =∆
∑

u12,u13
u21,u23
u31,u32

∑
v1,v2,v3,x

u⊕
1 ,u⊕

2 ,u⊕
3

pUVX(u1∗, u2∗, u3∗, v, x)1{
uij⊕ukj

=u⊕
j :j∈[3]

}∣∣u1∗ u2∗ u3∗ u
⊕
1 u⊕

2 u⊕
3 v x

〉〈
u1∗ u2∗ u3∗ u

⊕
1 u⊕

2 u⊕
3 v x

∣∣⊗ρx

Q31Q32 U31U32V3
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X ρX
Y 1Y 2Y 3

Dec. 1 
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Dec. 2 
POVM

Dec. 3 
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W Q2* Q*2 U2* U12ÅU32 V2

W Q3* Q*3 U3* U13ÅU23 V3

TrY2Y3

TrY1Y3

TrY1Y2

W

Fig. 1. Depiction of all RVs in the full blown coding strategy. In Sec. IV-A
(Step I) only RVs in the grey dashed box are non-trivial, with the rest trivial.

distinct indices in [3], hence {i, j, k} = [3] and we let J3K =∆

{(1, 2), (1, 3), (2, 1), (2, 3), (3, 1), (3, 2)}. We let an underline
denote an appropriate aggregation of objects. For example,
V =∆ V1×V2×V3 for sets, HY =∆ ⊗3

i=1HYi
for Hilbert spaces

HYi
: i ∈ [3] etc.

Consider a (generic) 3-CQBC (ρx ∈ D(HY ) : x ∈ X , κ)
specified through (i) a finite set X , (ii) Hilbert spaces HYj

:
j ∈ [3], (iii) a collection (ρx ∈ D(HY ) : x ∈ X ) and
(iv) a cost function κ : X → [0,∞). The cost function is
assumed to be additive, i.e., the cost of preparing the state
⊗n

t=1ρxt
is κn(xn) =∆ 1

n

∑n
t=1 κ(xt). Reliable communication

on a 3-CQBC entails identifying a code. We refer to [18]
for standard definitions of code, achievable rate region and
capacity region.

IV. SIMULTANEOUS DECODING OF COSET CODES

We employ the following general coding strategy. See
Fig. 1. Each Rx j’s message is split into six parts
mj = (mW

j ,mQ
ji,m

Q
jk,m

U
ji,m

U
jk,m

V
j ). mW

j ,mQ
ji,m

Q
jk and

mV
j are encoded using unstructured IID codes built on

W,Qji,Qjk,Vj respectively. mU
ji and mU

jk are encoded via
coset codes built on Uji = Fυi ,Ujk = Fυk

respectively.
Rx j decodes mW ,mQ

ji,m
Q
jk,m

U
ji,m

U
jk,m

V
j ,m

Q
ij ,m

Q
kj and the

sum Un
ij(m

U
ij)⊕Un

kj(m
U
kj) of the codewords corresponding to

mU
ij and mU

kj respectively, where mW =∆ (mW
1 ,mW

2 ,mW
3 ).

We let (i) Qj∗ =∆ (Qji, Qjk), (ii) Q∗j =∆ (Qij , Qkj), (iii)
Uj∗ =∆ (Uji, Ujk), and (iv) U⊕

j =∆ Uij ⊕ Ukj denote RVs
encoding (i) semi-private parts mQ

ji,m
Q
jk of Rx j, (ii) semi-

private parts of Rx i,k decoded by Rx j, (iii) bivariate parts
mU

ji,m
U
jk of Rx j, and (iv) bivariate component decoded by

Rx j respectively. We present the analysis of general strategy
in two steps. In this article, we focus on the first step involving
only coset codes (Thm. 2). See [18] for a complete proof and
a characterization of Step II inner bound.

A. Step I : Simultaneous decoding of Bivariate Components

In this first step, we activate only the ‘bivariate’ U =∆

(U1∗, U2∗, U3∗) and private parts V =∆ (V1, V2, V3) choos-
ing them to be non-trivial, with the rest W = ϕ, Q =
(Q1∗, Q2∗, Q3∗) = ϕ trivial. Since V is coded via unstructured
IID and U is coded via coset codes, Thm. 2 addresses all non-
trivial elements.

Theorem 2. Let α̂S ∈ [0,∞)4 be the set of all rate-cost
quadruples (R, τ) ∈ [0,∞)4 for which there exists (i) finite

sets Vj : j ∈ [3], (ii) finite fields Uij = Fυj for each ij ∈ J3K,
(iii) a PMF pUVX = pU1∗U2∗U3∗V1V2V3X on U × V × X , (iv)
nonnegative numbers Sij , Tij : ij ∈ J3K,Kj , Lj : j ∈ [3],
such that R1 = T12 + T13 + L1, R2 = T21 + T23 + L2, R3 =
T31 + T32 + L3,

E {κ(X)} ≤ τ, SA +MB +KC

α
> Θ(A,B,C), where (5)

Θ(A,B,C) =∆ max
(θj :j∈B)
∈

∏
j∈B

Fυj


∑

a∈A log |Ua|+
∑

j∈B log υj
+
∑

c∈C H(Vc)
−H(UA, Uij ⊕ θjUkj : j ∈ B, VC)


for all A ⊆ {12, 13, 21, 23, 31, 32} , B ⊆ {1, 2, 3} , C ⊆
{1, 2, 3}, that satisfy A ∩ A(B) = ϕ, where A(B) =
∪j∈B{ji, jk}, UA = (Ujk : jk ∈ A), VC = (Vc : c ∈ C),
SA =

∑
jk∈A Sjk,MB =∆

∑
j∈B max{Sij + Tij , Skj +

Tkj},KC =
∑

c∈C Kc, and

SAj
+TAj

≤
∑
a∈Aj

log |Ua| −H(UAj
|UAc

j
, Uij ⊕ Ukj , Vj , Yj)

SAj + TAj + Sij + Tij ≤
∑
a∈Aj

log |Ua|+ log υj

−H(UAj
, Uij ⊕ Ukj |UAc

j
, Vj , Yj) (6)

SAj
+ TAj

+ Skj + Tkj ≤
∑
a∈Aj

log |Ua|+ log υj

−H(UAj , Uij ⊕ Ukj |UAc
j
, Vj , Yj) (7)

SAj + TAj +Kj + Lj ≤
∑
a∈Aj

log |Ua|+H(Vj)

−H(UAj
, Vj |UAc

j
, Uij ⊕ Ukj , Yj) (8)

SAj
+ TAj

+Kj + Lj + Sij + Tij ≤
∑
a∈Aj

log |Ua|+ log υj

+H(Vj)−H(UAj , Vj , Uij ⊕ Ukj |UAc
j
, Yj) (9)

SAj
+ TAj

+Kj + Lj + Skj + Tkj ≤
∑
a∈Aj

log |Ua|+ log υj

+H(Vj)−H(UAj
, Vj , Uij ⊕ Ukj |UAc

j
, Yj), (10)

for every Aj ⊆ {ji, jk} with distinct indices i, j, k in {1, 2, 3},
where SAj

=∆
∑

a∈Aj
Sa, TAj

=∆
∑

a∈Aj
Ta, UAj

= (Ua :
a ∈ Aj) and all the information quantities are evaluated with
respect to the state ΨUU⊕V XY characterized at the top of
this page. Let αS denote the convex closure of α̂S . Then αS ⊆
C (τ) is an achievable rate region.

Remark 5. Inner bound αS (i) subsumes [19], [20, Thm. 1],
(ii) is the CQ analogue of [3, Thm. 7], (iii) does not include
a time-sharing Rv and includes the ‘don’t care’ inequalities
[21], [22] - (6), (7) with Aj = ϕ. Thus, αS can be enlarged.
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