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Abstract—In this paper, we consider a multi-server cache
network with L non-interacting servers, where server [ € [L]
has a library of N; files, each of size [’ bits. Each of these
L servers communicates with K users over shared, error-free
broadcast channels. Each user is equipped with an isolated cache
of size M I bits, where M € [O, > elL] Nl]. Despite several prior
efforts, the exact characterization of the optimal rate-memory
tradeoff for the multi-server setting remains an open problem.
In this paper, we characterize the optimal rate-memory tradeoff
for a small-cache regime, specifically for M € [0, ]. This is
achieved by proposing a new caching scheme that operates at the
memory-rate pair (+, >, ey N~ 1) and by deriving a set of
information-theoretic lower bounds that establish the optimality
of the proposed scheme.

Index Terms—Coded caching, multi-server cache network, exact
rate memory, content distribution networks

I. INTRODUCTION

In their seminal work [1], Maddah-Ali and Niesen introduced
the concept of coded caching for content distribution networks.
They studied the (IV, K) canonical cache network, in which a
single server having a library of NN files, each of size F' bits, is
connected to K users, where each user has access to a dedicated
cache of size M F' bits with M € [0, N]. This network operates
in two phases. In the first phase, referred to as the placement
phase, the server populates each cache with functions of the
files from its library, without any prior knowledge of the users’
future demands. Once the users reveal their demands, the server
broadcasts a set of messages that enables each user to recover
its requested file using the contents of its cache. This phase
is known as the delivery phase. The main objective of the
caching problem is to design the placement phase such that
the communication load incurred during the delivery phase is
minimized. The (N, K) canonical cache network introduced
in [1] has since been extended to study several variants in [2]—
[14].

In [15], Sahraei and Gastpar considered a multi-server
(N1,...,Np,K) cache network, where each of these L
servers communicates with K users over error-free broadcast
channels. Each server | € [L] ( We use [A] to represent
the set {1,2,..., A}) has a library of N; files, denoted by
{Wi,...,W§,}. each of size F bits, as shown in Fig.1.
Each user k is equipped with an isolated cache memory Zj
of size MF bits, where M € [0,5,.;y Ni]. Let d =

[I/Vl1 Wl Wi ] denote the users’ demand vector, where
dy’ ds? ) dg

Wéz represents the file requested by user U, (with d, denoting
the file index) from server /,. Once the servers receive the users’
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Fig. 1: The multi-server cache network

demands, each server broadcasts a set of packets in response.
Let

Xd:{Xé’Xgﬁ"'7X5}7 (1)

where X (11 denotes the signal transmitted by server [ in response
to the demand vector d. The transmission X4 has size Rq(M)F
bits and enables the users to recover their requested files using
their cache contents. The quantity Rq(M)F represents the net-
work load corresponding to demand d, and Rg(M) denotes the
corresponding rate. If there exists a caching scheme that allows
every user to recover its requested file from transmissions of
total size at most R(M)F bits for a given cache size M,
then the memory-rate pair (M, R) is said to be achievable.
The optimal rate—-memory tradeoff is defined as the minimum
achievable rate for a given cache size M, and is given by

R*(M) =min{R | (M, R) is achievable}. 2)

The (Ny, ..., Np, K) multi-server cache network was exten-
sively studied in [16]-[20]. In [16], [17], the authors considered
a multi-server setting where all the servers have the same set of
files. They propose a caching scheme and analyse coding delay
for different network topologies. In [18], the authors consider
a setting in which users are connected to a random subset of
servers during the delivery phase, where all the servers have the
same set of files. In [19], Luo et al. considered the multi-server
cache network from a distributed storage perspective where the



entire library of files is distributed equally across the servers
with some added redundancy. In [20], Sojdeh et al., looked into
multi-server coded caching problem from a privacy perspective.

In this paper, we consider the multi-server problem inves-
tigated in [15], where the servers have an independent set of
files. Sahraei and Gastpar in [15] proposed a memory-sharing-
based caching scheme. Resorting solely to memory sharing
restricts the ability to exploit coding opportunities across files
from different libraries. In this paper, we explore this possibility
by allowing each user’s cache, during the placement phase,
to compute and store coded functions of subfiles originating
from different servers. Furthermore, we demonstrate that the
proposed scheme outperforms memory sharing and is optimal
when cache size M = 4.

The remainder of this paper is organized as follows. In
Section II, we consider a (2, 2,4) multi-server cache network to
demonstrate that coding across servers can reduce the delivery
rate. In Section III, we present a general caching scheme for the
regime M < % and establish the optimality of the proposed
scheme. Finally, Section IV concludes the paper.

II. THE (2,2,4) MULTI SERVER CACHE NETWORK

In this section, we consider a two-server caching net-
work. The network consists of two non-interacting servers,
Server 1 and Server 2, each server connected to four users,
{U1,Us,Us, Uy}, through a common error-free broadcast chan-
nel. Server 1 has a library of two files, {A, B}, and Server 2
has a library of two files, {C, D}, where all files are of equal
size F' bits. We consider a demand vector d in which the users
collectively request all the files available in both servers.

A. Cache M = i

First, consider a cache network in which each user has an
isolated cache with a size of M F = iF bits. For this network,
we propose a caching scheme based on coding across servers.
During the placement phase, each file is divided into four non-
overlapping subfiles of iF bit size. The subfiles are as follows:

File Subfiles

A A1, Aa, Az, Ay
B Bi, B2, B3, By
C C1, Ca, C3, Cy
D Dy, Da, D3, Dy

The server transmits a function of these subfiles to each
user’s cache, and the caches combine the packets from each
server and store. The cache contents of each user are shown in
TABLE 1. Each function is of size iF bits and they occupy
the space of 1 F bits.

Consider the demand d = [A, B, C, D]. In response to this
demand, server 1 broadcasts the set of messages:

X = {As, A3, Ay, By, B3, By, } 3)
Similarly, the server 2 broadcasts the set of messages:

X7 ={C1,C2,C4,D1, D5, D3} 4)

In response to the demand d, both the servers together broad-
casts 12 packets, each of size %F bits. Thus, the rate that
corresponds to the demand d is R = 3. To analyze how each

TABLE I: Cache contents when M = 1

Caches Contents

Al A1+ B1+C1+ Dy
Za Az + B2 + C2 + D2
Z3 A3+ B3+ C3z + D3

Zy A4+ By +Cy+ Dy

user recovers its requested file, consider user 1. User 1 requests
the file A from server 1. From the broadcast message X, user
1 directly obtains the subfiles As, A3, A4. Using the received
subfiles By (in X), C; and D; (in X7), the user computes
the subfile A; from its cache content

A +B+C+ Dy

In a similar fashion, user 2 recovers the file B, user 3 recovers
the file C' and user 4 recovers the file D.

We can note that the scheme proposed at cache size M =
% is similar to the scheme proposed by Chen et al. [22] for
the single server cache network where a server with four files
communicating with four users. Using arguments similar to the
one used in the single server network we can demonstrate the

optimality of the propose scheme.

Lemma 1. For the (2,2,4) cache network the achievable
memory rate tuple (M, R) must satisfy the following constraint:

AM+R >4
Proof. We have,
AM + R>H(Zy) 4+ H(Zs) + H(Z3) + H(Z4)

+ H(X[a,B,c,D])

(a)
>H(Zy,Z2, Z3, Zs, X|4,B,0,D])

b
(:)H(A, B,C,D, 7,25, 73, Z4, X{a,B,0,D])
YH(A,B,C,D) =4

O

The new proposed scheme achieves the memory rate pair
(%, 3). It can be noted that this memory rate pair lies on the rate
memory rate tradeoff in Lemma 1. Thus, we have the following
theorem:

Theorem 1. For the (2,2,4) multi-serve cache network, the
proposed scheme is optimal for the demands where all files in
the libraries are requested by the users.

B. Cache size M = %

Now, consider a cache network in which each user has an
isolated cache with a size of M F = %F bits. For this network,
we propose a caching scheme based on coding across servers.



During the placement phase, each file is divided into 12 non-
overlapping subfiles of %F bit size. The subfiles are as follows:

File
A Ax, Az, Az, A4, As, As, A7, As. Ag, Ar0, A11, A12
B Bi, B2, B3z, Ba, Bs, Bg, By, Bs, By, Bio, Bi1, Bi2
c C1, O3, C3, C4, Cs, Cs, C7, Cs, C9, C10, C11, C12
D | D1, D2, D3, D4, Ds, Dg, D7, Ds, Dg, D1o, D11, D12

Subfiles

Each server transmit a set of functions of these subfiles to each
user’s cache and caches store combined versions of the received
packets as shown in TABLE II. Each user store four function
each of size 1—12F bits in its cache and they occupy the space
of L F bits.

TABLE II: Cache contents when M = %

Caches Contents
Z A1+ B1+C1, Ao+ B2 + D1,
A3+ C2 + D2, B3 +C3 + D3
Z Ag+ By + Cy, A5 + Bs + Dy,
A6 + Cs + D5, B + Cg + Dg
Zs A7 + B7 + Cr, Ag + Bg + D7,
Ag + Cs + Dsg, Bg + C9 + Dy
Za Ao + Bio + Cio, A11 + B11 + Dio,
A12 + C11 + D11, Bi2 + Ci2 + D12

Consider the demand d = [A, B, C, D]. In response to the
demand d the server 1 broadcasts the set of messages:

Ay, As, A7, Ag, Ay, Aro, A11, A2, B1, Do,

X; =
¢ Bz, Bs, By, Bio, Bi1, Bia, As + Bs

Similarly, the server 2 broadcasts the set of messages:

Cl; CQa C.?n C4a 057 067 Clla ClQa
D17 D27 D37 D47 D57 D67 D87 D97
Cio + D7

During the delivery phase both the servers together broadcast
a total 34 messages each of size 1L F bits. Thus, the rate
corresponding the demand d is R = }Gj.

To analyze how each user recovers its requested file, consider
user 1. User 1 requests the file A from server 1. From the
broadcast message X}, user 1 directly obtains the subfiles
1447 1457 1477 Ag, 1497 Alo, Alla Alg. The user can compute
subfiles Ay, As, A3, and B3 by combining the packets received
in X7 and cached packets as shown below:

Received Packet Cached Packet Computed Packet
By, C1 A1 +B1+Ch Ay
Ba, Dy Az +B1 +Ch Az
O3, Do Az +C2 + D2 As
C3, D3 B3 +C3 + D3 Bs

Once the user obtain the subfile Bs, it compute the subfile Ag
from the packet
Ag + B3

in Xl}. In similar fashion user 2 recover the file B, user 3
recover the file C' and user 4 recover the file D.

C. Cache size M = %

Now, consider a cache network in which each user has an
isolated cache with a size of M F = %F bits. For this network,
we propose a caching scheme based on coding across servers.
During the placement phase, each file is divided into 8 non-
overlapping subfiles of %F bit size. The subfiles are as follows:

File Subfiles

A A1, Ag, As, A4, As, As, A7, Ag
B B1, Ba, Bs, B4, Bs, Bg, By, Bs
C C1, Ca, Cs, C4, Cs, Cg, C7, Cg
D D1, Do, D3, D4, Ds, D¢, D7, Dg

Each server transmit a set of functions of these subfiles to each
user’s cache and caches store combined versions of the received
packets as shown in TABLE III. Each user store four function
each of size %F bits in its cache and they occupy the space of
%F bits.

TABLE III: Cache contents when M = 1

Caches
A A1+ C1, Az + D2, B1 + C2, Ba + D2
Zs A3+ C3, Aa + D3, B3 + Cy, Ba + Dy
Z3 As + C5, Ag + D5, Bs + Cg, Bs + Ds
Zy A7+ C7, As + D7, B7 + Cs, Bs + Ds

Contents

Consider the demand d = [A, B,C, D]. In response to this
demand, server 1 broadcasts the set of messages:

Xl _{ A5a Aﬁa A7a ASvB57 BG) B77 387 }
i =

Az + By, A+ B
Similarly the server 2 broadcasts the set of messages:
2 { C1, Co, C3, C4, D1, D2, D3, Dy, }
Xd -

C7+ D5, Cs + Dg
In response to the demand d, both the servers combined
broadcast 20 packets each of size %F bits. Thus, the rate that
corresponds to the demand d is

5
R=2
2

To analyze how each user recover its requested file, consider
user 1. User 1 requests the file A from server 1. From the
broadcast message X, user 1 directly obtain the subfiles
As, Ag, A7, and Ag. The user can compute subfiles A;, A,
Bi, and By by combining the packets received in X‘? and
cached packets as shown below:



Received Packet | Cached Packet | Computed Packet
C1 A1+ C A1
Dy Az + D1 A
Cs B1 + O Bi
Do B3 + D> By

Once the user obtain the subfiles By and Bs, it compute the
subfiles A3 and A, from the packets Az + By and A4 + Bs
(received in X)), respectively. In similar fashion user 2 recover
the file B, user 3 recover the file C' and user 4 recover the file
D.

These results are summarized in Fig. 2 and TABLE IV, along
with the rates obtained memory sharing MAN scheme, pro-
posed in [1], and memory sharing the CFL scheme, proposed
in [22].

. Memory sharin, Memory sharin Our scheme
Cache Size MAN sg]heme [lg] CFL scrgeme [22g]
0<M< 4-3M 4—2M 4—4M
I<M<: 41— M 4-2M 7T —2M
t<M< g 41— M 4—2M 2 —oM
s<M<1 4-sM 4—2M II_2Zy

TABLE IV: Achievable rates for (2,2,4) multi-server cache
network

III. GENERAL SCHEME

In this section, we present a caching scheme for an L-server
cache network that achieves the memory-rate pair

[z

l€[L)]

(M,R) = K—1)

First, each server partitions every file into K non-overlapping
subfiles, each of size % bits. Specifically, the subfiles of file
W in the server [ € [L] are denoted as

={W, k€ [K]}. (5)

—— Proposed Scheme
—&— Memory sharing MAN scheme [1]
—a— Memory sharing CFL scheme [22]

4
3.5
L
<
[a7
3 1
2.5 e
‘ ‘ | 272
0.1 0 2 0.3 0.4 0.5
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Fig. 2: Achievable rates for (2, 2,4) multi-server cache network

During the placement phase, server [ transmits the function

P Wi (6)

n €[Ny]

to user k € [K], where each such packet has size £ bits.
Upon receiving these packets from all servers, user k stores
the combined function

Zn=B P w. (7

le[L] ni€[N;]

Since the size of Z is % bits, it fully utilizes the cache
memory of user k.

In the delivery phase, the servers receive a demand vector d,
where Wd denotes the file requested by user & from server [.
Let Ng ! denote the set of users that request files from server [,
for | € [L]. For a given file W}, let Nq(W) represent the set
of users requesting that file.

In response to the demand d, server [ broadcasts the follow-

ing set of packets:
U U WéiJ’
i€ N}, je[KI\{i}

Xi, = U U W, )

pe[K\N} i €[NI]

U U

ieEN) jeNd(Wolli)

(Wéiyi ® Wéz J)

Let

Xa = {X(}l,th,lv"'»Xg,l} )]

denote the collection of packets transmitted by all servers.
The total number of packets transmitted by server [ during

the delivery phase is
INGI(Ne = 1) + Ni (K — W)l =1)

(10)

INal) + > (INal

ny €[N}
= NK — Ny,

where each packet has size % bits.
Thus, across all servers, the total number of transmitted
packets is

Y (MK -N) = an

le[L]

K—1) ZNl,

each of size 4= b1ts Therefore, the delivery rate corresponding

to demand d is

(K =1)> e N
K

To explain how users recover their requested files, consider
user k, who requests file Wcllk. Using its cache content Zj
and the received packets Xg, user £ must recover all subfiles
{wy,. ; ©J € [K]}. The recovery process proceeds in two
stages, which we describe next.

R =

12)



A. Stage 1

In the first stage, user k directly recovers the subfiles Wd
for all j € [K]\ {k} from the received packets. Next, the user
recovers the remaining subfile de’ - Observe that the subfile
Wéh & 1s available in the user’s cache in a coded form as

D .o O D

pE[Ni\{dx} g€[LI\{l} n€[Nq]

l
Wa, 1 @

User k combines this cached packet with the received packets
Wl o for p € [Ni] \ {dy}, transmitted by server [, and the
packets Wg, .. transmitted by the remaining servers ¢ € [L] \
{I}. This allows user k to recover the subfile W, . Using all
recovered subfiles, the user reconstructs the requested file nglk.

B. Stage 2

In this stage, we focus on users requesting the same file.
For user k, the remaining missing subfiles are {Wék,a 15 €
Na(W}) \ {k}}. Note that user k has already recovered the
subfile Wd  in the first stage. The user now recovers the
remaining subfiles using the received packets

U (W‘ékyk ® Wék,j) :

JENa(W )

Combining these packets with the recovered subfile Wcllk,k7
user k successfully recovers all remaining subfiles and hence
reconstructs the requested file Wék.

These observations are summarized in the following theorem.

Theorem 2. For the (Ny,...,
work, the memory—rate pair

Ny, K) multi-server cache net-

(M’R): %v ZNZ

le[L]

K-1)

is achievable using symmetric caching schemes.
Next, we establish the optimality of the proposed scheme.

Lemma 2. For the (Ni,...,Np, K) multi-server cache net-
work, any achievable memory—rate pair (M, R) must satisfy

NM+R> >N, (13)

le[L]

where N =3 1c) Ni.

Proof. Consider a demand d in which users collectively request
all files across all servers. Without loss of generality, assume

that the first N users request distinct files and collectively
request all NV files. Then,

NM+R> Z (Zp) + H(X4q)
ke[N]
(@)
> H(Zy,...,Zn,Xa)
)
=H U U nlazl7"'7ZNaXd
le[L] ni€[Ny]
(c)
=H U U nl
lE[L] TLZE[NZ]
= Z Nla
le[L]

where (a) follows from the submodularity of entropy, (b)
follows from the fact that each user can recover its requested file
from its cache content and the received packets, and (c) follows
since the cache contents and broadcast packets are deterministic
functions of the files in the servers. O

The new roposed scheme achieves the memory rate pair
( 11(, E[L . It can be noted that this memory rate
pair lies on the rate memory rate tradeoff in Lemma 2. Thus,

we have the following theorem:

Theorem 3. For the (Ni,..., Ny, K) multi-serve cache net-
work, the proposed scheme is optimal for the demands where
all files in the libraries are requested by the users.

IV. CONCLUSIONS

In this paper, we studied the (2,2,4) multi-server cache
network consisting of two servers, each having a library of
two files. For this network, we proposed a new caching
scheme that achieves the memory rate pairs (,3), (3,7),
and (%,2.5). We also derived a converse bound and showed
that the proposed scheme is optimal when the cache size is
M = i. Furthermore, we extended both the proposed scheme
and the converse bound to the (Ny,...,N;, K) multi-server
cache network in the regime where M = % This extension
led to an exact characterization of the rate memory tradeoff
for the L-server cache network in the small-cache regime.
These results demonstrate that coding across servers can strictly
improve the achievable delivery rate compared to conventional
memory-sharing strategies. The design of a general caching
scheme based on coding across servers for larger cache sizes,
particularly for M € [0, %], remains an open problem and is
left for future work.
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