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Abstract—Cell-Free (CF) Massive Multiple-Input Multiple-
Output (MaMIMO) system is a promising architecture for next-
generation networks. Without the cellular boundary, every User
Equipment (UE) in a region is jointly served by all the Access
Points (APs) scattered in the same region. In those CF scenarios,
the number of users may exceed the length of pilot sequence.
As a result, the information obtained from pilot is insufficient
to treat the channel as deterministic. In Bayesian estimation,
constrained Bethe Free Energy (BEF) optimization leads to
a system of equations describing the approximate marginal
posteriors. Although the system of equations cannot be solved
analytically, a message-passing-like method can be used to solve
it iteratively. If the constraints of the BFE optimization are
strict consistency constraints, solving the optimization problem
iteratively leads to Belief Propagation (BP), which is intractable
due to the product of Gaussian Mixtures. On the other hand,
with relaxed moments constraints, the BFE optimization leads to
Expectation Propagation (EP). Although EP avoid the evaluation
of product of Gaussian Mixtures, the iterative method will
sometimes contain invalid operations (computing the moments
of a function that has infinite integral value). In this paper,
besides the strict consistency constraints, we also propose an
additional constraint that leads to a Variational-Bayes-(VB)-like
operation to avoid the intractable operations. Furthermore, we
also exploit the hierarchical UE symbol structure to prevent the
invalid operations.

I. INTRODUCTION

Unlike conventional mobile networks, Cell-Free (CF) net-
works no longer have the cellular topology. As a result, all the
user equipments (UEs) will be served by all the access points
(APs) in an area. A huge throughput gain can be obtained by
transforming into the new CF network topology [1]. One of the
challenges introduced by CF network is pilot contamination,
which occurs when the number of UEs exceeds the length of
the pilot sequence. As a result, multiple UEs may use the same
pilot sequence.

Semi-Blind approaches [2], [2], [3] have been explored to
mitigate the effects of pilot contamination by jointly estimate
the channel and user data. However, Bayesian inference is
intractable due to the high dimensional integrals.

A variety of Message Passing based algorithms have been
proposed to simplify the high dimensional Bayesian inference
problem into local low dimensional inference problems [4]—
[9].

Different iterative and message passing algorithms can be
unified under the constrained Bethe Free Energy (BFE) min-
imization [10], [11]. BFE is the variational energy between
Bethe approximation and the factored joint probability density
function (PDF). A factor graph can be obtained by connecting
all the factors and variables in the factored joint PDF if the
variable is a parameter of the factor. If the underlying factor

graph is cyclic, the BFE degrades to an approximation of
the variational energy. It has been shown that Belief Prop-
agation (BP) [12] can be obtained by optimizing BFE under
the strict marginal consistency constraints, and Expectation
Propagation (EP) can be derived based on BFE optimization
with relaxed moment consistency constraints. Although BP
simplifies the global inference problem by decomposing it to
multiple local inference problems, it still contains intractable
operations during joint channel estimation and data detection
due to the evaluation of product of Gaussian mixtures. EP
works around this problem by projecting the approximated
marginal posteriors to Guassian family. However, since the
messages are obtained by the PDF division, it may look like a
Gaussian with “negative” variance which may lead to invalid
operations such as computing the moments of a function that
has infinite integral value. Actually, Gaussian messages with
“negative” variances are common problems in message passing
algorithms [13]-[19].

A. Main Contributions

In this paper, we propose an iterative joint channel estimation
and data detection base on constrained BFE for uplink CF
systems. Besides the strict consistency constraints, we also
introduce a novel constraint to decompose the bilinear com-
bination in the semi-blind estimation. Due to this constraint,
our algorithm deviates from the traditional BP algorithm and
contains a VB-like update. Despite the simplification, the
augmentation may also lead to invalid operations like EP due
to the PDF division. However, by exploiting the hierarchical
data symbol structure, we can not only avoid messages with
“negative” variances, but also lower the complexity.

II. SYSTEM MODEL
Consider a semi-blind uplink model
[Y, Y|=H[X, X]+[V, V] (1)

where V,,, V denote the AWGN with power 02, H € CV*K
is the channel matrix, X, € CX*F is the transmitted pilot
matrix, and X € CE*L is the transmitted data matrix. Each
transmitted data symbol is assumed to be drawn from a finite
alphabet. We define the symbol power to be E[|z|?] = o2.

A. Hierarchical Data Symbol

In this paper, we assume that the data symbols can be
decomposed into subsymbols:
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where |7, x¢|> = 02,,. A common example of this constel-
lation scheme is 4M QAM. If we assume the transmission
power of 4”-QAM to be o2, then we have
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III. ORTHOGONAL PILOT SEQUENCE

In this paper, we consider orthogonal pilot sequences, i.e.,
every user uses a pilot sequence drawn from an orthogonal
codebook. Therefore, the sequences of any two users are either
orthogonal or identical.

Denote &, , as the g-th pilot sequence from the pilot code-
book. We define ¥, as the correlation result of the received
signal sequence of the n-th antenna with the g-th pilot se-
quence,

= ) hk + Bng, (4)
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where ¥, is white Gaussian noise with power (T% = If—jg.

Therefore, we have ¥,,, ~ N(0,02). '
IV. FACTORIZATION

Define 2,5 ni = RnkZm, ki, the probabilistic model of (1) is

p(Y,, Y, Z H X)
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V. BETHE FREE ENERGY OF BILINEAR SYSTEM

We use strict consistency constraints. However, in addition to
the consistency constraint, we introduce a structure constraint:

b5mk nl (ka,nla P, xm,kl)
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The BFE of (5) is
BFE = ZD(bfynl nynl) + Z
n,l

m,k,n,l

)

Pk k)

D(b67nk,7x.l

ft5mk,nz)

+ Z ‘D(bfhngg ||fhn,gg) + Z D(bfmmﬁkl Hfrm,kz)

n,g m,k,l
+ Z H(bzmk,nl)—"_ZML ’ H(bhnk> + Z N- H(bfrm,kl)>
m,k,n,l n,k m,k,l

®)

where the factor beliefs (by, . bs,,,x > b Fong,® by, ) hasthe
parameters the same as (6) and the variable behefs Bz
bh,ys bz, ) has the parameters the same as their subscription.
Besides the constraints that all the beliefs must be normalized
to one, we also need the consistency constraints between factor
beliefs and variable beliefs, i.e., the marginalized result of the
factor beliefs must be the same as the variable beliefs.

VI. SIMPLIFICATION OF BFE

The following relation follows consistency constraints imme-
diately:

b‘sfnkynl (xm,kl) = bl‘m,kl (xm,kl)
Do, (i) = ny (o) )
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Therefore, the Lagrangian function is
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We set the derivative of the Lagrangian function w.r.t. each
belief to zero,
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On the other hand, the variable level beliefs can be written as
Vn,k:

. . (13)
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In  (11)-(15), we define message-like functions
pi(0)oc exp[ AL (6)].
The constraints are
vYm, k,n,l:
(16)
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VII. DETAILED DERIVATION

From the previous discussion, (11)-(19) form a system of equa-
tions. The solution to it is the inference result. An alternating
optimization can be organized in the form of messages passing.
The consistency constraint in (19) can be used to obtain
bh,, (hni) by substituting (14) into (12). Therefore, we can
see that every belief is uniquely determined if the messages
and by, ,, and by, are determined.

We consider the consistency constraints in an iterative manner.
By considering the ﬁrst constraint in (16) with (11) and (13),

we can update ,umk - By considering the consistency (18)
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with (13) and (17), we can update p

A. Update of uf,;‘;c’nl

We consider the consistency (16) with (11) and (13). From
(11), we marginalize out (m/, k") # (m, k):
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Substitute (20) and (13) into (16), we have

/f’fz:;]sc nl(zntk,nl) = J‘fynl (Vm, k: ka,nl)
2D
1_[ ,umlk/ nl Zm’k/,nl)dzm’k:’,nl-
(m/ k") #(m;k)
We use central limit theory and approximate
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can be approximated to Gaussian
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B. Update of p!'/* (hni)

This message is directly updated by (14). Due to the previ-
ous discussion, we have Gaussian message ,ufjlk nl(ka,nl)-
Therefore, we have

h It
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C. Update of by,

In order to derive the update of by, in (19), we substitute
b g computed in (12) into (19). For simplicity, we combine
the mgessage with prior and define
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By Gaussian reproduction lemma, the mean and variance of

h,, 10 (19) are
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For future discussion, we also define the autocorrelation of
(19) as

T 2 T+ [ (29)
D. Update of b, ,,(€m k1)

From (15), the product factor can be interpreted as an approx-
imated likelihood of x,, x;. Therefore, if we denote

1
h
Tm,kl = 236
n ka,nl

236 h % (30)
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then (15) can be written as
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The mean of (15) is obtained as
My, jt = Ebzm,kl [z]. (32)



1) Discrete Symbols: Assume discrete input data:

S 10 (T k) Zps Trn ki — Ts)- (33)
The mean can be obtained by
My, 1 = %Z%PSCN <x5|mm|2w '?n{‘;:l) (34
where
7 = ZpSCN (J;S\mm 8 nfllfl) (35)

To make the computation robust, we try to avoid unregularized
exponential. Define the log unnormalized probability of data
symbol x,, 11 as

_ Y Y
Vs @ Py, i (2s) = log ps + log CN (ms|mm!il,7'm,‘,fl) , (36)
the regularization constant can be obtained as
Cm kil = mgxﬁfmkl(xs). (37)

Finally, the normalized approximated data posterior can be
obtained as

exp ([P 11 (Ts) — Cmki]
Pkt (Ts) = — - (38)
) = S ool () — ]
As a result the belief mean of (15) is
(39)
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S

E. Update of uZ;fy

mk,nl
We consider the consistency constraint (18) between belief
(13) and belief (17). The message is obtained by

bs (Zmk,nt)
,u'jn{gynl(kanZ)OC ;Lknl mk,n .

(40)
lu’mk nl (ka? ’ﬂl)

The numerator is the marginal belief in (17), which can be
expanded as

) = Epfn,kl(xS)CN(zmk,nl‘xstk» Ong,];k).
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We notice the following property for the message.
Proposition 0.1. With discrete user data and Gaussian chan-
nel prior and noise, if by, and by, ,, are obtained by using
the same | k g With b, then the message obtained by
“40) is a Gaussian mixture.

Proof. Observe (12), which can be rewritten into
bfhngg (hngg)ix,un’kfh( nk) fhngq ngg n /J/n’fh nk’)'

k'eGy/{k}
(42)

On the other hand, according to (14), the message un P (hnk)
can be written as

o2 T o2
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From the discussion in Section VII-C, the second line in (42)
can be identified as another Gaussian distribution. Since by, ,
is updated by computing (19), rewrite (19), and we have

bhnk nk)ocunkf (hnk)
ffh,ng ngg ,U/Zkf/h( nk’)dhnk’, (44)
k'eGg/{k}
This observation implies
Tz;5
R (45)
Tm

Now we focus on the marginal belief bs, , . (Zmk,ni). By
taking (41) and (45) into consideration, we have

=0 (46)

2
Gac nk <T mk nl*

Therefore, the division in (40) will lead to an unnormalized
Gaussian mixture. O

We notice the following relation: if B — A is positive definite,
then

CN(z|la,A)  det(B)? CN(z|c,C)
CN(z|b,B) det(B— A)2CN(0b—a,B—A)’
Therefore, (40) can be obtained as
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and the weighting factor wfniynl(xs)

(49)
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must be normalized to one, such that, >}, wfrii”nl(xs) = L

Therefore, /‘:r;ﬁnl<zmk~,nl) in (48) can be identified as a
probability density function.

From this point of view, the mean and vairance of

ufnéynl(zmk n1) used in Section VII-A are
zfy wz fy ny‘ms
Mk nl mk nl mk,nl
zify 25 fy 2 fyles 2z fylrs |2
mknl = Z [wmk,nl('rs) Tonkent . M0 GD
S
_ | 2 fy |2
mk,nll *

We conclude the algorithm in the following table.



Algorithm 1 Proposed VB-BiGaBP

Require: 3,4, Y, 04, , G4, 0

1: repeat [Vm, k,n,!]

22 Update mm‘,i pand T k 1 by (23)
Update m; /n and Tn,’C ™ by (25)
Update mn{C and 7 by (26)
Update mﬁky and Th g by (28)
Update m, ,7 and 7, k) by (27)
Update 1, 7, and 7, Y1 by (30)
Update mm & by (34) and (35)

Update m;{flﬁ and T;,fy,lf by (49)
10: Update Wy (xs) by (50), s.t., >, wmk Ca(@s) =1

mk,nl
: Update m>{  and 750 by (51)
12: until Convergence
13: Output mﬁk and my, .,

R A A

VIII. DECENTRALIZATION METHOD

Until this point, we have developed a distributed BFE-based
message-passing algorithm since a CPU is needed to compute
b, .- We use the backhaul message-passing scheme (physical
message passed from AP to AP) proposed in [16] to decen-
tralize the computing of by, ,,. Assume single antenna APs,
and we define auxiliary function based on (15):

§;x 6 T
Nmk,nl(l‘m,kl) CN (@, ki ‘mm ki T, k) (52)
z;0 z;8 h \#%
T, m (m™))
6z mk,nl o mk,nl nk
where 7%, = = om)Y, = o ———. (33

’ynk ’ynk
We define the update rule of the physical backhaul message
from AP n to AP n’ to be
6;, //_)
= Mmfc,nl (xm,kl) H V:‘:L,kln

n”eN(n)/{n'}

v (@m ) (Tm,kt),

where we exploit the notations and use N(n) to denote the
neighborhood of AP n in the AP network. At each AP, the
approximated version of belief b, ,, (Zm ki) is recovered by

~

6. !
D (T i) = D@ k) it @ i) | [ Vi (@t

IeN(l)
This approximated belief is exact when the two conditions
hold: 1), the backhaul messages converge to the steady point;
2), the AP network is acyclic.

IX. SIMULATION RESULTS
In this section, we will verify the algorithm using numerical
simulations. We consider a 400m x 400m area with M = 16
APs and K = 8 UEs. The APs are located at the coordinates
(29094, 4995), where 4, j € {0,...,3}. The UEs are uniformly
randomly distributed over this area. The fading model we use
is [14] Jf,k[dB] = —30.5 — 36.71og,(di), where dy, is the
distance between AP [ and UE k. All the neighboring APs
within 4g0 meters are connected and can exchange information
of the estimated data symbols. Furthermore, as illustrated in

Algorithm 1, a synchronized message-exchanging scheme is

-18 T T T T T
‘ == Proposed Method with Genie-Aid Inputs
& Distributed Version of Proposed Method
= Decentralized Version of Proposed Method | _
—©— VL-EP (Gaussian Input)
MMSE with Genie-Aided Inputs
3 EP-based Decentralized Method
26 |

20
22}

24

-28 |
-30 |

Channel NMSE (dB)

-32
34 .
-36 1 1 1 1 Il Il Il Il Il Il

10 12 14 16 18 20 22 24 2 28 30
SNR (dB)
Fig. 1. Channel NMSE (dB) versus SNR (dB)

used. To induce pilot contamination, the default pilot sequence
length is P = 6. The transmitted data sequence spans a length
of L = 10. We use 4-QAM constellation to generate the i.i.d.
input symbols X”. We maintain consistent positions for all
APs and UE:s for different realizations and conduct simulations
across 50 unique scenarios with varying H, V, and user data.
The metric for evaluating performance is channel normalized
Str(HH™)
1 SU(HHH)’
where H represents the estimation error. The simulation re-
sults are concluded in Fig. 1. For comparison, we also plot the
results of the VL-EP algorithm [20], which assumes Gaussian
inputs, and the EP-based decentralized algorithm [16], which
assumes discrete inputs. In the Genie-Aided scenario, we
assume the data to be known.
Due to the additional BFE constraints introduced in the
proposed algorithm, VB-BiGaBP experiences a negligible
performance loss compared to the EP-based algorithm in [16].
However, in the distributed version of the proposed algorithm,
as illustrated in Algorithm 1, the computational complexity at
each AP is O(MKL). The CPU is responsible for executing
lines 7 and 8 in Algorithm 1, resulting in a computational
complexity of O(NMKL).
In contrast, the EP-based algorithm in [16] has the same
complexity as that in [14], with an AP-side complexity of
O(KL -4M) and a CPU-side complexity of O(NKL - 4M).
X. CONCLUSIONS
In this paper, we use constrained BFE optimization framework

for joint channel estimation and data detection. The original
BFE optimization leads to BP which contains intractable
computation. We propose an additional customized constraint
to work around the problem. However, the additional con-
straint may introduce invalid operations if iterative method is
used. To cope with this problem, we exploit the hierarchical
symbol structure. We show in our paper that with hierarchical
structure, the messages always have a finite integral value, as
well as the beliefs. Finally, due to the VB-like updates, only
the beliefs need to be propagated to every AP. Therefore, we
proposed a decentralized scheme, which is exact if every AP

is connected in a tree network.
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mean squared error (NMSE). It is calculated as
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