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Abstract—We propose a simple universal technique based on
a likelihood encoder and a soft covering analysis to analyze the
canonical strategy of binning that is widely used in channel cod-
ing. Through its simplicity and generality, our technique enables
us to analyze binning in all known classical and quantum channel
coding scenarios. Our technique overcomes the drawbacks of
previously developed approaches to analyze binning such as
overcounting, non-unique decoding and enables us to derive new
inner bounds for 3-user channels.

I. INTRODUCTION

Addressing the problem of channels with state, Gelfand and
Pinsker [1] invented a powerful technique of binning, wherein
a channel code is partitioned into bins. This technique provides
an encoder with an exponential collection of codewords -a bin
- to encode the message. Following its invention, binning has
found utility in several fundamental scenarios including the
broadcast [2], 3-user channels [3]-[5], channels with state in
both classical and quantum [6], [7] realms.

Binning has been proven to yield increased communication
rates in any channel coding scenario wherein the channel’s
operation is affected either by a state [1], [6] or when the
encoder must multiplex bit streams [2], [8]. In such scenarios,
a bin enables the encoder to intelligently choose the transmit-
ted/chosen codeword to be compatible (typical) with the state
[1] or codewords encoding the other receiver (Rx) messages
[2]. While this enhances bit rates, its analysis gets involved
since the choice implies the transmitted/chosen codeword,
and the bin of codewords it is chosen from, are statistically
dependent. While information-theoretic analysis of binning for
classical channels is well studied with several elegant ideas
[9], the same does not hold for quantum channels. Specifically,
while the event wherein the decoder does not correctly identify
the chosen codeword within the bin can be done away with,
a quantum analysis forces one to upper bound the probability
of this event.

This above mentioned challenge has resulted in multiple
attempts and missteps [8, See note in Sec. 1]. In 2015, Savov
and Wilde [8] proposed an overcounting trick to address
this challenge in the context of a 2—user classical quantum
broadcast channel (2—CQBC). While the overcounting trick
resolved the 2—CQBC case, recent studies [4] assert that the
overcounting trick of [8] is inapplicable in more generalized
scenarios such as the 3—CQBC. The following extract from
[4] summarizes this. “First it (overcounting) is more involved.
Second, the resulting preliminary rate inequalities do not mirror
their classical counterparts. And third, it is not clear how it can
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be extended to the case with a common message (though [40]
deals with Marton’s code with common message).” To address the
purported difficulties, [4] proposes a non-unique decoding-
based approach. Essentially, by pooling together projection
operators corresponding to codewords in a bin, [4] claims the
challenges with analyzing binning can be overcome. [4] builds
on this to present several inner bounds to the 3—CQBC with
multi-level messages analogous to [10]. A careful consider-
ation of the proposed non-unique decoding-based approach
reveals concerns in its applicability and the veracity of the
proofs.1 See Rem. 4. In essence, while we are confident the
inner bounds stated in [4] hold, the proofs provided in [4]
are not complete. This leaves the problem of developing a
simple general technique to analyze binning open for classical
quantum (CQ) channels.

The modest goal of this article is to put forth and thereby
document a simple universal technique to analyze binning that
is applicable for any scenario that we are aware of, including
classical and CQ channels with state, CQBCs with any number
of Rxs, coset coding strategies, etc. Our technique is based
on using a likelihood encoder and a soft covering analysis.
Our approach separates the encoding technique of binning,
i.e. covering with an exponential number of codewords, and
decoder packing in such a way that makes it amenable for
any scenario. To illustrate this, we present a detailed proof
of achievability of Marton’s inner bound for the 2—CQBC
in Sec. II. Remark 3 clearly highlights why this approach
works for any scenario we are aware of. As an application
of our technique, we present, in Sec. III, inner bounds for
the 3—CQBC that combines coset codes, unstructured IID
codes, and simultaneous decoding with our likelihood encoder
coupled with the soft-covering analysis.

While our techniques are simple, we are not aware of this
use of soft covering in a channel coding scenario to analyze
binning. We refer to closely related works [11], [12] and [13]
that are primarily developed for source coding problems. Here,
we remark that for some reason these ideas have not percolated
into quantum studies, as evidenced by the missteps as recently
as [4]. Simply put, the main utility of our work is possibly a
clear documentation of our proposed technique for analyzing
binning, thereby preventing missteps.

Notation: For n € N, [n] £ {1,--- ,n}. For a Hilbert space
H, L(H),P(H) and D(H) denote the collection of linear,
positive, and density operators acting on H respectively. We

'We have communicated the same to the first author of [4].



let an underline denote an appropriate aggregation of objects.
For example, ¥ £ V) x V), for sets, Hy 2 @7 Hy, for
Hilbert spaces Hy, : @ € [2] etc. We abbreviate probability
mass function, random variables, conditional typical projector,
and unconditional typical projector as PMF, RVs, C-Typ-Proj
and U-Typ-Proj respectively.

II. BINNING ANALYSIS IN THE 2—CQBC

Consider a (generic) 2-COBC (p, € D(Hy) : x € X,K)
specified through (i) a finite set &', (ii) Hilbert spaces Hy, :
j € [2], (iii) a collection (p, € D(Hy) : x € X) and (iv) a
cost function k : X — [0,00). The cost function is assumed
to be addltlve i.e., the cost of preparing the state ®7_;p,
is ®"(z") & 1 + 31 k(x¢). Reliable communication on a
2-CQBC entalls identifying a code.

Defn 1. A 2-COBC code ¢ = (n, M, e, \) consists of (i) two
message index sets M; : j € [2], (ll) an encoder map e :
My x Mgy — X" and (m) POVMs \; = {)\7 m; € P(’H®”) :
mj € M;} :j € [2]. The average probablllty of error of the
2-COBC code (n,M,e,A) is

ra A4 1 n
(e, A) =1 YIS m;/ttr( mpcm)

where \p, ®§ jmys Pom = L Q0 pa, and (xy: 1<t <
n) = 2™(m) £ e(m). Average cost per symbol of transmitting
message m € M is 7(e|m) 2 7" (e(m)) and the average cost

per symbol of 2-CQBC code is 7(e) £ \M\ > e T(€[m).

Defn 2. A rate-cost triple (Ry,Ry,7) € [0,00)3 is
achievable if there exists a sequence of 2-COBC codes
(mM("),e(”),A("))for which lim 5(6(") A(”)) =0,

n—oo

lim n~!log |M§n)| =R;:j€2], and lim 7(e™) <7
n—oo

n—oo

The capacity region € of a 2—CQBC is the set of all
achievable rate-cost vectors and €(7) £ {R: (R,7) € €}.

Theorem 1. A rate-cost triple (Ry, Rz, 7) € [0,00)% is
achievable if there exists (i) two finite sets V1, Vs, (ii) a PMF
Py, v, on V1 X Vs and (iii) a mapping function f : Vi xVy — X
such that 2(1;171;2) A (vla 'UQ)K(f(vla UQ)) <,

2
Ri+ Ry <ZI(VJ'§YJ')*

Jj=1

I(V1;Va) and R; < I1(V};Y5)

holds, for j € [2], where all the information
quantities are computed wrt the state pYXY a

Z(’U x) pVX(’U :E) |U I><’U SC‘ @ pY1Y2a with pZX(Q7I) =

pv(W)1{z = f(v)}, for (v,2) €V x X.

Remark 1. Note that we present our approach only for
binning. Our technique and its analysis straightforwardly
extend to the general coding scheme involving both binning
and superposition.

Proof. Consider a pair V; : j € [2] of finite sets, a generic
function f:V — X and a generic PMF py on V that satisfy

the average cost >, pv(v)k(f(v)) < 7. Let (R1,R2) be a
rate pair that satisfy the corresponding bounds in Thm. 1. We
divide the proof into four parts entailing the code structure,
encoding rule, decoding POVMs and error analysis.

Code structure: For j € [2], the code employed to com-
municate Rx j’s message comprises (i) a collection C; =
{vi(bj,my) : b € [2"%9],m; € [2"7]} constructed over the
alphabet V' and (ii) a binning map b; : [2nfa] x [2nf2] —
2755]. For j € [2], let c;(m;) & (v(bj,m;) : b; € [2"F5])
denote the bin corresponding to message m,;. Conventionally,
the codewords in C; are picked IID with distribution ;" py;,.
However, to demonstrate the generality of our approach,
we pick these codewords, as will be formalized when we
analyze the error probability, IID with an alternate distribution
[17_1 av,. Secondly, the binning map, which identifies the
chosen codewords, is conventionally based on typicality. In
other words, (b;(m),ba(m)) € [27%1] x [27K2] is chosen
deterministically to ensure v} (b;(m), m;) : j € [2] is jointly
typical with respect to py,v,. A corresponding randomization -
uniformly chosen amongst all joint typical pairs - is employed
to analyze error probability. Instead of forcing typicality, as is
done conventionally, we employ a soft probabilistic approach
inspired by Cuff’s likelihood encoder [14] to determine our
binning. This will be evident when we specify the distribution
with respect to which the binning map b; : [2"F1] x [27F2] —
[27K3] is chosen.
Encoding Rule: For each message pair (mp,ms), the
encoder chooses codeword pair (07 (b;(m),my) : j € [2]).
To communicate the messages (mi,msa), the encoder
prepares the quantum state p_ >, where z"(m) 2
™ (v (by(m), my),v3 (ba(m), ms)), with f evaluated letter-
by-letter.

Decoding POVMs: Since the decoding POVMS for Rx 1
and Rx 2 being identical, we present the same in terms
of a generic index j. Let Tyr and 7 denote the C-TYP-
Proj and U-TYP-Proj with respect to the state por and p
respectively, where por = ®? 1 Puj, and for all v; € V;,
P, Z 5 PV;|V; (U*r‘v )pf(vl va)? where § € {1 2}\{]}
denotes the complement 1ndex re, {j,4} = {1,2}, and
p & D sy PVAVS (”17”2)/’f(v1,v2)' We define the square-root
measurement {\,,; : m; € [2"%]} to decode m; as

1
2

A
)‘mﬂ': Z Vb; Z’ijvmj Z Tojm; |
(bj. ;) bj (bj. ;)

and /\Y’ a = Y, Amys Where vy, EN TTyr (b;,my) -
Error analy51s We begln by specifying the codebook dis-
tribution. Let

p [ (V7' (gmy) = 0} (bj,my) : b; € [275]),m; € [29])
[270] x [2"72]) « j € [2]

gnRy onky

H H qv, (v3 (b2, m2))

ma=1 by=1

(Bj(m) = bj(m) : m €

277,R1 277,K1

= H qu&l(v?(bl,ml))

mi=1b;=1



2nR1 2nR2

H 1 (vf (b1 (m), m1), vy (b2 (m), ma2)) a Remark 3. We highlight the above technique of adding and
S Iy, m), v5(le,ma)) | subtracting the term in (3) which enables us to decompose
mi=lmy=1 ~(l1l) TV ? the error into two terms, Tj1 is analyzed using the soft-
specify our joint codebook distribution, where covering lemma and T; o using a conventional channel coding

N o, approach. This enables us to break the statistical dependence.

A pz(vl ) )

- .n ny,n n

v, (Ul)qVZ (v5) (see equation (4)) enable us to obtain the right channel

Remark 2. As specified when we described the code struc-  coding bound. This approach essentially decouples the binning

ture, the distribution of our binning map conditioned on analysis and the channel coding analysis, thus leaving the

the code distinguishes our encoder from conventional joint channel coding analysis oblivious to the presence of binning.

typicality-based encoders. Specifically, note from (1) that o )

P (Bj(m) b j€ [2]|Cj(mj) =cj(m;):j€ [2}) _ The term T} is S}mply‘bounded. l?y fl covering argument
[15] referred to therein as ‘cloud mixing’. Observe that,

Ty (V7' vy) , for (v, v8) € Vi1 x Va. (2) Moreover, bounding - 8 appropriately via the divergence

(V7 (b1, ma), v5 (b2, m2))

. 1
2t T (0T (1, ma ), 03 (12, m2)) Tin = o >
m b
We now derive an upper bound on the average error probabil- (U (by. 10). 05 (b 122))
ity. We have ‘]l{ln(m):bl,bg( ) = by} — 1 (01, M1 ), Va'(02, M2 ’

) 27’L(K1+K2)
s A
e N2 o S {0 = X @A) X }

< Ty + T, where, for j € [2]

A 1 , Y;
T; 2 i Ztr{(IYJ —Ty,) pe(m)} ,and

Yy Y;
tr{([ ij) pf"(vf(b1,7n1),v;(b2,m2))}‘

1
éng

r (vf (b1, ma), v3 (b2, m2))

-3 -3 ’ﬂ{bl(m) = b1, ba(m) = ba} — = on(K1+Kz) ’ '
A ~ -

T, = ~Z To;.m; Tb; (m),m; ~Z To;,m, * We evaluate the expectation over C;(m;) : j € [2]. We obtain

(bj»7705) (b5,m;)

1

The inequality follows from (i) 112 —\,,, @ \,,, < (IV1Y2—  E[T}4] < (T Ra) Z Z Z
Amy @IY2) 4 (112 — Y1 @ \,,,, ) and (ii) the fact that \,,, > m b cj(my)j€[2]
I'yn,, for j € [2]. Observe that, P (Cj(mj) =cj(m;) :j €[2])

1 P (Bj(m) = b; : j € [2]|C;(my) = ¢;(my) : j € [2])
= g 2 2 b ) = bafe) = ) r (07 (b1,m1) 3 (ba, ma)

T - on(Ki+Kaz)

Y)Y |
tr { (I FWL]) pfn(1;?(b17m1),11£"(b2,m2))} = 2n(R1+R2) Z Z Z = C_](m_]) SIS [2})

W T . where b q(mnyem
T TZ(%(blaml)aUz(b%mﬂ)

1
A n n n
Tia = S > 2 (1 1) TV (VT (I, 1), 03 (12, ma))
C P (07 (b, m ), 08 (b, ma) 73 (0 b1y, o b, ma)
v ,Mm1), v ,m —
Yi Y, = WZZ Y P(Cimy) =cj(my) - j € [2])
tr (I T Fm7) pf"(v"(bl ml),vg‘(bg,mQ)) m b c;j(m;):j€E[2]
A (0 (b ), o (b, o)) (O (Brm) v (o, ma))
and Tj'z = 9n(Ri+Rz) ZZ on(Ki1+Ko) Z(ll,lz) T&(U{L(h’ ml)’vg(l2’m2))
ri (v (1, my), v5 (la, ma))
Y7 YJ B v 1 ) ) Y2 )
tr { (I J — ij) pfn(U?(blvml);vg(bz,mz))} . 1 (lzl:) 2n(K1+K2)
The equality () follows by adding and subtractin 1
quality () Y £ £ =y Y = cj(my) : j € [2])
n (,n n on(Ri1+R2)
v (v1 (b1, ma), v3 (b2, m2)) 3 m c;(m;)jel2]
on(Ki 1K) ) (3)

Z r (vf (I, ma), v3 (12, m2))

thereby decomposing 7 into 7} ; and T} 5 described above. (K 1K)

(l1,l2)



ry (Vit(ly, Ma), Va'(l2, Ma)) )
Z on(Ki1+Ka) - s

(11,12)

=F

From the ‘cloud mixing’ lemma [15, Lemma 19], we have
E[Tj.l] < e if K1 + Ky > D(pV1V2||qV1qV2) and Kj >

Remark 4. Next, we employ the Hayashi Nagaoka inequality
[16]. We now elaborate on the mis-steps in [4]. The operator
H511(77L07m117m217"“2) defined in [4, Eq.4] is identified as S
in the Hayashi Nagaoka inequality. Note, however, that the
hypothesis requires 0 < S < I. Since Hfll(mo m1,mar M) is
a sum of projectors, S < I is not. Indeed, if the codewords
in the bin are identical, which is not precluded via a random

code construction, 1151

w1 (mo,mas yman mas) will not be dominated
by I.

Continuing with our proof, we bound the term T} on the
above using the Hayashi Nagaoka inequality [16]. Specifically,
we identify vy, (m),m; = Tor (b (m),m;) T S S. This identifi-
cation is justified, since vy, (m),m; = Tyr (b, (m),m;) T <7<
1. We obtain :rj,g S 2 Tj.2_1 +4 (Tj_2.2 + 19,2_3), where

é 7"v o7 (b1, m1), v3 (b2, m2))
Tj.2.1 B R1+R2) ZZ on (K1+K>)

Y, oo Y,
tr{(l 7T7Tv (bj,mj) )pf'”( n(b1,m1),v5‘(b2,m2))}’

R 222 )

b mi#Fm; p

1y (0F (by, ma), 05 (b27 mz))
2TL(K1+K2)

Y R oY and
vy (Bymg) TP o (un (b1 ma ) 0 (b2yma)) [

Tv v (b, my), v5 (b2, m2))
Tjo. 3 2 27L(R1+R2) ZZ Z

on(Ki1+K2)
m bbb,

tr<mm . B s 7erj .
v (bj,my;) f"(vf’(bhml)»vé"(b27m2))

Analysis of Tj2.1: We evaluate the expectation of T} 51 over
the codebook generation distribution. We obtain

E[T;2.] = 2n(R1+R2) on K1+K2) ZZ Z qv, (v7)

b vy

qu(’U2)TV(’U17U2) {(IYJ T oy 77) pf"(v v )}

Q= PODHWICR

on(Ri1+Rx2) 2n(K1+K2
m b vl v¥

{(IYJ =7y ) Py 5>}
a4 n Y; _ Y
= WZ;ZW yor{ (1 = mmy 7)ol |

1 1
= sy 2. 2. P+ ey

mj b U;IQT(S"(;DV].) mj

A
Tjo2 =

Z Z v, (V] )tr{(IY}—Wﬂv;»ﬁ)va;ﬁ}

bj vj ET"(PV)

i 22 D
m; ] v GT"(PV)
-y (9)
tr{(IYj — T Typ 77) pz/%} < 2e+2v/e,
J
where (a) follows from (2), (b) follows from the defi-
nition of pszq and (c) follows from tr 777r1,;7,77p3j£_;, =
tr{m;ﬂpf%} > tr{m;ﬂf%} - prvyféﬂ—pf% >1-
J J J J
€ — 2+/€, where the first equality follows from the cyclicity

of the trace, first inequality follows from using tr(Ap) >
tr(Ao)—|p — ol|;, for 0 < A, p,o < I, and second inequality

<e —|— py, (v])

follows from the typical property tr {m,]n pz/;%} > 1 —¢, for
v € Ty (pv;) and from the gentle measurement operator [17].
Analysis of T 2.2: We evaluate the expectation of T} 2 o over
the codebook generation distribution. We obtain

E[TJ»Q-Q] 2n(R1+R2) 2n(K1+K2 ZZ Z ZZZ

b mij#Fmy . 0F u"

bj

050 01 8, 05) L7 ) {m;wfiww}

Q= TYEYEYES

" 9n(Ri+Rs) 2n(K1+K2
b 1")_? v, vy

m b mij#Em; b,

Yv
av, (07) Py (V7 vg) tr {”@?”pfi(vfms)}

®) ; Z Z q%(ﬁ?)tr{ﬂﬂunW(P )®n}

m b

b; UFETH(pvy)

7Ty (ov,)
g )1}

(%) o—n(I(Vj;

—~

c

<22

~

o—n(D(pv; [lav;)=3;) Py, (07)

“

Yj)+D(pv; llav;)—26—8;—(R; +K;))
)

where (a) follows from (2), (b) follows from the definition of
(pyj)®n, and from mgn = 0, for o7 ¢ Tj'(pv,), (c) follows
from (i) the cyclicity of the trace and from (ii) av, (07) <

27 (P ll9v,)=05) po (5m), for 77 € T (pv; ). (d) follows

from tr{m;mr (pyf)®n7r} < 2_"(H(’/J)_‘s)tr{7rﬁ;7r} <

9-n(HY)=0) ¢y L\ < 9=n(HY)=8)gn(HY;IV)=6) for

v} € T3 (pv;). Hence, for ¢ > 0, E[Tj22] < e if
R; + K; < 1(V};Y;) + D(pv,|lqv; ). Following the identical
steps as used in bounding E[T} ], for € > 0, we have,
E[T})2.3] < if Kj < I(V};Y;)+D(pv;|lqv;). This completes
the proof. The bounds stated in Thm. 1 can now be derived
via Fourier—Motzkin elimination [9, Appendix D]. O

III. NEW ACHIEVABLE RATE REGIONS FOR 3—CQBC

Notation: For prime v € Z, F,, will denote finite field of
size v € Z with & denoting field addition in F,, (i.e. mod—uv).
In any context, when used in conjunction i, j, k will denote
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Fig. 1. Depiction of all RVs in the full blown coding strategy. In Sec. IV-A

(Step I) only RVs in the grey dashed box are non-trivial, with the rest trivial.

distinct indices in [3], hence {i, j, k} = [3] and we let [3] £
{(1,2),(1,3), (2,1), (2.3), (3,1, (3.2
denote an appropriate aggregation of objects. For example,
% 2 V1 x Vo X V3 for sets, Hy 2 ®3_,Hy, for Hilbert spaces
Hy, : i € [3] etc.

Consider a (generic) 3-COBC (p, € D(Hy) : € X,K)
specified through (i) a finite set &', (ii) Hilbert spaces Hy, :
j € [3], (i) a collection (p, € D(Hy) : = € X) and
(iv) a cost function £ : X — [0,00). The cost function is
assumed to be additive, i.e., the cost of preparing the state
Ry g, is BM(a™) 2 LS k(x,). Reliable communication
on a 3-CQBC entails identifying a code. We refer to [18]
for standard definitions of code, achievable rate region and
capacity region.

IV. SIMULTANEOUS DECODING OF COSET CODES
We employ the following general coding strategy. See

Fig. 1. Each Rx j’s message is split into six parts
_ w,.Q Q U U  V w Q  Q
m; = (mj TG M M, Mg, T ). mj ,mj;,mg and

m}/ are encoded using unstructured IID codes built on

W, Qji, Qji, V; tespectively. mY; and mb} are encoded via
coset codes built on Uj;; = fvl,ujk = JF,, respectively.
Rx j decodes m" m]Q ka,mU m%,,my, me m,% and the
sum UJ%(m;

340 ij?
) ® UL, (mY J) of the codewords corresponding to
ng and mk respectlvely, where m

W (md" mit, mi7).
We let () Qg* = (ijng) (i1) Q*j = (Q’L]?ij)? (iii)
Uj. = (U]Z,U]k) and (iv) U;B A Ui; ® Uy, denote RVs
encoding (i) semi-private parts mﬁ,m?k of Rx 7, (ii) semi-
private parts of Rx ¢,k decoded by Rx j, (iii) bivariate parts
m%,m %, of Rx j, and (iv) bivariate component decoded by
Rx j respectively. We present the analysis of general strategy
in two steps. In this article, we focus on the first step involving
only coset codes (Thm. 2). See [18] for a complete proof and

a characterization of Step II inner bound.

A. Step I : Simultaneous decoding of Bivariate Components

In this first step, we activate only the ‘bivariate’ U 2
(Utx, Usy, Us,) and private parts V. 2 (Vy,Va, V) choos-
ing them to be non-trivial, with the rest W = ¢, Q =
(Q1+, Q24+, Q3.) = ¢ trivial. Since V' is coded via unstructured
IID and U is coded via coset codes, Thm. 2 addresses all non-
trivial elements.

Theorem 2. Let s € [0,00)* be the set of all rate-cost
quadruples (R, T) € [0,00)* for which there exists (i) finite

)}. We let an underline

nonnegative numbers S;;,T;; : ij € [3], K
such that Ry = Tyo + Ths + Ll, Ry
T3 + 132 + Ls,

€ [3],
=To1 + T3 + Lo, R3 =

E{x(X)} < 7,54+ Mp + K¢ S O(A, B,C), where (5)
A Za€A log ‘Ma| +Zj€B IOng
6(A,B7C) = max +ZC€C H(ch)
éni—) - (UA7UijEB9'Ukj'jEB,Vc)

B

for all A C {12,13,21,23,31,32} B C {1,2,3},C C
{1,2,3}, that satisfy A N A( ) = ¢, where A(B) =
UjeB{ji Jjk}, Ua = (Uji idk € A), Vo= (Ve:ce),
Sa = ijeASjkvMB EeBmaX{SU + Tij, Sy +

m

Sa; +Ta, < Y logUa| = H(Ua,|Uas, Uyj ® Uy, V. Y)
aGAj
S_A]. +T_Aj + Sij + Tij S Z log ‘Z/[a| + IOng
(LEA,‘
—H(Ua;,Uij © Ugj|Uas, Vj, ;)
Sa, +Ta, + Sk + Ty < Y log|Ua| + logv;
a€A;
—H(Ua;,Uij @ Ugj|Uas, V;,Y;)
Sa, + T, + Kj+L; < ) log [Un| + H(V5)
QGAj
Sa, +Ta, + Kj+ L+ Sij + Ty < > log [Ua| + log v,
acA;
+H(V;) = H(Ua;, Vj, Uiy @ Uy |Uas, Yj) 9
Sa, +Ta; + Kj+ Lj + Skj + Ty < Y _log [Ua| +log v
aE.Aj
+H(V<)—H(UA,7V‘ Uij@UkﬂU_Aq,Y}) (10)
for every A; C {ji, jk} with distinct indices i, j, k in {1,2,3},
where S 4, é ZaEA Sa,Ta, a ZaE.A To,Uns; = (Ug -
a € A;) and all the mformanon quantities are evaluated with
respect to the state QUUCVXY characterized at the top of

this page. Let ag denote the convex closure of &ug. Then ag C
€ (1) is an achievable rate region.

Remark 5. Inner bound g (i) subsumes [19], [20, Thm. 1],
(ii) is the CQ analogue of [3, Thm. 7], (iii) does not include
a time-sharing Rv and includes the ‘don’t care’ inequalities
[21], [22] - (6), (7) with A; = ¢. Thus, ag can be enlarged.
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