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Abstract

In this thesis, message-passing-based algorithms for the uplink of Cell-Free Massive Multiple-
Input Multiple-Output (CF-MaMIMO) communications are investigated. In CF net-
works, all user equipments (UEs) within a region are simultaneously served by all access
points (APs). As a result, the number of users may exceed the length of pilot sequences,
leading to pilot contamination. To address this issue, semi-blind methods are required, in
which APs jointly estimate channel coefficients and UE data symbols. Pilot-based channel
estimation can be formulated as a linear estimation problem, while data-based estimation
leads to a bilinear estimation problem. Exact Bayesian inference involves high-dimensional
integrals and is NP-hard. Therefore, iterative approximation methods, such as message-
passing algorithms, are essential for practical CF communication systems. The close rela-
tionship between constrained Bethe Free Energy (BFE) optimization and message-passing
algorithms is analyzed. Pilot-based channel estimation is generalized as a sparse signal re-
covery problem under a generalized linear model (GLM), which is a fundamental problem
in signal processing. The approximate posterior, along with the corresponding equivalent
Gaussian prior and noise, is obtained using Expectation Propagation (EP) on a loop-free
factorization of the GLM. A constrained BFE formulation that shares the same station-
ary points as the corresponding EP algorithm is studied. Furthermore, an alternative
derivation of the large-system-limit (LSL) approximation of the BFE is presented. Based
on this LSL approximation, a provably convergent iterative method is proposed. In the
second part, this thesis focuses on bilinear estimation problems. A hybrid method combin-
ing Expectation Maximization (EM) and EP (EM-EP) is proposed, where EP mitigates
multi-user interference and EM converts the single-user bilinear estimation into two linear
estimation problems. By employing a loop-free factorization scheme, EM-EP converges
rapidly to a stationary point. To exploit discrete constellations, a decentralized EP-based
algorithm is developed and further simplified using LSL approximations. To reduce the
computational complexity of EP caused by constellation size, a hybrid Variational Bayes
(VB) and EP method (VB-EP) is proposed. While VB-EP follows a similar design phi-
losophy to EM-EP and variable-level EP (VL-EP), it introduces additional constraints
that may degrade performance from the perspective of BFE optimization. In contrast,
hierarchical EP avoids introducing new constraints and reduces computational complexity
by exploiting the hierarchical structure of 4"-QAM constellations. Motivated by emerg-
ing machine-type communications in 6G systems, grant-free (GF) CF networks are also
investigated. A distributed iterative maximum likelihood algorithm is proposed for user
activity detection. EP serves as the core framework for both linear and bilinear estimation
in this thesis. A fundamental challenge in EP is the presence of non-integrable beliefs.
In bilinear estimation, this issue arises when computing Gaussian-equivalent messages for
Gaussian mixture model (GMM) messages. To address this, an EP-based algorithm is
proposed to approximate the mean and variance of a random variable whose distribution
is given by a product of GMMs. Two approaches are developed to preserve non-integrable



messages while preventing non-integrable beliefs. These approaches are further general-
ized into an EP framework capable of handling more complex factorization structures,
such as those encountered in CF communication systems.
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Chapter 1

Introduction

Cell-Free (CF) Massive MIMO (MaMIMO) is a promising technology for the next-generation
communication networks. It is expected to combine the benefits of both MaMIMO and
distributed antenna system (DAS) [1].

As suggested in [1], in CF-MaMIMO networks, a user equipment (UE) is jointly served by
all the access points (APs) in a region. Each AP is equipped with either a single [1] or a
very small number [2] of antennas. The APs cooperate in a phase-coherent manner via a
backhaul network using time-division duplexing. Due to channel reciprocity, the downlink
communication is only possible when the channel is estimated during the uplink. In this
thesis, we focus on the uplink communication, particularly channel estimation. To limit
backhaul transmission usage, the channel state information should not be shared among
different APs [1].

A major challenge in CF networks is pilot contamination. Since all the users in a region
are simultaneously served by all the APs in the region, the number of UEs may exceed
the length of pilot sequences. As a result, the likelihood obtained from pilot observa-
tions is not sufficient to estimate the channel. Other information such as channel prior
or data based estimation is needed to estimate the channel correctly. Based on these
considerations, we divide the thesis into two parts. In the first part, we consider only
prior information and the pilot observation. In this part, we generalize the pilot-based
channel estimation into a sparse signal recovery problem, where the pilot sequences sent
by all the UEs can be identified as the measurement matrix, and the channel the channel
is treated as “unknown input signal” in the context of sparse signal recovery. Since the
APs are distributed across the region, the channel between users and different APs can
be considered independent. Therefore, if we consider single-antenna APs, we only need
to investigate sparse vector signal recovery, instead of the whole channel matrix. In the
case of multi-antenna APs, since every AP is only equipped with a small number of an-
tenna, we can utilize vectorization to transform the problem into a vector signal recovery
problem without significantly increasing the complexity. Therefore, in the first part, we
investigate methods for sparse signal recovery.

In the second part, we estimate the channel using not only channel priors and pilot-
based observations but also data-based observations. This leads to the so-called semi-
blind estimation and can be formulated as a bilinear estimation (and detection) problem.
By combining the pilot observation likelihood and the channel prior, we obtain a joint
distribution of the received pilot signals and the channel. This allows us to transform
the semi-blind channel estimation with independent (per-AP-per-UE) channel prior to
a blind channel estimation problem with a hypothetical correlated channel prior (i.e.,
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the channel of different users becomes correlated). To avoid excessive complications, we
consider orthogonal pilot sequences, i.e., the inner product of the pilot sequences from two
users is zero if they use different sequences, but they are also allowed to reuse the same
sequence. It has been shown in [3] that using randomly assigned non-orthogonal pilot
sequence outperforms orthogonal pilot assignment. Nevertheless, the focus of the second
part is bilinear estimation, and the techniques developed in the first part can be readily
extended to accommodate non-orthogonal pilots. With the growing interest of IoT and
autonomous driving, grant-free (GF) communication is also required. It has been shown
that MaMIMO systems are well suited to support GF access [4]. This thesis also includes
a discussion of Grant Free CF-MaMIMO, in which not only the channel and data need to
be estimated and detected, but also the user activities need to be detected.

1.1 Prior Works

1.1.1 Useful Bayesian Inference Tools

Both the linear and estimation problems can be generalized as high-dimensional Bayesian
inference problems. Obtaining the exact optimal solution requires NP-hard computations
to evaluate high-dimensional integrals and all possible discrete combinations. More prac-
tical approaches aim to obtain approximate solutions using iterative methods. In this
thesis, we mainly employ message passing based methods [5-7]. These algorithms exploit
the structure of the factored joint probability distribution to compute the marginal dis-
tributions. From a factored joint probability, a factor graph can be constructed. A factor
graph consists of two types of nodes: factor nodes and variable nodes. These nodes can
be obtained by listing all the factors and variables (only once, even if a variable appears
in multiple factors). An edge is drawn between a factor node and a variable node if the
variable is an argument of the factor.

If the factor graph contains no loops, then sum-product rules [5] can be applied to iter-
atively compute marginal distributions. This method can be shown recursively to yield
exact marginals. The sum-product rules depend only on the local neighborhoods of each
factor and variable node, and therefore can also be applied to a loopy factor graphs. This
idea is called Loopy Belief Propagation (BP) and is studied in [8]. At each factor node, a
belief is computed, which is normalized to 1 and proportional to the product of the factor
and all incoming messages from neighboring variable nodes. These incoming messages
are referred to as extrinsics to that factor. Similarly, at each variable node, a belief is
obtained as the product of all incoming messages to that node from neighboring factor
nodes. In BP, the message from factor to variable is computed in two steps:

e Marginalize the belief so that it depends only on the destination variable.

e Compute the message from the factor to the variable as the quotient of the marginal-
ized belief and the message from that variable to the factor.

Since the belief at variable already depends on only a single variable, no marginalization
is needed. Therefore, the message from a variable to a factor can be directly computed
as the quotient of the variable-level belief and the incoming message from the factor. At
convergence, these beliefs can be interpreted as approximate marginal distributions, and
they are exact if the factorization is loop-free. Although BP decomposes a global inference
problem into multiple local ones, multiple arbitrary messages at a linear combination
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factor can still lead to intractable computations, as is the case in CF networks. As
will be shown in the second part of this thesis, the messages from channel coefficients
(variables) to the pilot observation likelihood (factor) take the form of Gaussian mixture
models (GMMs). Even with orthogonal pilots, the marginalization step at the observation
likelihood remains intractable.

Expectation Propagation (EP) |7,9] introduces a further approximation to relax the prob-
lem. The goal of EP is to restrict messages to a chosen family of functions. Compared
to the BP rules mentioned before, EP only introduces an additional projection operation
when computing the message from factor to variable. In EP, the message from factor to
variable is summarized in the following three steps:

e Marginalize the belief such that it depends only on the destination variable.

e Project the resulting marginal belief onto desired family of distributions. In this
thesis, the projection is always onto the Gaussian family.

e Compute the message from the factor to the variable as the quotient of the projected
marginalized belief and the incoming message from that variable.

This additional simplification significantly expands the applicability of message-passing
algorithms. However, a major limitation of EP is that the resulting messages may be
non-integrable, even when all factors are integrable. This issue does not arise in BP, since
the quotient operation effectively removes one component from a product. The presence
of non-integrable messages is a major drawback of EP, as it may prevent the algorithm
from proceeding. This remains an open problem [10], which we address in the second part
of this thesis.

Constrained Bethe Free Energy (BFE) optimization provides a unified framework for
message-passing algorithms such as BP and EP [6,11]. Given a factorization of the original
joint distribution, BFE represents the approximate variational free energy under the Bethe
approximation. The concepts of variational free energy and the Bethe approximation are
briefly introduced below:

e Variational Free Energy is essentially the Kullback-Leibler divergence (KLD) be-
tween a trial distribution and the given factorized distribution, where the trial dis-
tribution appears as the first argument of the KLD.

e Bethe approximation: A loop-free factorized joint distribution can be expressed in
a quotient form involving only marginal distributions. The numerator consists of
multivariate marginal distributions, each involving the variables of a corresponding
factor. The denominator consists of variable-level marginal distributions. The Bethe
approximation defines a trial distribution that preserves this quotient structure and,
consequently, the local dependencies. The trial factors in the numerator can be
interpreted as factor-level beliefs, while those in the denominator correspond to
variable-level beliefs in BP or EP.

If a loop-free factorization is assumed, enforcing that each trial factor in the denominator
equals the marginalization of the corresponding numerator factor yields exact marginals.
Furthermore, BP and EP can be unified within the constrained BFE optimization frame-
work [6,11] by imposing different consistency constraints between the numerator and
denominator of the Bethe approximation. Strict marginal consistency constraints corre-
spond to BP, whereas relaxed moment consistency constraints correspond to EP.
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1.1.2 Prior Works for Linear Estimation

We can formulate pilot-based channel estimation in CF networks as a sparse signal re-
covery problem. Approximate Message Passing (AMP) is a well-known computationally
efficient algorithm for sparse signal recovery in linear models [12-14]. The authors show
in [12] that AMP can be derived from BP with large-system simplifications based on
Taylor expansions. A main feature of AMP is that, by using large-system-limit (LSL)
approximations, AMP is able to represent messages as functions of beliefs. The same idea
can be extended to generalized linear models [15, 16], leading to the Generalized AMP
(GAMP) algorithm.

In [15], the authors show that GAMP can be derived based on EP and LSL approxima-
tions. Since both BP and EP are closely related to BFE, the connection between BFE
and (G)AMP is studied in [17,18]. In [17], the authors show that the (G)AMP algorithm
has the same stationary points as the BFE under large-system-limit approximations. The
convergence of message-passing algorithms such as BP, EP, and GAMP remains an open
problem. The dynamics of AMP can only be computed numerically as a one-dimensional
state evolution [12,13]. Following the observation that GAMP and LSL-BFE share the
same stationary points, Rangan proposed an analytically provable convergent method
based on the optimization of the LSL-BFE using ADMM |[18|. However, a disadvantage
of ADMM-based methods is their cubic complexity due to matrix inversion operations.
As shown in [13], the AMP algorithm is very sensitive to the measurement matrix, and
the large-system limit does not hold for highly structured measurement matrices. Since
(G)AMP can be interpreted as BP or EP with large-system-limit approximations, [19]
proposes an EP-like algorithm, Vector AMP (VAMP), to handle signal recovery problems
with structured measurement matrices.

1.1.3 Prior Works for Bilinear Estimation

The major challenge in bilinear estimation problems is that the product of two random
variables is often non-trivial. For example, if we consider a Gaussian channel with Gaus-
sian signaling, the resulting product random variable takes the form of Meijer G-functions.
In more practical cases, the channel is Gaussian and the user signal follows a discrete al-
phabet, in which case the resulting product random variable is a Gaussian Mixture Model
(GMM). Although linear combinations of GMMs remain GMMs, the number of Gaussian
components in the resulting GMM grows exponentially with the number of factor GMMs.
Therefore, iterative methods are necessary to make CF communications practical.
Variable-Level Expectation Propagation (VL-EP) [20] mitigates the intractable compu-
tations in bilinear estimation using iterative Expectation Maximization (EM). In VL-EP,
interference is treated as Gaussian due to the Central Limit Theorem (CLT). Moreover,
to remove the effect of interference from other users when estimating the channel of a
given user, VL-EP uses channel posteriors obtained from previous iterations, similar to
decision feedback. Subsequently, EM is applied, where user data are treated as latent
variables. Therefore, VL-EP can be interpreted as an iterative method for finding an ap-
proximate maximum a posteriori estimate of the channel. A major limitation of VL-EP
is that it cannot be deployed in a distributed manner, since the “expectation” step in the
EM algorithm requires previously estimated channel coefficients from all APs.

In [21,22], the authors propose Hybrid Vector Message Passing (HVMP). HVMP trans-
forms the bilinear estimation problem into iterative linear estimation problems using a
variational Bayes (VB)-like approach, which assumes that the channel posterior is inde-
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pendent of the data posterior. This assumption can be incorporated into the constrained
BFE optimization framework by introducing a constraint on the joint posterior of the
channel and the data, such that it factorizes into the product of the channel posterior
and the data posterior. As a result, the bilinear estimation problem reduces to iterative
alternating linear estimation problems. The authors then apply AMP to perform the lin-
ear estimation. The core computation of HVMP is very similar to that of VL-EP, as both
approaches convert bilinear estimation into linear estimation by using the expectation of
the log joint distribution.

In [23], the authors propose a bilinear version of GAMP algorithm (BiGAMP) based on
BP, CLT, and Taylor approximations under LSL. Similar to (G)AMP in linear systems,
BiGAMP represents messages as functions of beliefs. However, due to second-order Taylor
expansions, the messages in BIGAMP take the form of compositions of exponential and
quadratic functions. Unlike Gaussian functions, these messages are not guaranteed to be
integrable.

In practical communication scenarios, user data symbols are drawn from discrete constel-
lations. To exploit this structure, [2] proposes an EP-based algorithm for joint channel
estimation and data detection (referred to as bilinear-EP JCD). By combining EP with
BP, messages related to data symbols are computed using BP, thereby preserving the
discrete nature of the data symbols, while messages related to the channel are projected
onto Gaussian distributions using EP.

1.2 Main Contributions

The thesis is mainly divided into two parts. In the first part, we focus on estimation
techniques in generalized linear models. In the second part, we focus on bilinear estimation
techniques.

1.2.1 Main Contributions in Linear Estimations

The VAMP algorithm [19] can be used for signal recovery in linear models. However,
it only estimates average posterior variances. To address this limitation, we develop a
revisited VAMP algorithm for generalized linear models (reGVAMP), which is not only
applicable to generalized linear models but also computes component-wise posterior vari-
ances. The reGVAMP algorithm further provides a method for constructing equivalent
Gaussian priors and likelihoods, thereby transforming a generalized linear model with
arbitrary input priors and output observation likelihoods into an equivalent linear model
with Gaussian priors and additive white Gaussian noise (AWGN), while preserving the
posterior means and variances.

We then analyze the fixed points of reGVAMP by establishing the corresponding con-
strained BFE optimization problem. We provide an alternative derivation to obtain the
large-system-limit (LSL) simplification of this constrained BFE formulation. Further-
more, we show that the extrinsic message to the data prior factor corresponds to the
component-wise conditionally unbiased LMMSE (CWCU LMMSE) |24, 25| estimate of
the equivalent linear model.

Based on the analysis of the resulting LSL-BFE, we propose a convergent AMBGAMP
algorithm. To address the matrix inversion required by the least-squares steps in ADMM-
GAMP [18] and AMBGAMP, we introduce a line-search-based gradient descent method.
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Since the proposed method deviates from the ADMM framework, a sketch of the conver-
gence proof is also provided.

1.2.2 Main Contributions in Bilinear Estimations

The VL-EP algorithm uses posterior estimates for interference cancellation. However, this
approach does not support distributed implementation, since the APs must share their
estimated channel coefficients with the CPU for the expectation step. To address this lim-
itation, we develop an EP framework combined with EM to handle bilinear estimation.
Due to the fact that the operation exp(E[log(-)]) transforms the bilinear likelihood into
a linear Gaussian likelihood in the EM algorithm, the messages in the proposed EM-EP
framework are always integrable. According to the philosophy of reGVAMP, the mes-
sage from a variable to the observation likelihood can be interpreted as the approximate
marginalization of a partial distribution involving all other factors. Therefore, in EM-EP,
the partial distributions instead of the posteriors are used for interference cancellation.
This EM-EP framework enables flexible switching between centralized and distributed
implementations by adjusting the factorization scheme, provided that the channel priors
and noise across different APs are independent. Since loops in the factorization scheme
affect the convergence of the underlying message-passing algorithm, we further investigate
EM-EP under a loop-free factorization scheme.

By utilizing the LSL properties described in [13], we investigate a simplified Bilinear EP
algorithm based on LSL approximations. From the ideas of consensus propagation [26,27],
the reliance on a central processing unit (CPU) can be eliminated, thereby enabling the
transformation of a distributed system into a fully decentralized system.

According to [6, 11|, message-passing algorithms are closely related to constrained BFE
optimization. We investigate the BFE formulation for CF networks and propose a hybrid
VB-EP algorithm by introducing a constraint that approximates the joint belief (poste-
rior) of the channel and data for each user as independent beliefs. This approach is similar
to the work in [21|. However, the prior work in [21] assumes that the joint belief of the
entire channel and data matrix is fully factorized. In contrast, we aim to preserve the
dependencies between the channel and data of different users by introducing an auxiliary
variable for the user-wise bilinear combination. The resulting algorithm employs expecta-
tion and logarithmic operations to convert the bilinear estimation problem into iterative
linear estimation problems, similar to VB and VL-EP. Compared to the EP-based algo-
rithm described above and [2], where each AP must evaluate a GMM with a number of
Gaussian components equal to the constellation size, VB-EP requires only the mean and
variance of the user data beliefs. This enables the transformation of the bilinear problem
into linear estimation problems involving only simple Gaussian distributions.

Although VB-EP reduces the computational complexity at the AP side, introducing ad-
ditional constraints inevitably leads to performance degradation. We observe that when
square-shaped 4M-QAM constellations are used, they can be decomposed into M sub-
constellations, each corresponding to a 4-PSK constellation. We exploit this property and
propose a hierarchical EP method for bilinear estimation. By exploiting the hierarchical
structure and decomposing QAM into PSK components, we reduce the computational
complexity, especially in multi-antenna AP scenarios. This is because the covariance ma-
trices of the Gaussian components in the channel belief GMM depend on the squares
of the symbol realizations. Since the square of a PSK symbol is constant, the matrix
inversions of these covariance matrices only need to be computed once.
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We further consider machine-type communication by investigating grant-free (GF) access
in CF MaMIMO systems. The key difference between conventional CF networks and
GF-CF lies in the introduction of an activity indicator matrix. To address this problem,
we propose a framework that combines deterministic detection with Bayesian estima-
tion, where the activity indicator matrix is treated as an unknown deterministic variable.
Specifically, we develop a distributed iterative maximum likelihood method to detect user
activity. Once the user activity is identified, the GF-CF system reduces to a standard
CF communication problem. In this thesis, VB-EP is then applied for bilinear estimation
and detection in the resulting CF system.

Although all factorization schemes considered in this thesis consist of integrable factors,
non-integrable messages (intuitive Gaussian with “negative” variance) may still prevent
EP-based algorithms from proceeding, since non-integrable beliefs cannot be normalized
and their means and variances do not exist. This issue is common in EP, and no general
solution exists when non-integrable beliefs arise. In most existing works [2,10,19,28|, non-
integrable beliefs are avoided by constraining the messages to remain integrable. However,
from the perspective of constrained BFE optimization, restricting non-integrable messages
reduces the feasible set of the optimization problem. For example, in a one-dimensional
linear model with a BPSK prior, it can be verified that MMSE estimates are achievable
only when non-integrable messages are allowed. In CF-MaMIMO systems with Gaussian
channel priors and discrete data symbols, the channel belief at the bilinear combination
factor becomes a GMM, which does not guarantee integrable feedback messages. In this
thesis, we first isolate this subproblem—estimating the mean and variance of a random
variable whose distribution is given by a product of GMMs. Simulation results show
that allowing non-integrable messages significantly improves performance. We then gen-
eralize this idea and propose modified EP rules that prevent non-integrable beliefs while
preserving the flexibility of the message updates.
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Chapter 2

Detailed Introduction to BFE and
Message Passing Algorithms

2.1 Bethe Free Energy

Consider a factored joint PDF":

p(8) [ | fa(6a). (2.1)
The Bethe approximation for (2.1) has the trial function b(8) of the form of:

where L; denote the number of factors that include 6; as a parameter. All the functions
in (2.2) must be proper distributions integrate to one. Furthermore, the numerators in
(2.2) must be consistent with the denominators, i.e.,

Va and i € N(a) : by, (0;) = bea(ea) H db;,
jeN () /{i} (2.3)

where we exploit the notations and denote N («) as the set of indices of entries contained in
0.,. The Bethe Free Energy is actually, the variational energy of the Bethe Approximation:

BFE = KLD[b(8)|p(6)] (2.4)

In order to determine all the by, and by,, we minimize the Bethe Free Energy,

min BFE
VOé,i : bfa? bgi
s.t. (2.3).

2.1.1 Tree Structured Factorization Example

Observe a simple example, assume a PDF can be decomposed into two factors:

P(60) = - fu(8.)f5(65). (25)
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where
0=[0 0, 05]"
0, = [0 6:]"
05 = [0, 05" ;

7= f £2(8)15(05)d6.

(2.6)

To verify the conditioned independence, we look at the relation between p(6;, 65]03) and
the product p(0;|602)p(63]02). According to Bayes rule, the conditional joint PDF is

1

p(61,93|02) = Zp(@z)

fa(‘91702)fﬂ(02783)7 (27)
with the relation

20(62) = | £2(8.)F3(8:)d0:d

(2.8)
= [ fultn. 00181 | (02,0
For simplicity, we define
Zuiz = | Fult1.02)a0,
(2.9)
Zo = [ £3(63.00)d8s
Therefore, the conditional joint PDF can be rewritten as
p(01,03|02) = ———— fa(b,02) f5(02,03) (2.10)
Zoc\QZ,B|2
On the other hand, the conditional marginal PDFs can be computed as
Z 1
P(01]62) = ——2— fo(01,02) = —— fu(61, 62)
Zp(QZ) Za|2
1 (2.11)
p(0s]02) = Z—f5(62,93)-
B2

As we can see, since p(6q,03]62) = p(01]62)p(03]|02), the variables #; and 63 are conditional
independent given 6. Therefore, regardless the form of function f, and fs, we have

p(01,02)p(0-,05)
p(6-)

p(0) = p(61,05|02)p(02) = (2.12)

2.1.2 Analysis of Tree Structured Factorization

Lemma 1. For all PDF p(@) with Yi,0; treated as atomic variables. If p(0) admits a
loop-free (tree/forest structure) factorization:

A
p(0) [ | fa(6a), (2.13)
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then we have

p(0) = %, (2.14)

where L; denotes the number of factors f, that contains 0; as a parameter.

Proof. We use mathematical induction on the number of factors.

If there is only one factor, the lemma holds automatically. Now assume the induction
hypothesis. Assume that the lemma holds for all non-cyclic factored PDFs with equal or
less than A factors.

We need to prove that the lemma also hold for any PDF with A + 1 non-cyclic structured

factors:
A+1

0)oc [ | fa(6a). (2.15)

Heuristically, there are two ways of decreasing the number of factors, either by condi-
tioning or by marginalization and in this proof, we use the technique of marginalization.
Since all the A + 1 factors compose a non-cyclic structure, there must exist a factor (leaf
factor) that has at most 1 common atomic variable with the superfactor of the product
of all the other factors. Without loss of generality, we assume fa.1(04.1) has at most
one common atomic variable with [[_, f.(8a) (We can always change the index if not).
Therefore, we first investigate the PDF:

A

p(0)ocfari(0as1) H (2.16)

If fa11(0441) is completely disjoint to Hﬁzl fa(0,) and zero common atomic variable
with it, then by marginalization, we have

Doc ] | fal6a)

(2.17)
A
0
~ p(o) - L= 20) 1p(L _)1
[1ip(0:)

where 6~ is composed of the atomic variables in Yo € {1,..., A} : 0,, L; denotes the
number of factors in {f,(0,)|a € {1,..., A}} that contain 0; as parameter. The second
line of (2.17) correspond to the induction hypothesis. On the other hand, we have

P(Oat1)cfari(0at). (2.18)

From (2.18) and the first line of (2.17), we find that (2.16) has the form of

p(6) = p(07)p(0.4:1)
I p(8a) (2.19)
[ 1 p(0:)"
where L; denotes the number of factors in (2.15) that contain 6; as a parameter. Since

there is no common atomic variable between fa,1(04.1) and ]—[221 fa(8,), we notice the
relation L; = L, .
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Next we consider the case where fa.1(60441) shares one common atomic variable with
]—[3:1 fa(0,). We assume they share the c-th atomic variable as the common atomic
variable, which we denote as 0.. Similar to the example in Section 2.1.1, we can show by
integration rules:

— 1
p(0a41]0.) = — fas1(0.441)
9A+1‘6c
;A (2.20)
p(0 16.) = H fa(0a),
ZE_‘HC Oé=1

where 0 4, denotes 04,, with 6. removed, and @ denotes @~ with 6, removed. Further-
more, Zg, 1, and Zg-, - are normalization constants to ensure p(0.441]0.) and p(0 |6.)
integrate to 1. On the other hand, from (2.15), the conditional joint PDF given 6. can

also be verified to satisfy the following relation:

_ 1 1 A+l
p(66.) = Zaroun Zo Cnlfa(aa) (2.21)
= p(044110:)p(0 |0.),

where 8 denote @ with 6, removed. Due to the equality in the second line of (2.21), we

know 04,1 and @ are conditionally independent given .. From (2.21) and Bayes rule,
we have

(0

p(B16.)p(0.) = p(Bass|6.)p(@ 16,2 § (0.)

p(b.
(2.22)
oy P(6a)p(6)
p(6) (9 o
We look at the marginal PDF p(6~). From (2.16), we have
A
0 [ [ £.(6.) J Fair(0a,1)dBa,r. (2.23)

Since 6. is the common atomic variable between f4:1(0441) and ]_[2:1 fa(6y), we know
35 € {1,..., A}, such that 6. is a parameter of f3(65). We can define a new auxiliary
factor f5(0s) such that

£502) = £3(65) [ Fae1(8.)dB.0-1 (2.24)
Therefore, the marginal PDF p(6~) can be written as
B-1 A
p(O7)cf5(05) [ [ fal8a) [] falba). (2.25)
a=1 a=B+1

Since there are only A factors, according to the induction hypothesis, the marginal PDF
p(67) can be written as

) [T, p(6.)
PO = e [, p(OE T (2.26)
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where L; and L. denote the number of factors in (2.15) that use 6; and 0. as parameter,
respectively. The reason we have L. — 2 instead of L. — 1 is due to the fact that there are
only L. — 1 factors in (2.25) that contain ..

Finally, we substitute (2.26) into (2.22) and obtain

Hg;l p(6a) . (2.27)

p(#) = [ L p(0:)"t
O
Lemma 2. If b(0) is defined as
b(6) = La-s 02 (0) 229
['T; bo, (6:) %=
where
e [; denote the number of factors f, that contains 6; as parameter;
e bs (6,) compose a non-cyclic factor graph
o b; and by, are non-negative functions:
Va,ie N(a) : by, (0:) — fbfa(ea) 1
JeN (e)/{i}
Vi : Jbgi(ei)d@ — 1, (2.29)

then we have

oz by, (0a f ]_[ do;. (2.30)

N («

Proof. We use mathematical induction on the number of factors in the numerator. If

there is only one factor, by (2.28) we have b(0) = by, (0,), where 8 = 8,

As induction hypothesis, we assume the lemma hold for A factors in the numerator, we

need to prove the lemma also hold for b(0) with A + 1 factors.

Since by, (0,) compose a non-cyclic factor graph (tree or forest), there exist a factor

bs(83) such that bg(@s) share at most one common atomic variable 6, with [T°_} b, (6,)-
A+1 b 0

Ha:ﬁ—‘rl fa( OC)'

If there are no common atomic variables, we rewrite (2.28):

by, (05) [10_1 br, (8a) - TTa 541 br (6a)

b(0) = T, by, (651 (2.31)
We integrate out 63, and obtain
_ _ Ha 1 fa( ) ’ Hgi,é+1 bfa <0a)
b (9 ) = fb(@)d@g H'ba_(gi)Li—l ) (2-32)
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where 6~ denote @ with the ones in 65 removed. In (2.32), there are only A factors in
the numerator. Due to the induction hypothesis, we have

Vae{l,...,p—1,68+1,...,A+1}:b; (8, f ]_[ db;. (2.33)

N («

Furthermore, due to the hypothesis, from (2.32)-(2.33), we have

J b-(07)d0~ — 1. (2.34)
From (2.31) and (2.32),
b(0) = by, (05)b(07). (2.35)
Integrate out all the variables in 8, we have
J b(0) [ [ db: = by, (65). (2.36)
i¢N(B)

Now we consider the case where there is one common atomic variable 6. between by, (65)

and Hg;l by, (6,) - Hﬁ:gﬂ by, (0,). We integrate the variables that only occur once in
bfﬁ (05):

b—(a—):fb(e) [T

ieN (B )/{C}
by (0 )H 107.(00) - T1025 1 b7 (6a)
Do (0c) "1 T ;2 bo, (62) "
_ CTTD05.(80) - TToZ540 b (64)
Do (0c) 72 [ 1;0c bo, (B2) 71
Since only 6. occurs L. — 1 times in Yoo € {1,..., 86— 1,86+ 1,..., A+ 1} : f.(0,), all

the other atomic variables Vi : §; occur L; times, we can use the induction hypothesis on
(2.37) and obtain:

(2.37)

Vae{l,...,—1,6+1,...,A+ 1} :b; (0, f ]_[ db;. (2.38)

N («
On the other hand, from (2.37) and the lemma assumption,
f b=(07) ] db; = by.(0.). (2.39)
N (B)
From (2.28) and (2.37), we can write
b=(67)
b(@) =bs,(05) ——F. 24
( ) fﬁ( B) b06(90> ( 0)
We integrate out the variables that does not show up in by, (83), and based on (2.39):
f b(0) [ ] db: =0y, (65) (2.41)
€N (B)
[l
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2.1.3 Bethe Free Energy in Non-Cyclic Graph

In the case of non-cyclic factorization, we substitute (2.3) into (2.4) and by Lemma 2
BFE = > D[by, (64)]fa(6a)] + Z (L; — 1)H|[bg, (6:)]- (2.42)

If the constraints (2.3) are satisfied, the minimal of the BFE in (2.42) is achieved when
b(0) = p(@). Furthermore, according to Lemma 2, if (@) = p(@) and the constraints (2.3)
are satisfied, all the marginal beliefs VaVi : by, (6,), by, (0;) are fixed.

2.1.4 Bethe Free Energy Extended to Graph with Cycles

If the factored PDF implies a factor graph with cycles, the above two lemmas no longer
hold. However, we still approximate the BFE to the form of (2.42).

Furthermore, the strong marginal consistency constraints may lead to intractable com-
putation in an iterative algorithm. To further simplify the problem, the consistency
constraints can be relaxed to moment constraints. Therefore, instead of (2.3), we can use
the following relaxed moment constraints

Va bea(ea)dOQ =1

Va and i € N(a) : By, [¢(0:)] = B, [0(6:)].

(2.43)

2.2 Relation Between Bethe Free Energy and Message
Passing Algorithms

The constraint Bethe Free Energy minimization lead to an optimization problem. We
take strong constraints as an example and use Lagrangian multiplier to gain an insight of
the optimization problem. The Lagrangian function can be written as

EZZDbfa )| fa(B +ZL—1 0.(6:)]+

(2.44)
+>,. JAG . (02) [bo, (0:) — by, (0;)] b,
a ieN(a
where
by, (6) = f b6 [ dos. (2.45)
jeN(a)/{i}
Setting the variational derivative to zero:
0
Va:ab(—(ﬁe)zlnbfa(e) I fa(Ba) = D Nps (6) + C:=0
fa\Ya % a
I N (2.46)
Vi : = (1—L;)Inby, (0 ;1. (0;) + C:=0,
dbe, (0;) a;m 5o
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where C' denote a normalization term for the beliefs due to the normalization constraints
n (2.3):

Vo : bea(Oa)daa =1;

(2.47)
Rewrite (2.46) and we have
VOé . bfa OCfa a H /,Lg fa ,
iEN (a)
ﬁ (2.48)
Vi : b92<91>0C 1_[ Mo, fa )
aeN (i
where we define
ll’ei;fa (91) = exp(Aeﬁfa (01)) (249)

Lemma 3. Let A denote any countable set of indices with cardinality |A| > 1. IfVa € A,
o1, (0) are defined as positive functions, then there exist a unique (exactly one) set of
positive functions denoted by Vo e A: py, .0(0), such that

Vae A pos, (0) = [ np00). (2.50)
BeA/{a}

Proof. We exploit the monotonic property of log operation. Due to the positive function
assumption, at every point #, we compute the log of both sides of (2.50),

Vae At gy, (0) = D> Ap(0), (2.51)
peA/{a}l
where
Vaoe A: Ny, (60) = log g, (9); (2.52)
Vae A: A, 0(0) = logpy,.0(0). '
Denote the elements of A as
A= {al,Oéz,...,Oé|A|}, (253)
where | A| denote the cardinality of set \A. We can define the vectors
T
N, (0) = [Ae;fal @) - Aogay, (9)] :
- (2.54)
Afﬂ(e) = |:>\fa1§0(9) e AfalA‘§0(9)j| .
With the above definition, (2.51) can be rewritten to
Ao (0) = BiaAro(0), (2.55)
where
By = 11y — I 4. (2.56)
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Sylvester’s determinant theorem, the absolute value of the determinant of B4 can be
computed as | det(Bj4))| = [A| —1. Due to the lemma assumption, [A| > 1, we know B4
has full rank.

Therefore, from (2.55), the set of equations can be uniquely solved by

” LAty
Ap0(0) = ByXor(0) = | =17 — Ll | Aass (0). (2.57)
]
Based on Lemma 3, we can uniquely define a set of positive functions Vi, Yoo € N(0;) :
i17.0,(05), such that
Vi, Yae N(6:) : o, (0:) =[] #pn(6:)- (2.58)
BeN(0:)/{a}
Substitute (2.58) into the second line of (2.48), and (2.48) becomes
VO( : bfa meé O( H /‘Lwaa
€N (a
(2.59)
« |1 wro

aeN(6;)

Besides setting the derivative to zero, which results to (2.59), we must also include the
consistency constraints (2.3). Therefore, by combining (2.3), (2.58) and (2.59), we obtain
a system of equations (2.60) that corresponds to the stable points of the constrained BFE
optimization problem:

o s by, (0a)fa(Ba) [ h6,s.(6:);

€N (a)
« | wre
o) (2.60)
Vi, Vae N(6:) : o, (0:) =[] tpn(62); '
BeN (6:)/{a)
Voo and i € N(fa) : by, (6;) = fbfa(oa) [T
JEN(fa)/ti}

Actually, (2.60) is a system of equation parameterized by functions Vi,Va € N(6;) :
ts..0:(6;). Namely, every quantity appeared in (2.60) are uniquely determined, if Vi, Va €
N(0;) : fi1.:0,(0;) are given. The normalized non-negative function by, (6,) and by, (6;) are
called belief at factor f, and variable 6; respectively. Moreover, the positive functions
Lo:r.(0;) and fif .0, are called “messages from 6; to f,” and “messages from f, to 6,”
respectively.

2.2.1 Relation to Belief Propagation (Strict Marginal Consistency
Constraints)

On the other hand, belief propagation is an iterative message passing based algorithm by
iterating over the following steps:
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Compute the belief at factor node:

Yo bfcx H Mo, fa (2.61)

i€N(a)

Marginalize the belief at factor node:

Va,Vie N(fa) : by (6;) = fbfa(ea) [T do (2.62)
JEN(fo)/{i}
e Update the message from factors to variables:
by (0:)
RACH fa(6a) 0,35 (0)d0; (2.63)
Ho; fa

JeN( fOé )/{i}

Compute the belief at variable node:

[1 rs06) (2.64)

OcEN(Qi)

Update the message from variable to factor:

bo, (0;)

Vz,VaeN(G) He;; fa<9) m

(2.65)

At convergence, the equations from (2.61)-(2.65) hold simultaneously, which compose a
system of equations. Actually, one can show that the system of equations composed of
(2.61)-(2.65) is equivalent to the system of equations (2.60), i.e

(2.61)-(2.65) < (2.60). (2.66)

This relation indicates that Belief Propagation is just an iterative way of solving the
system of equations in (2.60).

2.2.2 Relation to Expectation Propagation (Relaxed Moment Con-
sistency Constraints)

Similar derivation can also be applied to the BFE minimization with relaxed moment
constraints as indicated in (2.43). However, if relaxed consistency is used, we substitute
the variational Lagrangian multiplier Ay, s, (6;) with vector Lagrangian multiplier Xy, s,
(the same dimension as ¢(6;)). Therefore, finding the critical points of the Lagrangian
function of BFE minimization with relaxed moment consistency constraints (2.43)

Vo by, (00)fa(Ba) [ ] Ho.5.(6:);

€N (fa)

o ] wrs

aeN(6;) (267)

Vi, Yae N(0:) < popn(0:) = [ 1m0, (60);
BEN (6;)/{a}

Vo and i € N(f,) : Ey,, [6(0:)] = Ky, [&(0:)],
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where all the variable-to-factor messages belongs to family F, i.e.,
Va,Vie N(fOc)PJ@i;fa (91) €,

where

= {eXp(’YT(b(@)) : Cdim(@) — R‘fy IS Cdim(¢(9))}'

On the other hand, the Expectation Propagation rules are

e Compute the belief at factor node:

VOC . bf OCfa a 1_[ MG fa

1eN ()

Marginalize the belief at factor node:

Vo, Vie N(fa) : by (6;) = fbfa(ea) []
JEN (fa) i}

Project the marginal belief to family F:

~

by.(0;) = arg_min  KLD(by, (6,)[by. (6:))
bfa (91)6]'—

Update the message from factors to variables:

by, (0;)

[L asVq 01 =
4 0( ) Mezyfa(el)

Compute the belief at variable node:

[T #.0.6)

OLEN(@Z')
e Update the message from variable to factor:
. by, (6:)
Vi,Yaoe N(0;) : py,.1.(60;) = —————.
/ aRACH

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

At convergence the static point of Expectation Propagation is obtained as a system of
equations composed of (2.70)-(2.75). It can be shown that the system of equations com-
posed of (2.70)-(2.75) is equivalent to the system of equations in (2.67). Therefore, Ex-
pectation Propagation can be viewed as an iterative method of finding the optimal point

of BFE with relaxed moment consistency constraints.
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Linear Estimation
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Chapter 3

Vector Approximate Message Passing

for Not So Large N.I.I.D. Generalized
I/O Linear Models

3.1 Introduction

The input signal recovery in generalized linear model (GLM) [29] is a fundamental problem
in signal processing. Applications involving this problem include statistics regression
[30], wireless communication [31], and machine learning [32]. For instance, within the
realm of wireless communication, py|, often characterizes receiver hardware and inference
mechanisms, in the symbol detection where @ represents a vector of discrete symbols to be
recovered, or in the channel estimation and localization, where & comprises propagation
channel parameters, A could embody the propagation features, modulation/demodulation
schemes, or pilot symbols, depending on the scenario. Viewing this from a Bayesian
perspective, the estimation of the random vector & € RY from observed measurements
y € RM is often tackled through methods such as maximum a posteriori (MAP) estimation
and minimum mean square error (MMSE) estimation. However, in certain scenarios, these
methods become unviable due to the optimization complexities inherent in MAP or the
intractable integrals associated with MMSE.

To tackle this challenge, one established method is approximate inference. Generalized
Approximate Message Passing (GAMP) [16] stands out as a prominent and computa-
tionally efficient approach within the realm of GLM. Expanding upon the foundation of
Approximate Message Passing (AMP) [14] used in standard linear models (SLM), GAMP
showcases its prowess in recovering high-dimensional signals. The dynamics of GAMP
align with those of AMP, both governed by a state evolution. Nevertheless, GAMP en-
counters convergence issues when faced with an ill-conditioned measurement matrix.

3.1.1 Prior Work

In response, a solution comes as an extension to the Vector Approximate Message Passing
(VAMP) [19] algorithm, tailored for GLM scenarios. This approach, named GVAMP
[33], accommodates the challenge of an ill-conditioned matrix. It applies a vector-level
Expectation Propagation |7] algorithm on a specially designed factorization scheme.

Compared to AMP which requires i.i.d. measurement matrix to converge, VAMP shines
particularly for its converging behavior in the scenario of a right rotationally invariant
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measurement matrix, with a scalar state evolution having been rigorously established. It
is worth noting that GLM-VAMP and its variants often assume a high system dimen-
sion, which drives efforts to avoid complex matrix inversions and necessitates additional
approximations for efficiency.

However, the original (G)VAMP algorithm solely provides averaged variances. This limi-
tation serves as the impetus for introducing the reVAMP (Revisited- Generalized Vector
Approximate Message Passing) [34| for a standard linear model with arbitrary additive
Gaussian noise. it gives a Gaussian approximated posterior distribution including inter-
parameter correlations.

3.1.2 Main Contribution

In this chapter, reGVAMP (Revisited- Generalized Vector Approximate Message Passing)
algorithm is extended from reVAMP to cover GLM. We derive reGVAMP by utilizing the
multivariate Gaussian marginalization under EP framework. In reGVAMP, each likeli-
hood and prior is approximated by a Gaussian distribution. Similar to reVAMP, it results
in an approximated posterior within the Gaussian family and gives a covariance matrix
with inter-parameter correlations.

3.2 Derivation under EP Framework

We consider here a generalized linear model

pm(w)znij\i1 Pa;(75), 2= Az, py\z(z) = vai1 DPy;|z; (Zj)’ (3.1)

where the ratio N/M is a constant. We interpret the linear mixing as a conditional
probability

p(z|x) = d(z — Ax). (3.2)
From this general linear model, a factorization scheme comes up naturally:
p(®,y,2) = [1;py,(2)0(z — AZ) [ ]; pa, (22)- (3.3)
which we want to approximate by approximated factors (prior and likelihood)
q(@,y, 2) = [1; ay,1(2))0(z — Ax) [ [; ¢, (), (3.4)

where ¢, and g, ., are the Gaussian approximation for prior p,, and likelihood p, ... It

turns out that EP can be interpreted as an approximate alternating minimization of the
Kullback-Leibler divergence (KLD) K LD(p|/q) which becomes:

KLD [Dyy12,(23) Ty Gulee (24)5(2 — A@) [T, 40, ()
0F oy ) Ty Gl (50)3(2 — A@) [T, 00, ()|
KLD 2, (@) 11, 12, (2)0(z = A®) [T i ()|
0 @) [T, oy, (2)0(2 = A) [T ()|

where we optimize with respect to approximated likelihood q;_‘z_ in the first expression and
J1<7
approximated prior ¢ in the second one within Gaussian family. After their optimization
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we update the old gy, ., and ¢,, with ¢' and ¢} . We can marginalize out the irrelevant

Yjlz;
terms when optimizing q 12 and ¢, and denote the cavity/extrinsic distribution as
§ 4y2(2)0(2 — Ax)qe(x)dxdz;

Qy]\zj (ZJ) 7
Sqm x)qy|2(2)0(z — Ax)dzdx;

qx; (371)

Qy;.z; (Zj)oc
(3.6)

Qy|x; (331

The inner integrals in (3.6) can be considered as joint Gaussian posterior of the output
or input with & or z marginalized out respectively :

qZ\y z) = { ay=(2)d(z — Az)qq(x)de;
Galy(®) = § gz (2)qy2(2)0(z — Az)dz. (3.7)

Thus, (3.5) is equivalent to

p |z(z)
KLD[pyj|Zj : Qyj—-,zj Hq;_]|z] ’ qijzj]:Elln Z'J ](Zj):|

yjlz5

(3.8)
KLDI:pIi ‘ Qy\xingZ : lewi]:E[ln Z?EZ;] )

where the first and second expectations are calculated with respect to the tilted posteriors

qz]|y( )OcpyﬂZ](ZJ)Qrz] (Z]) (39)
qﬂtily( i)ocpxi(xi)qylri@i) (3.10)

respectively. It is worth noticing that these tilted posteriors can be identified as marginal
posterior with Gaussian approximated extrinsic.

3.2.1 Output Node

At the output node, we optimize the first expression in (3.8). For simplicity, we denote

Qy|z(z) = Hj Qy;|z; (ZJ) = /\/(z\mz, D‘Fz) (3 11)
qw(a:) = Hz qwz(xl) = N(w‘mvaTz)v ‘
where
D, = diag[t.]; D,, = diag[7s]. (3.12)

The optimization of the first KLD in (3.8) is equivalent to matching the first and second
order moment with respect to z; of the tilted posterior given by (3.9). We first compute
the marginalization step of the tilted posterior

0z,1() OCSSPWZ y|z 2)(z — Az)qz(x)dzdz;

4y, IZ
— Z:J:j(Z; §ay=(2 S(S z — Az)N(x|mg, D, )dzdz; (3.13)
= ZZJ::JEZ; SN(Z|mza DT;)N(Z|Amm7 ADTwAT>de

From the second line to the third line, we consider an auxiliary joint probability
Po2(T, 2) = pja(2]@)Pe(T) = 6(2 — Ax)N(x|my, Dr,). (3.14)
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Since z = Az and x ~ N (my,, D, ), we have z ~ N'(Amg, AD, A"). The integral in

the last line can be viewed as a multivariate Gaussian marginalization of Gaussian joint
posterior (with & marginalized out)

N(zlm,, D;.)N(z|Am,, AD, A" )x N (z|mz, Cs),

where

(3.15)
Cz=(D;'+AD,, A" ") '=A(D,.'+A"D;'A)"A";
mz = Cz(D;'m, + (AD, A")"'Am,) (3.16)
= A(D;+A"D;'A) (D 'm, + ATD;'m,).
Denote

Tz = diag[C’g/], (317)

we then obtain the extrinsic/cavity distribution sz (z;) by multivariate Gaussian marginal-
ization

[N (zlmy Cp)dz; N (zilmarmer)
N (zj]my,, 7, )oc e R e ron T (3.18)
where

2 om., (3.19)
Mp; = Tp, <TA(] ?ﬂ) ’
Thus, the tilted posterior is proportional to

qzj|y<zj)ocpyj|zj (Zj)N<Zj‘mpj?ij)' (3'20)
Matching the first and second order moment of the two parameters in the first KLD in
(3.8), we obtain

q;;-|zj (Zj)q:u;-,zj (zj)OCN<Zj|m5j7TEj)7 (321)
where 2; and 7., are calculated as the mean and variances of the tilted posterior
mz;, = qujl’y [Zj] = 92<ij?ij>; (3 22)
, .
Tz; = qu]-\y [(ZJ - mfj) ] = Tp; gz(mpj7 ij)7
where we denote

gz(mpj,ij) o Sszyj\zj (Zj)N<Zj|ij7 ij)dzj

= , (3.23)
Spyjlzj (ZJ')N(ZJ' ‘mpj y Tp; )de

and the derivative is with respect to the first parameter m,,,.

The new approximated likelihood is then derived as

+ ( j)OCN(Zj’mgj,ng)

Dy, 12

N(Zj‘ﬁlg.,Tg.)
= ST 3.24
() Nl ) (3:24)

It is a quotient of two Gaussian, and thus, the approximated likelihood is updated by
Uy, (20) = N(zlm, 70),

Zj’ Zj (325)
where
1 1 1.
+ N 9
Ty . T3 . ’Tp-
7 J J 2
m +(ME e (3.26)
Zj zZj \ Tz, Tp: )
] J



If sequential update is used, the j-th entry of m, and 7, is replaced with m} and 7}

before the proceeding to the update of next variable node z;,,. The computation of (3. 163
can be simplified as a rank one update. To simplify the computation of the covariance,
we define

A T o (3.27)

J % J

+

The updated covariance according to matrix inverse lemma is

T
Cgejej Cil
T .
Ar.; +ej Cye;

P 3.29
z; - TZj 7_+ - ? ) ( : )

-1
Ch = (Cs' +esp;lel) = Ca- (3.28)

Similarly, we define

A, — e;my c
mi = my + $1€.5. 3.30
® Asz + 6?02/6]‘ = ( )

Thus, the complexity for updating each z; approximated prior is O(N?) due to (3.28).
The complexity for approximation at the output node is dominated by O(N?3) happening
at the start of a sweep where we need to compute Cy according to (3.16) for the first

time. Moreover, there are O(N) variable nodes to be updated. In other words, the sweep
over vector z has complexity O(N?3) + O(N)O(N?) = O(N?3).

3.2.2 Input Node

At the input node, we optimize the second expression in (3.8) with respect to ¢ (z;).
The optimization of this KLD is again equivalent to matching the first and second order
moment of the tilted posterior since g; belongs to the Gaussian family.

With the notations defined in (3.11), the tilted posterior is given by

= e S o) § (2 - Aa:W (z|m., D, )dzdz; (3.31)
_ Py (m) S/\/’ (x|mgy, Dr )N (Axz|m,, D, )dx;.

qx; (

Again, the last integral is proportional to a multi-variate Gaussian marginalization of the
Gaussian joint posterior (with z marginalized out), and hence, we compute the Gaussian
joint posterior as

N(x|my, D, )N (Ax|m,, D, )ocN (x|/mz, Cy), (3.32)
where

1

Cy = (D.!+A™D'A) ;

3.33
my = Cs (D'm, + A"D'm,). (3:33)

To obtain the marginal distribution, we denote
T = diag[Cy/]. (3.34)
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The extrinsic/cavity distribution gy, (2;) can be computed as a quotient of two Gaussian
distributions

SN(m‘mQ/,Cﬁl)dm; N(I‘Zlmi;ﬂ'i;)
N(.Tz|mri7 Tri)OC Qa; (T4) OCN(mZ|mIZ ;) (335)
where
1 _ 1 1.
Tr; Ta Tz, )
My = Tr, T Tay |

The tilted posterior is proportional to the product of Gaussian extrinsic and the prior of
Ty,

q$i|y(xi)ocpwi (xl)N($l|m7‘w TTz‘)' (337>
Analog to the discussion (3.21) to (3.23), the approximated posterior is obtained by
q:r:t (xi)q’ym (SEI)OCN(SCATTL@Z, Tﬂ?i)v (338>
where
mz, = By, 12| = gz(mey, 72,);
oy L] (2 ) | (3:39)
Tz, = qu”y[(xi —mz,)7] = Tr, gu (M, ),
with g.(m,,, 7,,) defined by
) FAE) o[ ryy Ty d 7

- prz (‘T’.Z>N($Z‘mn7 TTZ)dxl ’

and the derivative ¢/ (m,., 7., ) is once again with respect to the first parameter m,.,. Hence,
the approximated prior can be updated by
N(%’m@, Tx,j) N(xl‘mu’?m Tfi)

+ . —

This Gaussian quotient can be calculated by

N(xl|m§w Tffi)

(x) = N(z\mt, m1)ec , 3.42
qm( ) ( ’ T xz) N(xi|m”’7_n> ( )
where
1 1 1
T T, Ty
BT Tl 3.43
my, =T} (T‘fi - Tr”) : (343

We use a similar method as described in (3.27) till (3.30) to simplify the LMMSE step
(3.33). Define

1 1 1 A .
= - _; Amzz = ATIE,L' (mxl - mml) - (3'44)

T T
AT% T Ta T T,

k3 Ty

(3

The update of (3.33) with the new estimated prior is

Ct = C., — Caee/Cw .
z/ T A.,—zi +eZTCq'£E/e¢’
A —el mgy
- - ey Ci T Yo
m;, = Mg + ——rCPS Cye,.

(3.45)

Therefore, at the start of a sweep, the algorithm has a complexity of O(N?) due to
the matrix inverse operation. After that, during the sweep, the algorithm still has a
complexity of O(N?) because there are O(N) messages each of which has a complexity of
O(N?). This algorithm displays a nice symmetry between the input and output nodes.
Considering both sweeps for the input and output node, the algorithm has an overall
complexity of O(N?3). We conclude the discussion in Algorithm reGVAMP.
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Figure 3.1: Performance of GLM-reVAMP algorithm with different variable length N.

3.3 Simulation Results

We present the results of numerical experiments with varying parameters. In this ex-
periment, we set M to 8 and N to {3,5,7}, respectively. Both the prior distribution
Pa(x) and the conditional distribution py,(y|x) are assumed to follow mixture Gaussian
distributions. Specifically, they can be expressed as:

Pa, () = 0.5N (200,02 ) + 0.5N (20,02 ), (3.46)

where 0., 0y,;, 0y, and o,,, are independently and uniformly drawn from the interval
(0,1]. The elements of the measurement matrix A are drawn independently from a
Gaussian distribution N(0,7). By adjusting v, we can control the signal-to-noise ratio
(SNR) of the system. We conducted simulations with SNR values ranging from 10 to
30 dB. Additionally, the recovery performance was evaluated using the normalized mean-
squared error (NMSE) defined as | — x|?/|z|? of one realization. The NMSE of &,,mse
with respect to @ and &,.qvayp Were chosen as performance metrics.

The simulation results are presented in Figure 3.1. It is evident from the figure that as
SNR increases, the bias decreases. Furthermore, as N approaches the value of M, the
estimation performance deteriorates, although the overall recovery remains satisfactory.
These results confirm the effectiveness of the proposed algorithm.
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Algorithm 3.1 reGVAMP under EP Framework

Require: y, z = Az, po(x), py=(y|z)
1: Initialize: m,, 7., My, T,
2: repeat|For iteration step
3: [Update the Output Nodes|

4  Cy=A(D;+A"D;'A)'AT
5: mz = Cg(D;zlmz + (AD.,I,AT)_lAmw)
6: repeat|For j = 1|
7 Tz = [CQ’]jj
sz sz\’, mglv sz 7mzj Tg/.
. — J . — J J
8: Tpi = Te; =Tyt ) Myp; = T =Tyt
JE Jj zj/
9: mz, = gZ(mpj7 ij>; Tz; = Tp; gz(mpj> ij)
J Tp; —Tz; J Tp; —Tz;
¥ + :
11: Update C, and m}, according to (3.28), (3.30)

12: until j = M

13: |[Update the Input Nodes|
14: Cy=(D}+A"D'A)"
15: mg = Cy (D7'mg, + ATD'm,)
16: repeat|For i = 1]

1

17: Tz, = [C@/]“
18: Tri _ 7'961'7—55;_ ’ mT. _ mi;Txi_m”iTi’i
Ta; —Ta! ¢ Ta; —Ta!
k2 1,
19: mz;, = gﬂﬁ(mn‘? T?“i); Tz, = Tr gx(mn" Tﬁ')
20: 7_;- — TﬁiTTi ; m; — inTrifm’l‘iTﬁi
(3 TrifTQi 7 T'rif 21.
21: Update CZ, and m, according to (3.45)

22: until i = N
23: until Convergence

3.4 Concluding Remarks

In this chapter, we proposed an iterative Bayesian estimation method for estimating the
GLM input signal which enables us to obtain the posterior mean mgz and covariance
matrix Cyz at the cost of higher complexity. It also gives Gaussian approximation for the
prior and likelihood as a byproduct. Further study is required to study its convergence
behavior.
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Chapter 4

Bethe Free Energy and Extrinsics
in Approximate Message Passing

4.1 Introduction

Sparse signal recovery is a fundamental problem in signal processing with a wide range
of applications. Many of these problems can be framed as the task of estimating a latent
vector & based on a correlated observation vector y [6]. In the Bayesian framework,
the complexity of Canonical Methods such as MMSE and MAP experiences exponential
growth as the dimension of the problem grows.

By exploiting the structure of the models, graphical model based methods prove to be
effective. Belief Propagation (BP) transforms the global inference problem into a local
inference problem as outlined by [5]. Loopy Belief Propagation (LBP) extends BP by
directly employing BP on a factorization scheme for p(x|y) that may involve loops [8]. In
comparison to BP, LBP can be considered as an approximation method.

A limitation of (L)BP is that the (iterative) updating scheme leads to pdfs that correspond
to the product of a large number of messages, leading to high complexity. To address this
issue, Expectation Propagation (EP) was introduced [35]. EP has been shown to share a
similar updating scheme as (L)BP, but for computational efficiency, the messages in (L)BP
are projected into a suitable member of the family of exponential distributions [35].

4.1.1 Prior Work

In both [6] and [11], the authors unify EP and BP within the framework of minimizing
variational free energy. They demonstrate the close relationship between the fixed points
of various message-passing algorithms and the stationary points of Bethe Free Energy
(BFE).

EP can serve as an inference method in the linear Gaussian model. However, the com-
putational cost in terms of the message count is quadratic in the data size. Approximate
Message Passing (AMP) [12] builds upon EP, but through the application of large system
approximations (LSA), it effectively reduces the number of messages to the order of the
data size, providing a more computationally efficient approach.

In [18], the authors investigated the fixed points of the Generalized AMP (GAMP) al-
gorithm for generalized linear models (GLMs). They discovered that GAMP shares the
same fixed point as the stationary points of the Large System Limit Bethe Free Energy
(LSL BFE).
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The Component-Wise Conditionally Unbiased (CWCU) Minimum Mean Squared Error
(MMSE) estimator is introduced in [24] and rederived in [25] for both joint Gaussian
models and linear models. This concept was also used in [36], where the authors call it
individual bias compensation. The connection between CWCU MMSE estimation and
extrinsic information is explored in [34] specifically for linear Gaussian models.

4.1.2 Main Contributions

Building upon the works of [6] and [37], we present the approximate BFE corresponding
to a joint factorization scheme.

We observe that the reGVAMP algorithm, introduced by [37], can be understood as
an iterative approach aimed at identifying the stationary points of the proposed BFE.
Consequently, this work offers insights into the fixed points of reGVAMP.

The reVAMP method proposed by [34] operates under the assumption of linear Gaussian
measurements. In situations where the Gaussian noise is uncorrelated, reVAMP can be
considered as a specific instance of reGVAMP.

We also present an alternative derivation of the LSL BFE. Through the application of large
system approximations to the stationary points, we substitute certain moment constraints
with their equivalent in the large system context. Moreover, the new variance constraints
suggest separable approximated posteriors.

We elaborate on the CWCU MMSE discussion, extending it to GLM based on the Gauss-
Markov Theorem. This reveals that the extrinsic for both input and output nodes can be
interpreted as CWCU MMSE estimation.

4.2 Bethe Free Energy of Generalized Linear Model

In this section, we first give a short introduction to BFE.

4.2.1 Bethe Free Energy

Consider a factorization scheme corresponding to a tree-structured factor graph,

p(m,y)OCwaa(iL‘a), (4.1)

where x,, is a subvector of . The tree structure allows an alternative equivalent form [5|

[ [, p(xa)
p(Ely) = 5 (4.2)
()
where M; is the number of subvectors x, that contain x;. In (4.2), the p(x,) and p(z;)
are the exact factor (subvector) marginals and variable marginals.
The concept of variational free energy suggests that to infer the marginals from a tree
structured p(zx,y) given in (4.1), we can use as trial distribution

_ Ha Qo (Ta)
Gz(T) = I, o, () M1 (4.3)
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The true marginals can be obtained by [6]

min F = Dlq(=)| H feo(®a)];

(Iza (ma)zqzi (xl)

(4.4)
s.t.ViVa, qq,(z;) = f%:a(wa)d%,

where we define the shorthand notation (for arbitrary nonnegative functions ¢, p) D(¢|p) =

§q(z)In %daz and x; denotes all  except z;. The free energy can be expanded as

F =Y Dlge.(a)| fo. (@a)] + Z(Mi — 1) H{qq,(x)], (4.5)

where H(.) denotes entropy in nats. Note that this representation only holds for a tree
structured distribution. For general graphs that contain loops, (4.2) no longer holds.
Thus, in cases with loops, (4.5) is only an approximation of the variational free energy.
The expression (4.5) is instead called Bethe free energy.

4.2.2 BFE of GLM
We consider a GLM with

p@)=] 1Y, p(x:), 2= Az, p(ylz) = [ 12, p(y;]2)), (4.6)

where the ratio N/M is a constant for large system considerations. We interpret the
linear mixing as a conditional probability

p(z|x) = d(z — Ax). (4.7)
From this general linear model, a joint (loopy) factorization scheme comes up naturally:

p(x, zly)ap(x,y, z) = p(y|z)d(z — Ax)p(x). (4.8)

According to the definition of BFE (4.5), the associated BFE based on the joint factor-
ization scheme (4.8) is calculated [6] as

F = Dlqaiy (@) [p()]+ Dz, (2) [p(y]2)] + ) | Hdwijy (x:)]
' (4.9)
+ D[bw,ZIy(mv 2)||6(z — Azx)] + Z H[q2j|y(zj)]7

J

where gy, Qzly, Dozly Qeily and ¢,y are only approximations of the true posteriors be-
cause of the loops in (4.8). Since these approximated posteriors are only locally consistent
as is suggested by the constraints in (4.4), they may not correspond to any distribution [5].
As a result, the Bayesian rule can not be used to link by, ., With gz, and q,,.

To use (4.9) as an optimization criterion, we must consider the local consistency between
joint and variable marginals as constraints. To make the problem tractable, we use re-
laxed constraints which contain only the first and second-order moments. To make the
discussion concise, define sufficient statistics

<j

bute) = | |00 - | 3] (4.10)
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Reformulate the BFE and the constraints into a Lagrangian function

L=F+ L, (4.11)

where L. is the Lagrange multiplier term
LY ([ otodnlo)dor [ o (aaylaio )

+Z>\sz (f d)zj(Zj)qzﬂy(Zj)de—J¢Zj(zj)qz|y<z)dz>
+ZZ:V;F(J¢$ () Gy () _J‘Pm ()b 2y (2, Z)d:l;dz) (4.12)

+ZV;€ <J¢Zj(zj)q%Iy(zj)dzj—fqsz (2j)ba,zy(z, z)d:z:dz) .

We neglect the normalization constraints to keep the discussion concise. However, one
can verify that the Lagrangian multipliers associated with the normalization constraints
only act as scaling factors for b.(-). Therefore, in the following context, we assume that
b.(+) are normalized to one.
Since we need to minimize the BFE given by (4.9), the distribution function by ., (x, 2)
must be of the form

ba 2|y (T, 2) = bay(x)d(2 — Az), (4.13)

to avoid infinite value of D[bs ,y(x,2)|d(z — Ax)], where by, is the function to be
optimized. Substitute (4.13) into (4.11) and set the partial derivative of Lagrangian
(4.11) with respect t0 Gzjy, G|y, Daly, Gu;ly a0 ¢z,|y to zero, we obtain the KKT conditions.
Recall the definition of ¢, and ¢, in (4.10). We obtain the Gaussian form by replacing
Lagrangian multipliers,

Gaiy(€)2p(®) N (z|m,, Dr,) (4.14)
Gzly(2)ocp(2)N (2|myp, D)) (4.15)

bajy N (X|Mmy, Do2 )N (Azim,, D,y2) (4.16)

H G,y (73) N (2 |my, Do )N (2|mg, Dy2 ) (4.17)
[ T2 10(2) 5N (2lmy, Do )N (2l Do), (4.18)

where D, , D, ,, Ds2 and D,z are diagonal matrices. These diagonal matrices along
with m,., my,, m, and m, correspond to the Lagrange multipliers. Though optimizing
the variable marginals may seem like maximizing, they are fully determined by their
neighboring factors because of the constraints [11]. Their diagonal elements are denoted
by T, Tp, 02 and o2, respectively. Since the second order moments are linked with
variance by Var(z) = E[z?] — E[x]?, using first and second order moments is equivalent
to using mean and variance moments.

4.3 Relation to Message Passing and its Stationary Points

These Gaussian distributions can be interpreted as messages. The algorithms reVAMP [34]
and reGVAMP (37| can be interpreted as finding the set of consistent messages iteratively
in a certain order.
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4.3.1 Approximation of Prior p(x)

We consider the consistency between (4.14) and (4.17) first. By Gaussian reproduction
lemma [12], the product of two Gaussian distributions is still Gaussian. Therefore, (4.17)
can also be denoted as

where
D;' = D'+ Dy Dy'mg = Drlm, + D ;. (4.20)

In order to make the pair (qg|y, ¢z|y) in (4.14) and (4.17) consistent, we consider (m,., D)
as known and try to derive (mg, Dy2). Define the Gaussian projection

. . p
proj(p) = argmin D, l—\q] , (4.21)
qeQ Zy
where (2 is the set of uncorrelated Gaussian distributions, Z, denotes the normalization
factor of p and D, represents Kullback—Leibler (KL) divergence.
The moment consistency implies that
projlp(@)A'(alm,. D, )]
N yDg2) = Te= 4.22

(m|mx 0’%) N(m|mr,D7-,,,) ( )
This indicates that the message N (x|mg, Dy2) approximates p(z). This update method
is the same as updating the message from input node z; to factor node 6(z— Ax) proposed
in [37].
Since p(x) is separable, this update scheme contains only scalar integrals.

4.3.2 Extrinsic for Output Node z

Now we need to make (bg x|y, ¢-,|y) consistent while assuming (4.16) to be known.
At the stable points, bgly, Gzjy and [[; ¢z, y(z;) admit the same mean and variance
(mg, 7z). However, their off-diagonal elements may differ. We denote

where

Ciz = (D, + ATD_;A)™Y;

mz = Caz(D,im, + ATD lm.,). (4.24)
Likewise, we denote [ [; ., (2;) as
H Uz1y(25) = N(zlmz, D3), (4.25)
where :
D;'=D;! +D_;; Dy'mz = D 'my, + D_;m.. (4.26)

Since by »jy (T, 2) = byjy(x)6(z — Ax). We calculate the marginal distribution of z as

baiy(2) = fbm,zy(x, 2)dz — N (2| Ama, ACss A”) (4.27)

We can see that the mean and variances given by (Amg, diag(ACzzA”)) corresponds to
the update method for updating the message from 6(z — Ax) to z stated in [37].
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Now, look at the variance subsystem. The variance constraints entail

Yk, egACﬁﬁATek = eng ex. (4.28)
To have a better understanding of the extrinsic of z;, define
B 1
Cﬁlk =C,, — UTAi:Ak,;, (4.29)

2k

where Ay, . denotes the k-th row of matrix A. Applying the matrix inversion lemma, the
LHS of (4.28) becomes

2 Ak C.’cm kAT
a— (4.30)
0-2 + Ak CAfft kA

A Caz AL =

Substituting (4.26), (4.30) into (4.28) yields
oo = Ai:Ciz 5 AL (4.31)

Tz, k
Since Ay is independent of Cy 7, in the LSL, we get [38]
A, Cys kAk ~ tr[©,Csz], (4.32)

where ©; = E[A] Ay.].

If we further assume each entry of A to have deterministic absolute value but i.i.d. signs,
it follows that ®; = diag(Sk.), where S = A.A denotes the element-wise square of A.
This further simplifies (4.32)

e = t1[@rCaz] = Sk.Ta . (4.33)

A similar analysis can be done for the mean subsystem. Now we assume that the variance
has been made consistent. The consistency of the mean implies that

el Amg = el m;. (4.34)
Denote .
ng = D_ymg + ATD_;m.; ng; = ng — 5= A] . (4.35)
x z 2L
By applying the matrix inversion lemma, we can rewrite the expression for the 1th element
of Amg in (4.27)
0_2
Ak mg = A, C’AA AT +0-2 Ak C@ﬁjnﬁ,%
C:iik k,: m
Ak C% AL +a2 2k

Substitute (4.31) into (4.36) and equate Ay .mgz with mz,_ given by (4.26) to obtain the
extrinsic mean

mpk - Ak?C§£7En{E\7E (437)

We can also calculate the extrinsic mean as a function of my.
By combining (4.26) and (4.34), we see

My, (1 + 2 ) Apmg — %mzk. (4.38)
2k

2k

The discussions above only hold at the stable point where by, has the same mean and
variance with [ [, ¢,y (2;). Therefore, we can view the relations given by (4.33) and (4.34)
as alternative constraints.
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4.3.3 Approximation of Likelihood p(y|z)

At this point, we consider the extrinsic N'(z|my, D.,) to be given. To make (4.15) and
(4.18) consistent, we use similar methods described in (4.19) till (4.22), which gives

_ proilp(yl2)N (fmy, D)
NEime D) = N iy D)

(4.39)

This separable update method indicates that the distribution N (z|m., D,2) stands for
the approximate likelihood. In [37], the update of messages from z to d(z — Ax) employs
the same method as outlined in (4.39).

4.4 Derivation of LSL-BFE

Observe the stable point relation (4.33) and (4.34) which are alternative constraints for
making the pairs (g 2|y, ¢-,|y) consistent. By using this alternative constraint, we modify
the last Lagrangian term of quj‘y[qsz(zj)] =Ky, ,,[0-(2)] to

ZUZ]' ,mean(mfz\j _Z Aj'i sz bm|y<w)dw>
7 7
+ ,W(ij —>,Sji Vary,, (l’z‘)>
i %

With this replacement, we see that by, () is now separable by considering the variational
derivative of (4.11). Furthermore, by combining (4.13), the consistency between separable
baly and Vi, ¢,y (x;) implies that the following two terms in (4.9) are identical

(4.40)

D[bw,ZIy(a’: z)[0(z — Az)] + Z H[qmy(sz‘)] =0 (4.41)

Now we will consider the relation between z side and (4.40). The constraints given by
(4.40) are applied to the posterior mean and extrinsic variance of node z.

We use the ansatz that g, is separable. Indeed, in (4.9), if we look at the derivative
with respect to gy, the term D|[q,,(2)|p(y|2)] implies a separable g,,,. Furthermore,
the constraints (4.40) also indicate a separable extrinsic for q,,. Therefore, in large
system limit, we can use strict marginal constraint for the pairs (g.yy, ¢-,|y), Which entails
Gzly = [ [; 4,1y (2;). This leads to a hybrid message passing algorithm [6].

Calculate the derivative of the Lagrangian function with respect to g, for the BFE along
with the posterior constraint given by (4.40)

d
WD[QZ\y(z) Ip(yl|z)] +H[Qz\y(z)] +; Uz, meanTz; (4.42)

= —log[p(y|Z)] + U’Z;,meanz +c

Combining with the definition of 75, in (4.15), the extrinsic constraint in (4.40) suggests
that g, must be of the form

Qzlyop(Y|2)N (z|myp, Dr,), (4.43)
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where D, = diag(S7z).
Recall the variation derivative rule

d J p(y)
—— | p(y)log —=dy = log|p(x)| — log|q(z)]| + 1 4.44
dp(z) () o) [p(2)] [q(x)] (4.44)
It indicates that we can modify the extrinsic for z additively by adding terms of the form
D(gzpy|42)-
Assume
q:(z) = N(z|pz, Dr,). (4.45)

To satisfy the implicit extrinsic variance constraint given by (4.40) in the Lagrangian
function explicitly, the objective function (which is LSL BFE) is equivalent to

Fuse = Dltay(@)|p(@)] + Dlgzy(2)|p(y]2)]
 Hl gy (2)] + Dy lg2). (4.46)

Furthermore, because of the introduction of auxiliary variable 7, we also need to minimize
BFE with respect to it.

As p is an unconstrained free variable, we optimize it directly by zeroing the derivative
concerning it. Expand the terms H|[q.y(2)] + D(¢zy[¢S) in (4.46)

H(qz1y(2)] + D(qzpylaz)

> (4.47)
= c+ (mz — pp) DL (mz — ).

We see the minimal is achieve at pu, = ms.

4.5 Relation to CWCU MMSE Estimator

The algorithm proposed by [34] can be interpreted as an iterative method of finding
consistent messages in (4.14) - (4.18) in the cases where p(y|z) is modeled as AWGN
channel. [34] also shows the close relation between CWCU LMMSE estimation and the
extrinsic. In the following, we will interpret the extrinsic as CWCU LMMSE estimation
based on the Gauss-Markov theorem.

Based on the discussion of the previous section, when deriving the extrinsic for z and x,
we find the system to be equivalent to a Gaussian linear model. Therefore, we can use the
approximate prior and approximate likelihood as if they are the true prior and likelihood
when deriving the extrinsics without large system approximations [25].

Consider jointly Gaussian y and x (scalar)

HE( ) wan

Then the extrinsic p(y|z) is Gaussian and based on Gaussi-Markov theorem

—2Inp(ylr) = c+(y — my|z)TC;|i(y — my,,), with
My, = my + CyCl (x —m,), (4.49)

Cy. = Cyy — Cy,C'Coy

Interpreting (4.49) as a pdf in = (which Fisher called fiducial statistics), we can rewrite
this quadratic exponent as
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—2 hlp<y|x> = C(y) + ('ZC - EE\CL)Q/CECLfCL7
Tep =My +dCoyChy(y —my) = dZp + (1 —d)m,

CECLch d CfELfEL )
with (4.50)
%LzmeeryC;yl(y —my), C3,3,=Cr.—CryC, 1C’
d= —"= > 1,
C.yC,p Cy
where Zer, Cipp e, are the CWCU LMMSE estimate and error variance, and Zp,, Cs, z,

are the LMMSE (and hence MMSE since Gaussian) estimate and error variance.

Now we will investigate the vector case. Define the operation Diag(C') = diag|[diag(C)],
which returns a diagonal matrix composed of the diagonal elements of C.

Interpreting the previous z as a component x; of a vector &, we can write

Tor=mg+D CmyC;?j (y - my) =D QL-F(I - D) my
Cicrioy, = Capz, + (D —I)Cs,2, (D — 1)

with

D=Diag(Cqs)[Diag(Cz,z,)]™", Cz,2,=Clq vCy, 1C’

(4.51)

where the expression for Cz., z., follows from &, = x—Z¢ = £, —(D—1) CmyC;yl(y—
m,,) and the two terms in this difference are decorrelated by the orthogonality property

of LMMSE estimation.
Next, we'll show: D = diag(7¢yr./71), where 7, = diag(Cs, s, ) and 7o, = diag(Cy

ToLEoL )

CCECLCECL: CE’L%L + (D - I)CiELCEL (D - I)

=Cho—Cs,5,D—DCj3;,3, + DC;,3,D (4.52)

Calculate the diagonal elements
diag(TCL> Dz'ag( mCLmCL> DZCLg(C )
+D Diag(CmLmL)D Dlag(CmLmL)D DDZag<C§:LﬁL) (453)
= Diag(Cqy)[Diag(Cz,z,)] 'Diag(Cre)—Diag(Cqs),

where we use D = Diag(Cyz)|[Diag(Cz,z,)] " in (4.51).
Now we want to show D diag(7.) = diag(Tcyr) :

Ddiag(tr) = DDiag(Cs,3,)
—Diag(Crs)[Diag(Cs,z, )] " (4.54)
| Diag(Cqrsz)—Diag(Cz,z,)] = diag(Ter)

The extrinsic for & without large system approximations can be interpreted as CWCU
MMSE estimation from the Gaussian model

m, Am, ADG2AT—|—DG2 AD,:
e ) e

The underlying equivalent Gaussian linear model is
= Ax + v, (4.56)

where  ~ N (mg, Dy2) and vy, ~ N(0, Dy2).

45



Likewise, we can interpret the extrinsic for z as CWCU MMSE estimation from

lAm:c] N (lmz] | lDaz + ADgz AT Doz]) _ (4.57)

z m, Dag Dag
The underlying equivalent Gaussian linear model is

Amgy =z + v, (4.58)
where z ~ N (m, Dy2) and v, ~ N(0, AD,2 AT).

4.6 Concluding Remarks

In this chapter, we studied the BFE of GLMs using a joint factorization scheme. This
factorization allows us to extract approximate priors and likelihood. By looking at the
stationary point in LSL we replace the non-separable constraints with separable ones.
This leads to the LSL BFE. This chapter also interprets extrinsics for both input and
output nodes as CWCU LMMSE estimation operations.
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Chapter 5

Towards Convergent Approximate
Message Passing by Alternating
Constrained Minimization of Bethe
Free Energy

5.1 Introduction

In the Gaussian noise case, a sparse signal vector & can be recovered using the signal
model: y = Ax + v, where y is the observed data, A is the known measurement or
sensing matrix of dimension M x N, typically with M < N. In the sparse model case,
x contains only K non-zero entries, with K < M < N. Sparse Bayesian Learning
(SBL) is a Bayesian inference algorithm proposed by [39] and [40]. SBL is based on a
hierarchical prior on the sparse coefficients @, inducing sparsity by choosing priors for
the hyperparameters that make a portion of the estimate  zero. The Linear Minimum
Mean Squared Error (LMMSE) estimation step in SBL at each iteration involves matrix
inversion, which makes it computationally complex [41].

The Approximate Message Passing (AMP) algorithm has been introduced to reduce the
complexity of Belief Propagation, from 2M N to M + N messages. Generalized AMP
(GAMP) allows non-Gaussian priors and measurement processes. But convergence of
(G)AMP can be problematic for some matrices A. Existing converging AMP versions
introduced so far: 1) adding the Alternating Direction Method of Multipliers (ADMM)
[42] leading to a higher complexity ADMM-GAMP, 2) exploiting part of the singular
value decomposition (SVD) of the measurement matrix in Vector AMP (VAMP) [19], [33]
or esp. Unitarily Transformed UT-AMP [43]| (but which do not allow to handle n.i.i.d.
priors conveniently), 3) introducing damping [18|, but with typically difficult to determine
damping requirements.

5.1.1 Contributions

e We propose a convergent version of GAMP, AMBGAMP, which applies alternating
minimization to an augmented Lagrangian of a large system limit of the Bethe free Energy
(BFE). AMBGAMP can be interpreted as applying a simplified ADMM to the BFE,
with a constrained Lagrange multiplier parameterization for the mean constraint, and a
quadratic optimization subproblem being solved by a gradient update with line search.
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The ADMM is complemented with a fixed point iteration for the variance constraint.

e We show that AMBGAMP converges to the LMMSE estimate in the Gaussian case.

e We provide a convergence analysis of the variance subsystem.

e We show that in the Gaussian case the variances converge to the optimal MSE values
in the large system limit.

e We provide a convergence analysis of the mean subsystem.

5.2 System Model

The data model considered in GAMP is essentially a linear mixing model represented by
z = Awa pw(w)a py|z(y’z) (51)

with niid. prior pg(z) = [, pr(2;) and n.iid. noisy measurements Pyl (y|2) =
Hﬁl Pyilz (Uk]2k). In the case of Gaussian measurement noise, we have y = z +wv with in-
dependent zero-mean n.i.i.d. Gaussian noise v with variance vector a2 = [02,, - ,02,,]T.
We shall also consider the case of a zero mean Gaussian prior for & with variances de-
noted as 02, We represent the vector o2 = [02,,---02y]7. In Bayesian estimation, we
are interested in the posterior, which is given by

N

M
= X Jog(@i)= 2 fz, (o)
k=1

Z(y)

with the negative log-likelihoods defined as f, (x;) =—Inpy, (z;), f2, (21) = —Inpy, 2, (Ye|2k),
where the equality in case of f,, (zx) is up to constants that may depend on y (and which
are absorbed in the normalization constant Z(y)). The problem in Bayesian estima-
tion is the computation of this constant Z(y) and of the posterior means and variances.
Belief propagation is a message passing technique that allows to compute the posterior
marginals. However, due to loops in the factor graph, loopy belief propagation may have
convergence issues and is furthermore still relatively complex. GAMP is an approximate
belief propagation technique which is motivated by asymptotic considerations in which
the rows and columns of the measurement matrix A are considered as random and inde-
pendent, in which case GAMP can actually produce the correct posterior marginals. In
any case, GAMP computes a separable approximate posterior of the form

Gez(T, 2) = qz(T) q=(2) = HQM (i) quk(zk)7 (5.3)

Pa,zly(Z, 2|Yy) = 1z Axy, (5.2)

in which the dependence on y has been omitted. The GAMP algorithm [16], [18] appears
in the table for Algorithm 1. We only consider here Sum-Product GAMP (for MMSE
estimation, as opposed to Max-Sum GAMP for MAP estimation).

5.3 Proposed AMBGAMP

The abbreviation AMB stands for ACM-LSL-BFE, which stands for Alternating Con-
strained Minimization of the LSL of the BFE. AMBGAMP employs most of the same
updates as GAMP, but GAMP does not apply a strict alternating minimization (block co-
ordinate descent) principle, particularly in the presence of constraints. Previous work [17]
has demonstrated that any fixed point of the GAMP algorithm is a critical point of the
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Algorithm 5.1 GAMP
Require: y, A, S = A.A, fm(w)a fz(z)
=0

1: Initialize: t = 0, Z', 71, s'~!

2: repeat

3: [Output node update]

4: T, =8T]

5: f= Azt — st

6: 2! = E(z|p', 7))

7: L = Var(z|p', 1)

8: b= (2! —p")./7!

0. 7t <(1 - ft.)/itf./ﬁ
S z p P

10: [Input node update|

11: Tt =1./(ST7})

12: rt =z' + 7. AT st

13: ' = E(x|rt, )

14: T/t = Var(z|rt, 1)

15: until Convergence

following constrained minimization of a LSL of the BFE (see also [18] and references
therein):

min Jisr-pre(de, ¢z, Tp)
qx,q9z,Tp

st. E(z|q,) = AE(|qs) (5.4)
T, = S Var(x|q,),

where the LSL BFE is given by

JrE(Qz, @z Tp) = D(qzl||e =) + D(gs|le™/*)

S [Var(zkmzk) (5.5)

+H(qz, ), with He(gz, ) = 1))
k=1

and where D(g||p)=E,(In(?)) is the KLD and He/(qz, 7,) is a sum of a KLD and an entropy
of Gaussians with identical means but different variances. The LSL BFE optimization
problem (5.5) can be reformulated with the following augmented Lagrangian

+1n(27r’rpk)}

Tpk

min  max L(¢z, gz, Tp, U, S, Ts) With
qz,qz,Tp, U S,Ts

L = D(ga|le™*)+D(g:|le™") + He (g2, 73)
1
+s' (E(zlg:) — AE(@|ge)) — 57 (1, — S Var(|ga))

1 1
+5 B (2lga) — ul?, + S[E(=]a.) — Aul?,,

where s, 7, are Lagrange multipliers, and 7 = 1./(S77,) is just a short-hand notation
for a quantity that depends on 7. We also use the notations: |u|2 = >, u?/7;, element-
wise multiplication as in s.7 and element-wise division as in 1./7, and 1 is a vector of
ones. In [44], [45], a careful updating schedule was considered with partial optimization
steps on subsets of primal and dual variables. However, that approach is not guaranteed
to converge in general. In [46] we continued to consider an alternating optimization
approach in which the schedule is less critical and some of the optimizations are reduced to
gradient updates. The resulting algorithm can be considered an extended and generalized
version of the ADMM algorithm (extended: there are more than two primal variable
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groups, generalized: the quadratic augmentation term does not exactly correspond to the
linear (mean) constraint). However, there is an alternative point of view, based on [42],
where a double mean constraint was introduced leading to the ADMM-GAMP augmented
Lagrangian

min = max L4(¢e, ¢z, Tp, U, q, S, Ts) with
G0z, G,8,Ts

L =D(gglle /=) =57 (1,— S Var(z|ge)) + D(gz||e =)

"’HG(szTp) +q" (E(z|gz) — u)) +5" (E(2|¢z) — Au))

+5E(®lge) — ul}, + 5[E(z|q:) — Aul3,
For ADMM, the ﬁrst two terms are the cost function for qw, the next two terms constitute
the cost functlon for q,. The two groups of primal variables are {¢z,¢.} and u (and the
optimization of L, is decoupled between ¢, ¢.). The two linear constraints together
constitute a single extended set of linear constraints with extended Lagrange multiplier
[q"s™]". The appropriately weighted quadratic augmentation terms correspond exactly to
the set of linear constraints. The optimization in [42] is organized with the usual ADMM
algorithm alternating between minimizations over the two groups of primal variables,
followed by the ADMM specific Lagrange multiplier update. The optimization over the
remaining variable 7, 7, is then performed in an outer loop. We show here (by the variance
subsystem convergence analysis) that this organization in two levels is not necessary.
Furthermore, there is a redundancy between the linear and quadratic constraint terms in
(5.7). Indeed, if we impose the constrained Lagrange multiplier structure g7 = —s” A,
then we obtain the proposed L in (5.6). This is constrained enough since the Lagrange
multiplier s will lead to E(z|¢,) = AE(x|qz), in which case the quadratic augmentation
terms are minimized by u = E(z|q,) and disappear. However, constraining ¢ = —sT A
leads to a deviation from the strict ADMM structure and requires separate convergence
analysis, which we provide here.
At iteration t we propose the following updating sequence

(5.7)

{u'} = arg min L(g5 ¢t T;_l, u, s (5.8)
{¢L} = argmmL(qm, = I,T;’l,ut,st’l,ﬂ’l) (5.9)
{dL} = arg min L(qh, gz, s 1) (5.10)
{s'} = argmaxL(qfv,qi, ,ut, s, T (5.11)
{1, T}= argmmmaXL(qw,qz,Tp,u s, T,) (5.12)

The result appears in Algorithm 5.2.
5.3.1 Update of u

To update u, we use a gradient descent method with line search to optimize the step-size.
From (5.6), (5.8), we get
L(qac NV AR TR L )

21 uHQt L+ 22! — A, + const. (5.13)
p

K
where const. denotes constants w.r.t. w. The minimizing update can be obtained as

u' =u"t—ntg (5.14)
with gradient g' = g*(u!'~!) where
9'(u) = Vul(gy raz 7, L, s 77
~AT((27 - Au). /7. ) (™ — )./ 7! (5.15)

= gt(O) +H'u, H' = D1./77Y + ATD(1 ./T;_I)A
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where D(7) denotes a diagonal matrix with diagonal elements 7. The step-size n' gets
optimized for maximum descent :

aL( an ) ; 17ut7st7177-5til) 0
ont - (5.16)

= gl THg

5.3.2 Update of ¢,

For the update of ¢, consider the relevant terms in the augmented Lagrangian (and
remember that 1./771 = §T7!71)

tl t t—1 t—1
L(gw, s 'y ul st

1 1
=D(gglle™'=) — "' T AE(x|q.) + §T§*1T5Var(w\qw) + —\|E(a:qu)—ut\|3t,1 + const.
1
=D(qa|le™) + 5 (1./7 ) E(w.xlge) — s T AE(w|g) — (u'. /7)) E(x|qe) + const.
1
:D(que’fm) + 5 (1./Tf’1)TE(w.az|qm) — (u' + T,f’l.ATstfl)T( (x|qe)-/T~ 1) + const.
1

D(galle™) + 5 Bl — 7'[7:|g0) + const.
(5.17)

where const. denotes constants w.r.t. @, and r' = u! + 7171, ATs""! . The Lagrangian in
(5.17) is separable. We get per component

G

—Ing;, () = fxz( )+ mr [(Svk —rp)?=ri?].
The partition function Z;, acts as cumulant generating function:

t

o O Bl = B 7 = 3

(7! )2 (322 InZ;,
Tri) ng

In the Gaussian prior case, we get a Gaussian posterior qfc with

/7t =1/7 1ok, &' =7 (r' /7). (5.20)

(5.18)

(5.19)

= Var(x;|r!, T, L) = 7';;_ )

5.3.3 Update of {q.}
The relevant terms in the augmented Lagrangian are
L(Q;’}? QZ7 T;_17 ut) St_17 T,;i_l)
_ 1 _
= D(g:|le™7) + Var(zlgz)-/7 "
1
+s8" ' TR(z]q,) + =|E(2|qz) — Au'|% 1 + const.
2 T" 5.21)
- | — t—1 5.
= Dlgslle™) + E(="2lg.). /7,

—(E (ZIQZ))T((AU )./Ta =871 + const.

= D(g:lle™) + E(Hz— P'I21laz) + const.
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where const. denotes constants w.r.t. z and p* = A’ — s'"'.r)7'. The Lagrangian in

(5.21) is again separable. We get per component

) (5.22)
9t

= ngk %k de, _lngzk(
fzk (Zk> + 27_2;1 [(Zk - pk‘) (

The partition function Zﬁk acts again as cumulant generating function:

dlnZ! N
G = Blaild,) = ECalpl i) = %
0% In Zt
D5t~ — 15 = Var(zlpk, 7, 1) =T, (5.23)
6§1nZt -
D5t~ 13 = E((zr, — Ezy) |qzk>‘
k

The case of Gaussian noise leads again to a Gaussian posterior ¢, with
1./7! = 1./7';_1 + 1./0'3, z2t= Tj.(y./0'3+pt./7';_1) ) (5.24)

5.3.4 Update of {s} (ADMM style)

Although the quadratic augmentation terms in the Lagrangian do not correspond exactly
to a weighted quadratic version of the linear mean constraint, due to the introduction
of the auxiliary variable w which streamlines the derivation of the updates of ¢, and
=, nevertheless an ADMM style update of the mean constraint Lagrange multiplier s is
possible. Indeed, the terms in (5.21) that contains s or z are

1

1A _ AT 4 ~ _
zT((Ez —pt)./T; D=2 4 (§z — Aut)./T; o) (5.25)
Taking the gradient w.r.t. 2 (as part of the optimization over ¢,) leads to the RHS of
st=s"1+ (2N - Au'). /T (5.26)

Hence, if we use this update for s, then (5.25) reduces to 27's!, as if the quadratic augmen-
tation terms have disappeared! This is the main characteristic of the Lagrange multiplier
update in ADMM, which corresponds to a gradient ascent with a particular choice of
(diagonal) step-size.

5.3.5 Update of {r,, 7.}

In [44], [45], the carefully chosen updating schedule made the quadratic augmentation
terms inactive when updating {7, 7s}. Here these terms only become inactive at conver-
gence. Nevertheless, these terms only play an active role for the means and not for the
variances. Hence, we shall ignore them here. Thus, the terms of interest in (5.6) for (5.12)
are
L(¢., ¢t mp,u', s, 7)
= Ha(qdt, mp) — 378 (1, — S 7} ) + const. = const.+
M Tt
%Z [ + In(27 7, ] Z Tor (Tp, — Sk TL)
k=1 Tpy,

where const. denotes constants w.r.t. {7,, 75} Derlvmg w.r.t. {7, 75} yields the feasibility
conditions

(5.27)
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oL

=0 = 7' =85;.T (5.28)
OTs),
oL 1 7';

=0= 7/ = —(1--2%), (5.29)
0Ty, T T

which we run as a fixed-point sub-algorithm. The position of these updates in the updating
schedule is less important. Nevertheless we shall update {7,, 7} as soon as the quantities
on which they depend have been updated.

Algorithm 5.2 AMBGAMP

ReqUire: Y, A, S = AA7 fm( )7 fz( )
1: Initialize: t =0, u® =0,2"=0,2=0,8"=0, 7" =1, 1) =1
2: repeat (t=1,2,...)
3 ul=u"t—nlg' with g', ' from (5.15), (5.16)

4: [Input node update|

5. rt=ul+717L (AT

6: z =E(x|rt, 1Y), Gaussian p, : 1./7=1./7""' + 1./02
7. 1l=Var(z|r', /1), Gaussian p, : ' = 7l.(r'. /771

8 T.=S8T,

9: [Output node update]

10:  p'=Au' -5

11: 2! = E(z|p', 7)), Gaussian py, : 1. /7‘ =1./7} +1./0;
12: ! =Var(z|p', 1)), Gaussian py, : 2'=7l.(y /02—i—pt /7))
13 st=s"1+ (2" - Auh). /7]

14: L= -TL/T))./T. Gaussian py, : 71 = 1./(0} + 7})
15 Ti=1. /(ST )

16: untll Convergence

5.4 Convergence to LMMSE

In the case of Gaussian pg, py|., the cost function is quadratic in x etc., and we check
convergence to the LMMSE estimate. At convergence we have

s—y. ot (AR). /1 (AB).)T. — (y—AR)./o? (5.30)

(1—7p./7)Z = 7,.2. /02 = Tmi(ATS)) or
= [ATD Y (c?) A+ D ' (c2)] ATD '(02)y.

Note that at convergence  does not depend on the various variance estimates that the
algorithm produces. One can also get the following convergence values

s=R,y, &=D(0)A"s,r=D(o2+7,)A"s (5.31)

where r corresponds to the componentwise conditionally unbiased MMSE estimate of
x [24], [47] if 7, converges to its correct value.
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Below we shall analyze the convergence of the proposed AMBGAMP algorithm. Note
that the updates of ¢, ¢, in (5.18), (5.22) imply that these approximate posteriors inherit
the higher order cumulants of their respective priors (cf. Edgeworth expansions around
a Gaussian). Only the means and variances are affected by the iterative algorithmn.
In the Gaussian case, the mean subsystem depends on the variances, but the variance
subsystem runs independently. Hence their convergence can be analyzed separately. In
the non-Gaussian case, their coupling may need to be reconsidered though.

5.5 Convergence of the Variance Subsystem

In the Gaussian priors case, the updates of the variances can be checked to result in the
following variance subsystem

1./7t =1./02 + ST,
1./t =02+ ST
To analyze convergence, we investigate the contractiveness of the mappings via their

(5.32)

Jacobians ort ot
t,2 QT s t,2
o =-D;" 5", AT -D:*S (5.33)

where we introduced the notation D! = D(7}) etc., D%? = (D!)? etc. By the chain rule,
we get

ot} _ ort  ori!
a;%zm OTi1T ogt-1T (5.3)
m D2 STpD-l2 g P2 §T P22 g
Note that the cascade of Jacobians involves a cascade of the following matrices
B'=B!B"™' = (D.S"D/™") (D' S DI ) (5.35)

We can investigate the contractivity of B! using any norm since all valid norms are
commensurate. A judicious choice here is the infinity norm

B'zx
|B" | = max 1B e |B'z|, = |B'1| (5.36)
220 |zl Jleo=1
where the last identity follows from the non-negativity of the elements of B (and B, or
B;) which implies that B'z < B'1 for any « with ||, = 1 (where the relation < y
indicates that @ is element-wise not larger than y). Now we have

B'1 =B, B '1 < B B,1 < |Bj|x |B[x1

5.37
— |B'| < | Bt [B ] < 1 (5:37)

where we assume that at least one of |B!|l, < 1, |[B{ |, < 1 is strictly smaller than
one. So, (5.37) implies converges of the variance subsystem. The statements in (5.37)
hold in the general non-Gaussian case. In the Gaussian case, we get from (5.35), (5.32)

|B oo = 1B 1 = | DS S D
t
— | D S 7Y, = max;, 2Sj+ <1,
|B|. = |Bi1|., = | DL S" D! 1Hoc

= || DL ST TL 1Hoo maxlw% < 1.

(5.38)
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5.6 Large System Analysis with n.i.i.d. A

To show that at convergence, the variance subsystem 7, converges in the large system
limit to the optimal MSE in the Gaussian case. We use the following result from [48], [49]

Theorem 1. Let Qn,Dy € RY*N be deterministic symmetric matrices and Yy =
XyDXH = Z diz;x? | with diagonal D and Xy containing M independent columns
x; with covamance matriz ©;. Also, assume that Qy, Dy, ©; have uniformly bounded

spectral norms. Then, as M, N — o at constant ratio

1 1 as. ,
Ntr [QN(YN + DN)il] — Ntr[QNTN] —5 0, with (539)
-1
Ty = i 40 + Dy where the e; satisfy (5.40)
= 1+e; ’
NN B
er = tr dk®k<;1+ei+DN) Jk=1,...,M. (5.41)

The convergence in (5.39) is the convergence of a scalar to its mean, by LLN. Note the
presence of the weights 1+e; in the denominator of the sum in Ty in (5.40), which
reflect that the expected value of a matrix inverse is not the inverse of its expected value.
Note that the tr [©;] should be of order 1, which means that the sum in Ty is implicitly
normalized. The e; satisfy the implicit equations (5.41), and can be obtained as the fixed
points of the RHS interpreted as a mapping (with global convergence).

We assume the columns of AT = [a,l ] to be zero mean and independent with
diagonal covariance matrix E (a a; ) @ The optimal MSE in the Gaussian case is
given by (with e.g. D,2 = D(02))

T

1 —1
MSE = —tr { [ATDU‘ElA + Dg] }

1 M © !
A%y 7t D! ith 5.42
~ [; e + (,%] , wi (5.42)
M o -1
—t —@ D . 5.43
R P [; opi(1+ ) e ] (543

On the other hand the GAMP variance subsystem converges to (5.32), without iteration
indices. With large A, S, and ST 7, converge to their expected values

E[ST,],=E[AD,A"]| = tr{@-DI}’ (5.44)

D (STT) ]Edlag ATD A Z Ts.k O (5.45)

Therefore, the empirical mean of the posterior variance 7, becomes

k=1

-1
1 1 ul
tr{De} = ot [Dagl + )] Ts,k@k] . (5.46)
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From (5.32), (5.44), it follows that

1
s,k = . 4
Tok Opi + tr{®;D,} (5:47)
Define ¢, tr{?—sz} and substituting (5.47) into (5.46), we obtain
v,k
1 1 g e -
—tr{D = —tr{ | D3 — :
N r{D(7,)} N r [ o2 +;0v,i(1+6§)}] ;
) (5.48)
" -
6;} = tr Gk D 1 Z —92 7
Uv k =1 O-Uvi(l + 82)}

This shows that the system of equations defined by (5.48) is the same as the system defined
by (5.42), (5.43). Therefore, the empirical mean of 7, converges to the optimal MSE in
the large system limit. Note that above we have applied the Theorem with Qy = Iy
but the same results hold for any @y, corresponding to deterministic limits for variably
weighted MSEs tr{Qn D, }/tr{Qx}.

5.7 Convergence of the Mean Subsystem

We consider here the convergence proof for the case in which the update of w minimizes
its quadratic cost function, i.e. g'(u') = g'(0) + H'u' = 0= u' = —(H')"'g’(0). We
shall investigate the convergence of the mean subsystem once the variance subsystem has
converged. Similar to the convergence proof in [42]|, we will derive the Jacobian of the
updating function and prove the convergence by showing that the Jacobian is contractive.
We define the short hand notations

r=[r7 7", D=D(1./7),B=D:[1 A"]"

C=D:[A —I]T H = [Oyn 1] D%, (5.49)
w' = D2 [T 27]" P-B(B'B) B".

Furthermore, we define the update function for [ tr th]T as

[g] :g({;]) [gjgp ;] [%Ew{r Tpi] (5.50)
[w

In the following we will show that the system 8¢ = [w” tT]T is converging. With
notations defined above, we can rewrite u! = —(H)™! ( ) as
u' = (BTB) ' BTw'" ", (5.51)

The vector w! is updated via

w' =g (Pw'' +Cs) =g ([P C|o"Y), (5.52)

VI

where g(v) = D2g (D_ 'v>. The update of s’ can be written as

st =81+ H (w' — Bu')
=s '+ H|g ([P C]6") - Pw'].

Combining (5.52) and (5.53), we obtain the update equation for 6",

(5.53)
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o' = h(9") = [1{1] g([PClo) + [_I?[P 2] o, (5.54)

where h(0'~!) denotes the update function. We get for the Jacobian g" = g’ ([P C| 6'"!) =

Dz g" D2 = g which is diagonal since g(.) is an elementwise function. As mentioned
in [42], g" is a positive semi-definite diagonal matrix with all elements smaller than 1.
Furthermore, in the Gaussian case g" is a constant matrix. The Jacobian of h(6'"!) is

given by
1 0 0
h' = [H} g'[P C]+ [_HP I]
g/tP gltC (555)
" |H(g'"-I)P Hg'C+1I|"
We calculate the terms Hg"C and H(g" — I), which leads to
Hg"'C=-g!, H(g"-I)= (g - I)H. (5.56)
Hence, the Jacobian h’* becomes
"_ g'P g'C ] [g" o0 P C
"= [(gg _DHP I—g"'|"|0 I-g"||-HPT| (5.57)
Since all the elements of ¢’ range from 0 to 1,
1t 0
0 |4 1 0g| 5 maxtla i1 - gl 1 <1 (5.5
We calculate the eigenvalues of the second matrix at the right of (5.57) via
M-P -C
det l HP M\ — I] = 0. (5.59)

For the determinant of block matrices, we have

det [AI P C ] = det(\I — P)det[\I —I + HP(\I - P)"'C].  (5.60)

HP M -1
By the matrix inverse lemma and the definition of P, we get
I P
M—-P) ' == - : 5.61
(=P =1 (5.61)

Note that from the definition in (5.49), PC = B(BTB)™'BTC = 0. Hence (5.60)
becomes
dot {/\I -P -C
HP MN-1
Set this determinant to 0 and solve for A, we find that the eigenvalues are 0 and 1.
Therefore, the update operation h(8) is contractive.

] = det(M — P)det(\I — I). (5.62)

5.8 Simulation Results

For the simulations, we set the SNR to 20dB, and the system dimensions to M x N =
512 x 1024. We consider a Gaussian setting with white noise and « is drawn from an
n.iid. Gaussian distribution with zero mean and variance profile o2 = 0.991'"' i =
1,...,N. For A, we follow the setup in [33]. Namely first A gets generated as i.i.d.
zero mean Gaussian, its SVD gets computed and the singular values {s; > -+ = sy}
are changed to a geometric series with a specific condition number S% We compare the
results to the LMMSE estimator. Fig. 5.1 illustrates the difference between the ' and the
LMMSE Zynsg, whereas Fig. 5.2 compares the difference between 7! and myvsg. The
"normalization" mentioned in the captions refers to division by N. These simulations
show that the AMBGAMP algorithm continues to work in unrealistically severe scenarios
(in which AMP diverges).
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5.9 Concluding Remarks

We propose a convergent version of GAMP, AMBGAMP, which applies alternating min-
imization to an augmented Lagrangian of a large system limit of the Bethe free Energy
(BFE). AMBGAMP can be interpreted as applying a simplified ADMM to the BFE,
with a constrained Lagrange multiplier parametrerization for the mean constraint, and a
quadratic optimization subproblem being solved by a gradient update with line search.
The ADMM is complemented with a fixed point iteration for the variance constraint.
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Part 11

Bilinear Estimation
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Chapter 6

Bilinear Hybrid Expectation
Maximization and Expectation
Propagation for Semi-Blind Channel
Estimation

6.1 Introduction

One of the unique features of Cell-Free (CF) Massive MIMO (MaMIMO) networks is the
absence of traditional cellular boundaries, which introduces a critical challenge: the po-
tential for a high number of user terminals (UTS) in a given area to exceed the length of the
pilot sequence. This imbalance leads to what is known as pilot contamination.Addressing
this issue, Semi-Blind approaches have been explored as a viable solution to mitigate the
effects of pilot contamination, as detailed in the work of Gholami et al. [50].

In the context of Bayesian inference, the Semi-Blind approach is modeled as a bilinear
inference problem, where the Access Points (APs) must concurrently estimate both the
channel state information (CSI) and the user signals. [51] have demonstrated that transi-
tioning from the deterministic domain to the Bayesian domain results in significant gains.
The challenge in addressing the bilinear inference problem primarily arises from obtaining
the closed-form solution of the marginal likelihood of the observed data given the channel
coefficient. To circumvent this issue, researchers have been exploring iterative approxi-
mation techniques such as expectation maximization (EM) and expectation propagation

(EP).

6.1.1 Prior Works

Expectation-maximization

Expectation-maximization can be viewed as a special case of the Majorize-Minimization
(MM) algorithm. In [52], the authors contrasted two variants of the EM approach within
the context of semi-blind channel estimation: one incorporates prior information, while the
other disregards it. This is essentially a comparison between Bayesian and deterministic
approaches. The authors of [53| proposed a space-alternating generalized expectation
maximization (SAGE) algorithm to handle the lack of prior information. To tackle the
challenges posed by systems with a more generalized prior distribution for input signals,
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[54] explored the combination of EM-based on a Gaussian mixture prior.

Expectation-propagation

Message-passing algorithms play a critical role in the inference problems. Notably, one of
the most potent message-passing algorithms is Expectation Propagation (EP), proposed
by Minka [9]. Based on EP rules and further approximations, bilinear G-AMP (BiG-AMP)
was proposed in [23]. This algorithm is also capable of automatically estimating the prior
information by employing the EM technique to estimate the hyperparameters. In the
scenario of Cell-Free MaMIMO, the base station number is typically very high. Hence, to
distribute the computational load between the CPU and all Base Stations, a distributed
version of Expectation Propagation, termed "bilinear EP for joint channel estimation and
data detection (JCD)," was proposed in [2|. The close relation between EP and Bethe
Free Energy (BFE) was studied in [6], which shows that they share the same fixed points.
Given that the primary concern with EP is the uncertainty of convergence, a more robust
solution can be achieved by directly analyzing the optimization of the BFE. A loop-free
EP was proposed in [21] based on approximate BFE optimization.

In [20], the authors proposed variable level expectation propagation (VL-EP) for semi-
blind channel estimation. They further explored the relation between EM-based methods
and VL-EP and showed the close relation between VL-EP and EM-based algorithms in
semi-blind channel estimation.

6.1.2 Main Contribution

In our study, we employ the expression for EP as outlined by [10] to develop an ap-
proximate probabilistic model for the bilinear system. Leveraging this model, we have
identified that EM-based methods, as described in [20], can be improved by incorporat-
ing moment matching for the approximated posteriors of the per-user received signals.
Consequently, we propose a hybrid EM-EP algorithm designed to correctly manage the
posterior distribution of the per-user received signals. To demonstrate the effectiveness
of our method, we present simulation results comparing our proposed algorithm with the
VL-EP algorithm and the Gaussian input semi-blind Cramer-Rao Bound (CRB), thus
providing evidence of the superiority of our approach.

6.2 System Model

We examine an uplink semi-blind signal model described as follows:
Y=Y, Vj]=H[X] X"|+[V, V]ec""*T) (6.1)

where H represents the channel matrix, unknown and modeled as an independent and
identically distributed (i.i.d.) random matrix of size M x K. Each column follows the
distribution hy ~ N(0,Zp,). The input signal is composed of a pilot part X, € C7*¥
and a data part X € CT*¥. It’s assumed that all data symbols in X are independently
drawn from a Gaussian distribution with power o2

We define V,, and V' as the Additive White Gaussian Noise (AWGN) at the APs. Each
element within these noise matrices is assumed to be independently drawn from a Gaussian

distribution with power o2
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6.2.1 Orthogonal Pilot

When orthogonal pilot is used, we can correlate Y, with each pilot sequence x; , to obtain
an equivalent observation of the pilot y, such that

Ypg = Yo, , = Po? Z hi, + v, g, (6.2)
keGy

where v,, = V,&i  ~ N(v,,4[0,0207PI) and G, denotes the group of users using the

g-th pilot sequence. Since one UT k can only send one pilot sequence, the user groups
Gyn Gy = ¢ if g # ¢'. Due to orthogonal pilots, we also have E|y, ,y, o] = 0if g # ¢'.

6.3 EP Approximation

We treat the vectors h; and x, as atomic variables and utilize an EP-like algorithm to
infer their posterior means and covariances.
The joint probability of the underlying system model is

p(Yp, Yo, higy, xy) = 0(Yp.(ay> Yar iy, Tiy)
= p(Yalhgy, m) | [ (g, Hy) | [ (1), (6.3)
k

g

where we use {-} to iterate all the indeces, and the first equal sign is obtained because of
orthogonal pilot.
According to EP, we approximate the joint pdf (6.3) by b(H, X)
p(yp,{g}7 Yvd? h{k}a wd,{k}) = b(H7 X)
s ocqm x (Riky, Ta (k) H qm,(hgrea,)) Hp(wk)

g k

= Hqrr, x;hs (h’k‘)NQH,X;mk (wk>/’LQH3hk (h’k>p(mk) ) (64)

where we further assume that gy x and qg, can be factorized at variable level,
9 89.¢ (H’ X) = l_[ Haer x5, (hk):uCIH,X;a:k (mk)

qr,(Hy) = [ | tarn (). (6.5)
keGy

From this point, we can see that refining each approximated factor ¢g x and qm, is
equivalent to refining the variable level factors figy xihy: Ham xie, a0d fgy ;n, Of the target
factors in parallel.

6.4 EM-EP

In EP algorithm, we refine the approximated factors qg x and qg, iteratively. We first
look at the refinement for the bilinear factor ¢ x.
The KLD objective function for refining ggr x is

KLD[b,,, « (H, X)|b(H, X)], (6.6)

QH,X(
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where

bQH,X (H> X)OCp(Y;l|H, X) H dH, (h{keGg}) Hp(wd,k) (67)
g k

is the belief at factor p(Yy|H, X ). Substitute (6.4) and ignore the terms that are irrelevant
to qu x, the KLD objective function becomes

KLD[b,,, , (H,X)|b(H, X)] (6.8)

QH,X(

:_ZJbQH,X (Ha X) In Hap x;hu, (hk)lu(IH§hk (hk)deX
k

_ZbeH,X(H7 X) In Hapr x5y, (wk)p(wk)deX +In ZbH,X’
k

where Zp,, , is the normalization factor corresponding to (6.4), i.e., Zoy x = Zy, Zb,,
with

thk = J Hapr x;hy (hk/‘)/’LQH§hk (hk)dhk
(6.9)

Ly, = J Mg x e, (Tx)D(Tk)dT.

At this point, we observe that all the variable level factors fig, :n, (Pr) and figy 4w, (k)
of ¢ x can be decoupled. Therefore, refining the factor ¢y x based on (6.8) is equivalent
to refining all the variable level factors fi, y:n, (hx) and gy, y .z, (%) in parallel. We look
at the refinement of fig,; 4.n, (). We omit the terms that does not contain fig, »n, (hr)
from (6.8), and the objective function for updating it is

KLD[b,,, . (H, X)|b(H, X)]

QH,X(

(hk):uqH;hk (hk) I (61())

— KLD c,
Zop,

/~Lq x;h
bQH,X(hk’)” =R

where marginalized belief is denoted as by, , (hy) = §bg,,  (H, X)dhzd X, with the no-
tation hz denoting the set of channel coefficient vectors Vi # k, h;. The marginal belief

bgyr x 18 computed as

bops () ox j tamn (R)p()p(Yalhea? + 3 huae?)

ik
| T taren: (Ri)p(:) dhd X . (6.11)
ik
Due to Central Limit Theory (CLT), we can approximate the interference term Y, ., ;]

to a Gaussian, where the component variables h; and x; follows h; ~ pg,.5,(h;) and
x; ~ p(x;). We define a Gaussian random matrix Z; ~ >} hi:cZT and define vector
zj, = vec(Z},) to approximate the interference,

zr ~ N(zm,,,C.,), (6.12)

i#k

where m,, and C, equal to the mean and covariance matrix of the vectorized interference
T
vee( Qi hixi ),

m,, =0

(6.13)
Czk = Ui Ir® Z(CQH§hi + mQH;""imZ];IH?hi)

i#k
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With this CLT approximation, (6.11) becomes

basr.x (Pk) =~ fMqH;hk(hk)P(mk)p(n\hkwf7 C.,)dz,
= NqH;hk (hk)p(Y;l|h’k7 Czk)

where p(Yy|hyx], Cy,) is defined as

(6.14)

p(Yd|hsz, Czk)ZJP(YdemZ + Zk)N(zk|mzk’ Czk)dzk
= N (ya|vec(hya)), I+ ® Cy, )

with the notation y; = vec(Y,) and noise plus interference covariance matrix
— 2 2 H
C'Tfk - UvI + 0, Z(CQH§hi + m‘ZH§hiqu;hi)
i#k

To obtain the posterior mean and covariance of by, ,, we consider an Expectation Max-
imization approach and approximate by a surrogate majorization function. The negated
log-likelihood of p(Yy|hy, Cy,) is

Since we have p(xy) = N(xx|0,02I) and the sum vy + 23, has a block diagonal covariance
matrix, the marginalized log-likelihood function is circular symmetric, i.e. Yo, lp, (hi) =
In, (hie??). We construct a surrogate function,

Uny (Rl hy)

R Y. hy, Cj
=lp, (hk) _Ewk|Ydﬁkvcﬁk lln <pgifd7 wk:i\"k7 C k; ) ] ’
PlLY g, | N, o

where ka is the posterior estimate from previous iteration. One can verify by Jensen’s
inequality that up, (hi|hi) = ln, (hi), where equality is reached at hj, = hy. This implies
that following relation of the log belief pdf —In(b,,, ) < un, (hilhi) — In(pggn, (Pe)).

~

We approximate the belief by, , (hi) by the minorization function exp[—up, (hx|hy) +
In(ptgp:n, (hi))] which we will show to be a Gaussian. Since jig,, n, (hi) is already Gaussian,

we focus on the term uhk(hkmk) By omitting constant terms that do not involve hy, we
derive an effective surrogate function of Iy, (hy)

Uy (o) =By 5, o, [0 (P(Yal@y, i, Cai )]
= |ya— (@@ il {00, )1+ t1Cs) Hhkuégkl,

where I and Cj are the mean and covariance matrix of the posterior p(x|Ys, i’\l,k, C.,).
These statistics can be obtained via LMMSE as

~ ~ -1
Ta, :<thC,~7k1hk + J;2>
C@kZTkuT
2 = 10, W C; 'Yy, (6.16)
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By combining ﬂ(hkmk) with the non-constant terms in — In(fiy,,.n, (Rx)), we obtain an
effective surrogate function for approximating — In(bg,, , (h)),

— 10(bgyy x (b)) < Tkl yy) — In(p1gpgin, (h)) + €
=|lya— (mk@IM)hk‘|(IT®C5k)—1+ tr[Csz] HthQC;;

+ Hh’k - leH;hkuzc—l n (617>

afrihy

It can be identified as an Gaussian with mean and covariance

qH;hK

-1
Ch, = [(@kH@k +T75,)C5) + C;! }
mp, = Chk <CT;C1Y:1£I€ + Cq_Hl;hkmfIH;hk> (618>
Optimizing the KLD (6.10) and substituting by, 4 (n,) = N (hix|mnp,, Ch,), we obtain the

N(hg|mp, ,Ch,)
update figy in, (hr) = W

covariance matrix given by

, where the quotient is a Gaussian with mean and

_ Cs,
he — Ag~ .
B, XMk Hmk + 11,
Y,z

Mgy xihy = =t
e gl + T,

Cq
(6.19)

To refine the approximate gg,(H,) = ercg Lazr:hi (Pi), we optimize the KLD objective
function

KLD[by,,, (H, X)[b(H, X)), (6.20)
where the belief

thHg (Ha X):p<yp,g7 Hg)QH,X (Hv X)l_[qu (HJ>Hp<wk)

J#g k

Substituting qm x, qa; with (6.5), we observe that optimizing gg, in (6.20) is equivalent
to updating the all the variable level factors Yk € G, 14, in parallel, i.e.

Hihy

KLD[qug (H,X)|b(H, X)] (6.21)

- ZKLD

keGy

Haer x ik (hk):uqH;hk (hk)
+ c,
thk

bry, (Hy) |

where by, (H,) denotes the marginalized belief by, (H,X) and is calculated by

bQHg (Hg)OC J bQHg (H7 X>dXdH§

- p(yng’Hg) 1_[ p(h’k‘)/’LQH,X§hk(hk)' (6'22)
keGy

Since the right argument of (6.21) contains the k-th channel coefficient only, we further
marginalize (6.22) to byn, (hy) = Sb H,)dh;. According to the property of KLD, the
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Algorithm 6.1 Hybrid EM-EP
Require: Y,, Y;, X, By, 02, 02

Zwko’mo ?

Py, Chy,

1: IAnitialize: hko:wko,m07 C}’lko
2: hk05zk0,n07 Chko
3: repeat

4: [Update based on Pilot Observation Vk =1 : K]
5: Compute my,, n, and C,,,.», based on (6.23)

6: |[Update based on Data Observation Yk =1 : K]
T C'Ek = 012;I + 0-3 Zi;ﬁk(CQH;hi + mQHZhimgIH;hi>

:zko’nOJ

~ A~ _1
8: kaz(thCQilhk + 0;2)

. ~T H -1
0. &7 =, hIC;Y,
Cy
. k
10: CqH:X’h’k :/I:\fft:\k-l-TT@k
_ _ Ya#
11: mQH,X;hk - ﬁ]g[ﬁk‘i’TTi;k

12: [Posterior Update Vk =1 : K]

13: Cflk = (C;I-}’hk + CQ_P},X)_I

14: m;\Lk = Ci\lk (Cq_]_},hkquvhk + Cq_I-},XmQH,X)
15: until Convergence

by (B
variable level factor is finally updated by fig,,.h, (hx) = qu—(k)oc/\/'(h,Mm s Corrihy)
; “‘IH,X%hk(hk) qrhy qH by
where
-1 -1
~1 —1\-1, % =1

1€Gy/{k} z

2
g
== = v E -1 =-1\-1
Mgprihe= Shy| Shy T 2 I+ (Cqny;hj_ ‘—'hi>

T ieGy/ (k)

Yp, N — _
ng - Z :hi(:hi + C‘IH,X§hi> lqu,x;hz‘ . (623>
T ieGaik)
The approximated belief of hy is obtained by integrating (6.4),
b(hk) = Jb(H7 X)dhEdX = /”LQH§hk(hk)/“’LQH,X§hk (hk’)
= N(h’k‘|mfzk7 szk)7

where
i = (ClL +C )
hy qH;hk qH, X
mi\lk = Ci\lk (Cq_jil;hkaH;hk + Cq_I-},XmQH,X)' (624)

A suggested update order is proposed in Algorithm 6.1

6.5 Loop Free Expectation Propagation

The above discussed method is derived from a loopy factorization scheme. To improve
the convergence property, we treat H, and X, as the atomic variables. The resulting
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factorization is obtained by

P(Ya,Ypg, H, X) = p(Ya H, X) | [ p(yp.g, Hy)p(X,).

g

Due to the new factorization, we don’t need to approximate p(y, 4, H,) at the level of hy.
We can rewrite (6.2)

Ypg = Pai(ljl;g ® IM>hGg + Upg, (6.25)

where K, denotes the number of users using the g-th pilot, 1, denotes an all-one col-
umn vector with K, entries, and hg, = vec(H,). For simplicity, we exploit the nota-
tions and define the block prior covariance matrix E¢g, = diag(Ehk1 . § thg), where
ki,...,kk, are the users using the g-th pilot sequence. We calculate the equivalent prior
P(Ypg, Hy) N (hg,|mng , Chg, ), where the mean and covariance matrix are obtained by

-1
2
—_ — oIy —_
ChGg = ‘:‘hcg — ‘:‘hcg(]‘Kg ®IM) U2P + Z Zh,
Tz keGy

) (1£g ® IM)EhGg

thg = ChGg<1Kg ®IM)% (626)

We will use the equivalent prior p(y, 4, H,) and p(X,) to derive an EM algorithm for
estimating H.
The observed data symbols can be represented as

Y,=H,X] +> HX] +V. (6.27)
J#g
As in the vector EM-EP, we treat H jXJT as interference. Due to CLT, we approximate
the sum of interference ) g vec(H. ]XJT) as Gaussian. We observe

Z vee(H; X)) =Z vec(h;x]) = Z(‘I/’z @ 1m)(1® hy)

J#g i¢Gy i¢Gy

= ), (@i®h). (6.28)

i¢Gy

We define the approximated sum of interference as Zg, and its vectorization zg, =
vec(Zg,) such that 3. vec(H; X]) ~ zq, = N(z¢,|O0, C.,) where C; is the covari-
ance matrix of (6.28),

C.p, = Ir® |02 Y (Ch, + mp,my)) | . (6.29)
i¢Gly

The noise and interference terms can be combined and interpreted as an equivalent noise.
Define Vi, = V + Zg,, and its vectorization vg, = vec(Vg,) can be verified to be a
Gaussian g, ~ N (Vg, |0, It ® Cy,, ), where

Cie, = 02 Y (Ch, + mpmjl) + 0oLy (6.30)
i¢Gy
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Following the same steps from (6.15) to (6.17) we have
—In(p(Ys, Ypg, Hy)) < un, (Hy|Hy) — In(p(yp,, Hy)) + c, (6.31)

where f—I\g is the posterior mean of H, from previous iteration, and the approximate
marginalized pdf p(Yy, ypq Hy) ~ (p(Ya, ype H, X)dXdHy is exact when the CLT

approximation Zg, is exact, i.e., when K — +co. The term g, (Hg|ﬁg) is the effective
surrogate function of the negative log-likelihood —In[p(Ys|Hy, Cy,, )], and is defined as

n, (Hy | Hy)=—Ex, v, 5, o, [((Yal Xy, Hy, Ca, )]
— lya — (X, ® L) he, Ifrecs: + Iha,lrc,,, sc: -
where Z, and Cz,, are the LMMSE results from the model
Yya= (Ir ® f{\g)iﬂag + v, (6.32)

with @, = vec(X ) such that p(X,|Yy, ﬁg, Cis,) = N(zc,|Za, It ® Cag,),

Ci,,
@, = [Ir ® (Cag, H,'C;) )ya (6.33)

= (HI'C;) Hy + 0, I,) ™!

The matrix mean X is obtained from By 3 7 Cag, [X,] and can be viewed as a reshaped

version of &g, .
Finally, the surrogate function of the negative log-joint pdf (6.31) is

—In(p(Ya, Yp,g, Hy)) < ¢+ |he, — Mpg, |12 .

Gy

+ya — (Xy @ Inhe, |7, g1 + 1Pa,lrex oot -
ng Cch 7€)

g
Optimizing the surrogate function, and we obtain the posterior mean and covariance

matrix

P -1
Ch,, = | (XX, +TCs, )®C;L + Gy |

g9

m;,. = G, [(X\f ®Cjy Glg)yd + C,;;g mhcg] . (6.34)

We propose a possible update order in Algorithm 6.2.

6.6 Simulation Results

In this section, we will verify the algorithm using numerical simulations. We consider a

400 x 400m? area with M = 16 APs and K = 8 UTs. The APs are located at the coor-

dinates (%i, 4—g0 j), where i,j € {0,...,3}. The UTs are uniformly randomly distributed

over this area. We use the same expression for the large-scale fading model as in [2],

U?{ik [dB] = —30.5 — 36.710g,o(dik), (6.35)
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Algorithm 6.2 MM-algorithm
Require: Y,, Y;, X, By, 02, 02
Whg,mg ?

1: Initialize: hko:wko,m07 Chko
2: hko:zk07n07 Chkolzko,n()’ hko
3: [Update based on Pilot Observation Vg =1 : P|
4: Compute My, and Cp, based on (6.26)
5: repeat ‘ ‘
6: [Update based on Data Observation Yg = 1: P
. Chg, =02 20, (Ch + mumil) + o001y
8 Ca,, = (HIC;! Hy+0,%Ix,) ™"
9 zg, = [Ir® (C@GQH;IC;;;Q )ya
10: X7 =vecr! 1(Za,)

—~~ —~ _1
G, - |(XPX,+TC), )00 +Cl |

2 my =G |[(XEQC! Jya+ Cpl mng, |
13: until Convergence

Gg

where d,,;. is the distance between AP i and UT k. To induce pilot contamination, the
default pilot sequence length is P = 4, with the entire transmitted sequence spanning a
length of L = 16. The four distinct pilot sequences are designed to be mutually orthogonal.
Transmission power is set at 02 = 14(dBm) for each UT. We modify the noise power to

ensure the SNR = Etréﬁ?;ﬁi?lq varies between 10(dB) and 31(dB).
d

For each SNR level, we maintain consistent positions for all APs and UTs, and con-
duct simulations across 50 unique scenarios with varying H, V;, V,, V;, and X4. The
metric for evaluating performance is the normalized mean squared error (NMSE) of
S tr(HHH)
Str(HHH)’
mation error, and the summation extends over all 50 distinct realizations. The simu-
lation results are concluded in Fig. 6.1. For comparison, we also plot the results of
VL-EP algorithm [20]. The VL-EP algorithm iteratively minimizes the majorizer of
P(Rio | Prems T ) C [ 1, P(Prom|Pio) T 1, P(Tko | Pk )p(Poky ), functioning similarly to a MAP
algorithm. In subsequent iterations, it directly utilizes the posterior of hy, to estimate the
channel corresponding to other users. However, based on Bayes rule, we should use the

partial-posteriors (prior and likelihood from pilot based estimation). We compare these
tr[CRB]

Etr[HHH]"
The convergence speed of the two algorithms is compared, where we use the default setting

and fix the SNR to 20 dB.

the channel estimation. It is calculated as where H represents the esti-

two methods with the normalized approximated CRB [51] which is defined as

6.7 Conclusions

In this chapter, we focus on the joint estimation of the channel and data during uplink
transmission in CF MaMIMO systems. To handle the posterior distributions of the per-
user received signals correctly, we examine an approximated probabilistic model derived
from EP. A hybrid EM EP algorithm aiming to handle the posterior distributions of the
per-user received signals correctly is proposed. Whereas, in EM-based algorithm [20] the
authors treated the posteriors of different user channels as if they are independent.The
effectiveness of the proposed algorithm is demonstrated through numerical simulations.
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Chapter 7

Decentralized Expectation Propagation

for Semi-
Blind Channel Estimation in Cell-Free
Networks

7.1 Introduction

One of the unique features of Cell-Free (CF) Massive MIMO (MaMIMO) networks is user
terminals (UTs) in a given area are served by all the access points (APs) in the same
area. This leads to the problem of pilot contamination. Addressing this issue, Semi-
Blind approaches [50] have been explored to mitigate the effects of pilot contamination.
In [50], the authors consider a deterministic approach treating the channel coefficients as
deterministic unknown parameters and delve into the analysis of the Cramer-Rao bound
and identifiability.

In the context of Bayesian inference, the Semi-Blind approach is modeled as a bilinear
inference problem, where the APs must jointly estimate both the channel coefficients and
the user signals. Message-passing algorithms play a critical role here. (Loopy) Belief Prop-
agation (BP) [5] is a widely used method in Bayesian inference. It is an iterative method
exploiting the structure for a given factorization scheme (e.g., joint /posterior distribution)
to lower the computational loads. One of the most potent message-passing algorithms
is Expectation Propagation (EP) [9]. Besides exploiting the factorization scheme, EP
also projects the beliefs (marginal posterior) to a family of simple distributions. We can
consider BP a special case of EP, in which we assume the projection destination set to be
the set of all distributions.

A centralized iterative algorithm has been explored based on variable level EP (VL-EP)
[20] in which the authors assume Gaussian input and combine VL-EP with Expectation
Maximization (EM). A more recent development is the distributed method proposed in [2].
This approach distributes the computational load at the Central Process Unit (CPU) by
enabling each Access Point (AP) to carry out part of the computation.

In [27], the author introduces Decentralized Generalized Approximate Message Passing
(D-GAMP). This method is a hybrid of Consensus Propagation [26] and Approximate
Message Passing (AMP), effectively eliminating the need for CPU.
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7.1.1 Main Contributions

This chapter presents a simplified, decentralized, EP-based method designed to address
the Semi-Blind estimation problem in communication systems. By utilizing orthogonal
pilots, we are able to decouple the channels for different users into mutually exclusive
groups, which reduces computational complexity. To further decrease computational de-
mands, we integrate Expectation Propagation (EP) with Central Limit Theory (CLT),
treating the interference as noise. Drawing inspiration from [23], we introduce further
simplifications through scale analysis. Additionally, to lessen the load on the central
processing unit (CPU), we explore a decentralized scheme.

7.2 System Model

We consider a semi-blind signal model containing L APs. At the [-th AP,

Y., Y] =H[X, X]|+[V,, Vi]. (7.1)
The received signals are composed of pilot part Y,; € C¥*¥ and data part Y; € CV*T.
The channels between different users are considered independent Gaussian i.e. vec(H)) ~
CN(0,Z;) where E; € CNE*NE s a block diagonal matrix of K blocks By, € CV*N. The
transmitted symbols can be decomposed as pilot symbols X, € SX*” and data symbols
X e SEXT where S is the constellation set. We assume that the elements xj, in X

follow the categorical distribution p(xy). The signal power is denoted as o2. The noise
is considered as i.i.d. Gaussian distribution, and thus, VeC([‘/pJ VZ]) ~CN(0,021).

7.2.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by
right multiplying it with @, , which is the conjugated g-th pilot sequence. This results in
an equivalent observation yy 4

Yplg = YpiT, , = Z Polhy, + Vpig (7.2)

keGy

where v,y = Vx5, ~ N (0,40, Po2o 1), G, denote the set of users using the g-th pilot
sequence. We observe that every hy; occurs only in one group G, and the cross-correlation
E[vmgv]fl g,] is an all-zero matrix for all g # ¢’. Therefore, the observations y,;, and y,, ;4
are independent. With orthogonal pilots, the factorization scheme is derived as

p({yp,lg}>{yz}>{Hl}>X>{W}) (7.3)
= Hp<xkt) H H p(yu, | Hi, x,) Hp(yp,lg, H,,)
et I ti=1 9

where Hj, is a matrix collecting all & € G, hy; as its column vectors, and x.;, denotes
the ¢;-th column of X. We will base our EP (BP) algorithm based on this factorization
scheme.

7.2.2 Expectation Propagation on Semi-Blind structure
For simplicity, we denote the factors in the factorization scheme (7.3) as

Uy ke = p(Tre); Your = p(Yu| Hi, 24); Va10= p(Ypig, Hig)-
The factor graph for (7.3) is illustrated in Fig. 7.1.
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Figure 7.1: Partial factor graph
7.3 Message Passing Derivations

In this chapter, we use EP to estimate channel coefficients h;, and BP to estimate the
data symbols xy;. Furthermore, we specify the projection family of EP in this chapter to
be Gaussian distributions with diagonal covariance matrices. Now, we will examine each
factor and derive its outbound message.

The message from W, ;, to xp can be computed directly since no projection is needed,

Le., N‘I’th;wkt(xkt) = p(xkt>'

7.3.1 Message from V,; to xj

Following the EP rule for computing the feedback message, we first need to compute the
belief. The extrinsic node Wy, which is updated by

Moy ;s 1 (Ikt>ocp('rkt) H /’L\I’Q?l/ﬁxkt (xkt)
U'#1
Kby 5 14 (hlk)(f‘/’hy&lg;hlk (h’lk) H #\I’IQJt/;hlk (hlk)v (74)

t'#t

where the extrinsic of hy, is Gaussian pip,, v, ,,(hi) = CN (hig|mp, v, ,,» Chyw,,,) With

-1
C — (! T C-1
hyg;Wa e — U3 1g:hik Wy 5P

t'#t

_ —1
Mpyv,,, = Chzk;‘l’z,u, <C\I!3Jg;hlkm\1’3,1g;hzk

—1
+ Z C\I/2,lt’§hlkm\1/2,lt/§hlk’>

t/ £t
According to the EP rule, the message from Wy, to xy, is
proj [b‘I’z,lt@kt (xk‘t)]
luxkt;\l/z,zz(xk’t)

where the belief (approximated posterior) at Wy, is defined as by, ,, .y, (T4e) With

(7.5)

HWs g5k, (mkt)oc
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by i (xktwwm;WQ,zt(zkt>pr(ylt|$kthlk + > wihus)

- pongw o (i) | ] s g (i) g, (i) AL (7.6)
i#k

We use the notation xy, to denote all the elements in @, except the k-th element. The
integral (and summation) in (7.6) can be considered as a marginalization operation. Fur-
thermore, we can view the extrinsic messages as hypothetical priors. Due to CLT, we
approximate ;. xihy; to a Gaussian where xy ~ fio;0,,, (Tit), i ~ fihg;w,,, () [15].
Therefore, (7.6) becomes

bq’zmlkt (wkt)ocluxkt;‘l’z,lt (l’kt) (7'7)

'pr(ylt|$kthlk + Zikt) Bz, (Zikt )21kt Py, (Par ) AP,

where fi,, (zikt) = CN (zie| M2y, , Cs,,) With

Mz = Z LLLEEE PRTALLLY VPR PR (7.8)
i#k
C, = r C +7 m mi!
2kt Zit; Va1t ;W g Zit;Wo,ue TP Wo 1 TR g 1y
i#k

where Mg,,.v, 5 Teiyvs,, and ry,.v,, are the mean, variance and second-order moment of
the normalized message fiy,,;v,,,- By applying the Gaussian reproduction lemma [15] and
the fact that Gaussian distribution integrates to one, the belief (7.7) becomes

bq’z,u;xm (xkt)OCCN(O‘ylt T Mgy, Tkt My U5 gy

2 (7.9)
Co+Cyyt | Tt Chlk§\1/2,lt) N ZACINE
Therefore, by BP rules, the outbound message is
Hrg 15 (xkt)OCCN(O’ylt_mzlkt_‘rktmhlk?\I’Q,lt? (7 10)
Cy+ Czlkt+ |xkt|20hlk§\112,lt) .
7.3.2 Message from Uy, to hy
Based on EP feedback message rules, the message to hy, is
proj [b‘PQ 15 (hlk’)]
sk (Pge ) oC - , 7.11
Hw,, 7hlk( lk) Mhlk;\llz,lt(hlk) ( )
where the belief is defined as
b‘l/2,lt§hlk (h’lk)oc Z fp(ylt’ Z xithli)
i ‘ (7.12)

) 1_[ Hhy; s 4 (hll'):uwm‘l’zu (xlt)dh'lE

We use hz to denote all the column vectors in H; except the k-th column. By using the
same approach from (7.6) to (7.9), and separating the terms that contains only zx [15] [2],
the belief (7.12) becomes

b‘lfz,lt;hzk (hlk)

7.13
:]Eb‘l’z,lﬁ%t {CN[thmﬁzMint (l‘kt), Cflzk\:vkz (l’kt)]} ( )
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where m;”k|xkt(-) and C’,A”mkt

() = [|#[*(Co + Cp,) ™ + Cht g, 17

() are defined as

hug|we
-1
mfllk|$kt (1:) = Cillk|fﬂkt ('r> I:Chlk;\lf27ltmhlk;\l’2,lt (714)
_ —m
Hol(Cy + Gy ) I ],

where C, = ¢2I. The mean Mj2 and covariance C’;ngk of the belief distribution (7.13) are

mal%c - Eb‘l’2,lt51kt [malk\xkt (wkt)]

! — ~
C’A‘le N Eb‘l’z,m%t [Ch1k|l"kt (xkt) (7'15>
H H
T mfllk\xkt(xkt)mﬁzklxkt (xkt) ] o mﬁ?kmlezk-
Project the belief at Wy, to Gaussian with diagonal covariance matrix proj[bw, ,,:n,, (Pux)] =
CN (hy|mys , C;. ), where Cj, is a digonal matrix with the same diagonal elements as
lk Lk Lk

C"'Al%k. Finally, the message from Wy, to hy; is
Ky 14k (h’lk) = CN(hlk‘m\IIQ,lﬁhlk? C‘I’z,zt;hzk)
CN (hy|mj. , Cs. ) (7.16)
o ik ik ‘
CN(h’lk’mhlk?‘I’Q,lt? Chzk;‘I’Q,zt>

7.3.3 Message form V3, to hy,
We assume k € G;. The extrinsic at W3, is updated by

Hhyye; s 14 (h’lk)oc l_[ Hwy peshg, (hlk) (717)
t

We denote this extrinsic message as fin,;w,,, (hi) = CN (hy|mn,, v, 1ps Chyvy ;) With

—1
C = Cy!
hyg;Ws g Vo e3Pk
t

_ —1
Mhpy;vs,, = Chlk;‘l’3,lg (Z C‘l/2’lt;hlkm‘1l2,lt§hlk> :
t

The belief of h;, at the W3, is

b1y (Pug) 5D (Upigs Pug) | | (Pt 1, (P (7.18)
keGy

All the factors appearing in (7.18) are Gaussian pdfs with diagonal covariance matri-
ces. Therefore, the projection of b\yg’lg(hlk) results to itself. For simplicity, we define a
hypothetical prior gp,, |y, for hy, in (7.18) as

Ah,|Yy (hlk) = N<hlk|mh1k|yd7 Chlk|Yd>

(7.19)
Ocp(h’lk’):uhlk?q/&lg (hlk)>
where
Chlk|Yd = (E}_lllk + C":li;‘l/:’,’lg)_l (7 20)

_ —1
Mhp, |y, = Chlk|YdChlk;\I/3,lg Mpyy03,,
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The message from factor node W3, to by, can be derived as
§bu,,, (hig)dhy
Kby s 1 (hlk)
Sp(yPJw hlg) erGg Ahy|Yy (h’lk)dhlE
thk\Yd(hlk>

vy g5h, (hlk>oc
(7.21)

cp(hu)

The fraction operation in the second line of (7.21) can be interpreted as component-wise
conditionally-unbiased LMMSE estimation [34|. Therefore, the message from W3, to hy
is

s 14305 (h'lk) = CN(hlk|m‘1’3,19;hzk’ 0‘1’3,zg;hzk)7 (7'22)
where
—14 —1
C =t
\P3,lg§h'lk —h; 0,2 ‘Yd
z k'eGg/{k}

2
0,
= —v_ =
Mg gk = =hy, I+ Z Chlk/|Yd + Zny,

2
Tl el
prp,lg Z mhlk/‘Yd . (723)
WeGy/{k)

7.4 Asymptotic Behaviors in Large Systems

For scalable systems, . — oo while K = ¢;L, P = coL, T = c3L, where ¢, ¢y, c3 are

some positive constants, we assume the channel coefficients Vi, n, k, E[|hyn|*] = O(%) data

constellation symbols Vs € S;s = O(1),1/s = O(1). Furthermore, we assume the noise
—2

power scales as 02 = O(1), 0,2 = O(1). For simplicity, we define big-O-notations with

matrix parameters to represent the element-wise asymptotic behavior, i.e., for matrices

A, B of the same size, we have A = O(B) < Vi, j,[Al;; = O([B];j)-

Assumption 1. We assume that E(mp,,.w,,) = 0, E[m., v, ,, Mn,v,,] = 0, and Vi #
j’E([mhle‘I’zltm’II—{lk;‘Pth]U) = 0.

Property 1. For invertible matrices A, B, we have (A~ + B™')™' = A(A+ B)"'B =
B(A+ B)'A.

Lemma 4. With proper initialization and Assumption 1, in each iteration, the updates

satisfy Mz ikt = O(1), Cai = O(I)—I—O(%), mﬂzk|xkt(x) = O(%) Cﬁlk|xkt($) = O(%)“_

qH
O(%), My, jyhye = O(\/LE); C\Ifz,mhuc = O(I)> My, hy = (%) C'\p3 tgihu = O(%)’
Mpy 0, = O(%), Chiyvs, = O(%) Furthermore, C‘I721,lt§hlk = O(I).

Proof. We prove this lemma by mathematical induction. Due to a proper initialization,
we can assume the messages LU TR 2y Chlk;‘lf2,lt7 M, hip C‘I’z,lt;hlk7 Mg g5k C‘P3,zg;hzk
are initialized with the above-mentioned scales.

Then, we assume the lemma holds for the previous iterations and investigate the updates
in the next iteration.

We first look at the update of m. ;, C.,,,, which are updated according to (7.8). Sim-

ilar to [13], we assume that Vi,m,,,v,, are weakly independent of my,,.y,,. Since the
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elements in the constellation set scale with O(1), we know mg,,.v,, = O(1). According
to induction assumptions, the extrinsic mean mp,,;v,, = O(\lﬁ) Due to Assumption 1,

we use the results from [13, Lemma 1] to obtain m.,,, = >, Ma, 0, , Mhy,0,,, = O(1)
and the covariance matrix C,,,, = O(I) + O(%) For simplicity, we denote the di-
w10 (7.8) as D
Dick Tzit;\1,27”mhit;%’ltmfﬁ;%Jt = O(I) + O(%) Thus, with these notations, C,,, =
D, +B,,.

Now we investigate the update of my, | (z), C}, ...
lemma,

agonal terms of C, = Diik TeusVs, Chyws,,, and denote B

Zikt Zigt T

() in (7.14). By matrix inversion

C-

hig|zge

() = Chlk;‘l’z,lt
_a TR
_Chlk§‘1’2,lt Qlkt2 mkt<Alkt+I> v‘[lthlk? Chzzc;‘lfz,m
where we define the positive semi-definite diagonal matrix Qi = Chy,v,,, + #(CU +

1 H _1 _4H
D.,,) = O(I)and Q},Q3, = Qu:. By eigendecomposition, we define #szf B.,,Q,’ =
Wi Ay Wiih, I = Wi Wil Therefore, C;, . (x) = O(f) + O(XL). We find the up-

k|Tke L2
date of my, | in (7.14) is dominated by the first term Cy, | (2)Cht oy Myivs - BY
neglecting higher order infinitesimal terms, we have

(7.24)

1
~ ~ ('~ —1 — 2
mhlk|$kt - Chlk:|-73kt (x)chlk;WQ’ltmhlk§ql2,lt - [I + Ch

H 1
2 -1 2
’ (Chlk ;‘Ilgyltcvin,lk:t Ch

16 Y2 1t

H
-1~ -1
lk;lI’Q,lt—’_ I) Chlk;\Ifgylt Cin,lkt]mhlk§‘1’2,lt

1
= My = O(Tz>
To study the messages My, ,,:n;, Cu,,yyihy, We first investigate the approximated (pro-
jected) belief of hy, at Uy, From the previous discussion, Cé?k ~ Eb%,zt;m [C;le|xkt (k)]

and thus,

/
Cﬁ?k = Chlk;\lfz,zz - Cth;‘I/Q,lt F- Chlk;‘lfz,ltv (7-25)

-1
where F' =Y. by, 0, (T) [#BZW + Qlkt] . Thanks to the projection in EP, we are

only interested in the diagonal elements of C;ALQ . With the approximation My, =
Lk

Mpy,;0,,,, the n-th diagonal term reads

[Cél?k]nn = [Cﬁlzk]nn = Think;Waue — Tf?lnk%‘l’z,u [F]nn
= [([F]r_w% - Thznk;‘l’2,lt)_1 + Th_lrlzk;\lfmt]_l (726)

From the same analysis in (7.24), we know Q; is asymptotic upper and lower bounded.
Since B,,,, is positive semi-definite, we have [F],, = O(1) and [F],}! = O(1). Substitute
(7.26) into (7.16), and we obtain [Cy, ,,h Jnn = [Flup = Thinewsy- Thus, Cy, yin,,, = O(I)
and C‘I721,lt§hlk = O(I). Since my, | =~ My,.u, ,, it is straightforward to see My, ,in, =
O(L).

The message covariance matrices Cy, , .p,, and Cp,,,v,,, are both diagonal matrices. Due
to the scalable-system assumption 7' = O(L) and the elements in Cly, .5, being asymp-
totically upper and lower bounded, one can show Cy, , .h,, = O(%) is upper bounded, and

My, hy = O(\i@) according to (7.20)-(7.23). We can then show Ch,,.v,, = O(£) and

My, 0,, = O(LL) according to (7.4). L
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7.5 Simplication of the Messages

We define beliefs at the variable nodes as

bfﬂkt (xkt)ocp(mkt) H Ky 1452 (mkt)

l
(7.27)
bhlk (h’lk)oclu"lfa,lg;hlk (hlk) H Ky 145hag (h'lk)
t

Compared to the extrinsic messages in (7.4), the beliefs in (7.27) only differ by one factor.
Since Loopy BP is used for estimating xy;, it has been shown in [23] that we can assume
bﬂﬂkt (xkt) = Mﬂ?kz;‘ljz,zt(xkt)‘

This work estimates the channel coefficients h;; using EP. Therefore, a separate analysis
from [23] is needed. We investigate the mean and covariance matrix difference between
bny, (hux) and pip,, v, ,, based on the Lemma 2.

Substitute (7.4) into (7.27), and we obtain the belief at hy, as

Ony, (Par) Chthyyws 1, (P ) oy 1y (Pk) - (7.28)

Denote my, and C’;% as the mean and covariance matrix of bp,, (hy). From Lemma 2,
we have

2 —1
Chzk;‘I’z,zt_ sz Chlk;\lfg’lxchlk;\p&l{i_ C‘I’2,zt§hzk>

— —1
MWy — My, = Chm;‘lfz,h(chm;‘l’z,u + C‘l’z,zt;hlk)

’ (mh1k§‘1’2,1t - m‘I’z,zt;th)' <729>

Lk

It has been shown in the proof of Lemma 2 that the difference mp,, .v,, — My, ;n,
is a higher order infinitesimal relative to mp,v,,. Thus, the quotients (Ch,, v, ,—
C;”k)C,;i;\I,M and (Mp,0,, — My, )./Mhy,w,,, tend to zero as the system grows larger.
Therefore, the difference in (7.29) are higher order infinitesimals relative to Ch,, ., ,, and
My, .v,,,, tespectively. Therefore, we have by, (Ru) =~ fin,, v, (hi). Based on the above
discussion, we propose to replace the extrinsic (7.4) at WUy by (7.30) and (7.31) to reduce
complexity further,

ulhlk;‘l’zzt(hlk) = bhlk (h‘lk); (730)
'ug?kt;q’z,u (xkt) = bxkt(xkt)' (731)

7.6 Decentralized Method

To obtain the belief of x;;, we need to combine the message from all the AP. We consider
the case where all the L AP are connected, and the AP network has a tree structure. A
decentralized message-passing method can be used based on the consensus propagation
framework [26]. Define the normalized message from AP [ to AP [”:

Vit (Tt ) L0 1y (Tht) Vi (The),
VeN()/{l'}
where N (I) denotes the set of connected neighbors of AP [. At convergence, the belief in
(7.27) can be obtained by any AP [ as

Uy, (Tt (Tt ) g 1y (Tkt) H Vi1 (The).- (7.32)
VN (1)
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Algorithm 7.1: One Iteration of Decentralized EP

Require: Ep,,, Ypiy > Yu, P(Tkt), 02, 02, G,
1: Initialize HWg 1g5han s Mg gp5ane s H0g g0k Vlﬁl’(xkt)
2: At all the APs, Vk,t, update b,,, according to (7.32)
3: for I=1:L. do
4: Vk, update jip,,;v,,, based on (7.17)
Vk,t, update fi},,, .y, , based on (7.27) and (7.31)
Vk,t, update (1, .y, based on (7.30)
Vk, update jiy,, :n, based on (7.22)-(7.23)
Vk,t, update piy, ., based on (7.8)-(7.10)
Vk,t, update fiy, ., based on (7.14)-(7.16)
10: VI'e N(l), k,t, update v,y (x) based on (7.33)
11: end for
Therefore, for a decentralized algorithm, we can replace the update of belief b,,, in (7.27)
by 0, in (7.32). After updating the message {1y, ,,;z,,, We update the shared message by

() oo () ] e (), (7.33)
feN(l)/{l’}

Tt

where we use new and old to distinguish the message of different iterations. One possible
ordering method is suggested in Algorithm 7.1.

7.7 Simulation Results

Our study simulates an environment within a 400 x 400 square meter area, equipped with
16 APs and 8 User Terminals (UTs). Each AP features N = 2 antennas and is positioned
at coordinates (%2’, % ), 1,7 € {0,1,2,3}. The UTs are uniformly distributed throughout
the area. We denote the distance between each UT k£ and AP [ as d;;,. Channel covariances
for each user k at AP [ are modeled using N x N diagonal matrices, represented as 0,2%[ ,
where 10log,o(07, ) = —30 — 36.7log,(di).

All the neighboring APs within % meters are connected and can exchange information of
the estimated data symbols. Furthermore, as illustrated in Algorithm 7.1, a synchronized
message-exchanging scheme is used.

The length of the orthogonal pilot sequences is set to P = 6 to introduce pilot contami-
nation.

We employ a 4QAM constellation of length 7' = 10 for signal transmission and assume
a noise power of —96 dBm. The signal-to-noise ratio (SNR) is adjusted by varying the
transmitted power. We base our results on 100 different realizations, which are illustrated
in Figure 7.2. The normalized mean squared error (NMSE) of the channel estimates is

defined as NMSE = %, where H are synthesized from the mean of by, (hy)
defined in (7.27) and the operation | - |? is defined as |H|> = H"H.

In the VL-EP scenario, we generate data symbols drawn from i.i.d. Gaussian distribution
and apply the VL-EP algorithm [20] for channel estimation. In the Genie-Aided scenario,
we implement the proposed algorithm as if the data symbols are known. In the MMSE
Genie-Aided scenario, all the APs estimate the channel coefficients using the MMSE

estimator with known channel coefficients.
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=& Proposed Method

—O— VL-EP

=~ MMSE with Genie Aided Date Symbols

NMSE (dB)

| | | |
10 12 14 16 18 20 22 24 26 28 30
SNR (dB)

Figure 7.2: NMSE vs SNR
7.8 Conclusions

This chapter introduces a simplified, decentralized EP-based algorithm for bilinear joint
estimation. To simplify the factorization scheme, we leverage orthogonal pilots and the
CLT. Through asymptotic analysis, we further refine the message update scheme within
the algorithm. Although originally developed for an acyclic network of APs, our simula-
tion results confirm the algorithm’s effectiveness even when the APs are interconnected
in a cyclic network. *
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Chapter 8

Decentralized Message-Passing for
Semi-Blind Channel Estimation in

Cell-Free Systems Based on Bethe Free
Energy Optimization

8.1 Introduction

We examine the uplink cell-free semi-blind network containing K single-antenna user
terminals (UTs) and L access points (APs). Each AP is equipped with M antennas.
The received signals of the [-th AP is

(Yo Yi] = H[X] XT]+[V,; Vi]eC" "D,
where the channel matrix H; € CM*X comprises of independent columns. We use hy
to denote the k-th column which follows CA (h|0, Zp,, ). The matrix X, represents the
transmitted pilots. We assume that orthogonal pilots are used, i.e., difference columns of
X, are either the same or orthogonal. We further assume that each pilot sequence has
length P and a total power of Po?2. Similarly, X represents the data sequence. We denote
the data sequence sent by the k-th UT as xj, which is the k-th column of X. Moreover,
we assume that each element of X follows an i.i.d. discrete distribution, i.e., the symbols
in X are drawn from a constellation set S with power o2. We define @, ~ Pz, (). We
also assume additive white Gaussian noise V,,; and V;, where each entry has a power of
o2. For simplicity, we define C,, = o2I.

Since the channels of different APs are independent and all the noise symbols are inde-
pendent, the received signals Y,; and Y; of different APs are conditionally independent
given X . This chapter aims to estimate X and VI, H; jointly.

8.1.1 Orthogonal Pilots

When orthogonal pilots are used, we correlate the received pilot signals Y,,; with the g-th
pilot sequence &, , (not to confuse with the pilot sequence of the g-th user) to obtain the
correlated version of the received pilot signals g, ,:

~ ~ 2 ~
Ypig = Yp,lw;,g = PUleGg]-|Gg| + Up.ig; (81)
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where we use G, to denote the UTs groups using the g-th pilot sequence. The columns of
Hg, are composed of the channel coefficients corresponding to the users using the g-th
pilot, i.e., hyy is a column of Hj, if ¢, = x,,. We denote v,;, = Vi@, , which is the
transformed noise following a distribution CA(0, 0202 PIy;).

rr v

8.1.2 Factored Joint Distribution

We introduce an auxiliary variable Zj;, = hlsz and its vectorization zy = vec(Zy).
Therefore, the likelihood of Zj, is captured by Dirac function p(Zj|hy, xr) = 6(Zy —
hyx}l). The joint probability density function (PDF) can be derived as

p(}f;mY)lea .. '7ZLKaH17- . -HLaX)
= HP(Y”ZM, oy Zik) H Hp(Zllelk; Ty)
! Ik

(8.2)
[ T1 [P@oier Hig) | [ (1)
g K
For simplicity, we define
falzus - zii) = p(N| 2y, - . ., Zik)
fria, (Mic,) = p(Ypg: Hig) 83)

fa (1) = p(p)
félk(zlkahlmwk) = p(Zlk’hlk,wk)-

The factorization given by (8.2) admits a factor graph [5]. In this chapter, we denote
F = {f.. fhlgg,fzk, dir} as the set of all factor nodes and V = {z, hy, @i} as the set of
all variable nodes.

8.1.3 Notations

Throughout the context, we will use bold uppercase letters to denote matrices and bold
lowercase letters to denote vectors. Furthermore, we use lowercase letters to denote the
vectorization of uppercase letters. For example, z;, = vec(Zy).

8.1.4 Prior Work

Bayesian estimation in semi-blind structures holds great potential [50], but it also presents
challenges due to the high-dimensional, intractable integrals involved. Message-passing
algorithms, especially expectation propagation (EP) 9], have been widely used in the field
of Bayesian estimation. To enhance performance, variable-level EP (VL-EP) was proposed
by combining expectation-maximization (EM) and EP [20]. To improve the convergence
properties of VL-EP, hybrid EM-EP and loop-free EM-EP were introduced [55]. However,
these algorithms are not equipped to handle user symbols from a finite alphabet.

To address this limitation, a distributed bilinear-EP algorithm was proposed in [2], which
uses a brute-force approach to tackle the inference problem involving a finite alphabet.
Inspired by [2]| and [23], the authors of [56] proposed a simplified decentralized bilinear-EP
algorithm.
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Additionally, it has been shown [6] that various message-passing algorithms can be derived
by optimizing Bethe free energy (BFE) under different assumptions. Hybrid vector mes-
sage passing (HVMP) [21] was proposed based on BFE optimization, but its complexity
is high, and it is unable to handle inputs from a finite alphabet.

8.1.5 Main Contributions

We propose a low-complexity algorithm for semi-blind channel and data estimation, based
on the framework of BFE-constrained optimization. To effectively handle interference
terms, we introduce an auxiliary variable. Furthermore, we make specific assumptions
in the BFE formulation to avoid non-analytical integrals, simplifying the derivation and
reducing computational complexity. Our method also integrates seamlessly with the de-
centralization scheme presented in [56].

In summary, the proposed algorithm blends key elements from belief propagation, expec-
tation propagation (EP), and variational Bayes, offering a more efficient and practical
solution.

8.2 Bethe Free Energy Optimization Framework

Bethe free energy is the approximated variational free energy between the true probability
(8.2) and a constrained Bethe approximation trial function.

8.2.1 Bethe Approximation with Constraints
Following [6], the BFE of (8.2) is:

BFE = ) D[by. (21, .-, zix) [p(¥il 20, - - 20x¢)]
l

+ZD[bfhng(hng) |0 (@pig: Puc,) 1+ DIy, (@) |p(s)]

+ D Dlbsy (zws hurs ) |6(Zus — b)) H[bz,, (2]
+ > Hlbny (hi)] + Y L Hlbg, (2], (8.4)
Lk k

where all the factor-level beliefs by, , bs,, , by, . , s, , and variable-level beliefs by, , bz,

A Y
bz, are proper distributions normalized to one. Furthermore, to make all these factors
consistent, the variable-level beliefs must be the marginal distribution of the factor-level
beliefs. For all [ € [1, L], k € [1, K], the constraints for the x;, are

Jbalk(zzk, b, ) dzipdhy, = by, (1) (8.5)
bfey, (Tk) = ba, (). (8.6)

However, satisfying the strict constraints of h;, and z;;, will lead to an intractable problem.
Therefore, we relax the strict constraints to first and second-order moment constraints
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(specifically, mean and covariance constraints). W.l.o.g., we denote those sufficient statis-
tics as Gny, (hur), Gz, (Z1x)

]Eble [¢Z1k (Zlk)] = Ebzlk, [¢sz (Zlk)] (87)
Es [¢Zlk (Zlk)] = ]E'bzlk [gbzlk (zlk)] (8'8)
By, |On(hir)] = B, [0y, (har)] (8.9)
Ev,,, [Ony (Puw)] = By, [0, (k)] (8.10)

Moreover, to make the further derivation tractable with finite input X, we only consider
the covariance constraints of elements within every size-M block Vt € [1, T, [ 2] t—1)rm+1:6m-

8.2.2 Bethe Free Energy Optimization
The optimization criteria can be concluded by
mbin BFE

s.t. (8.5) ~ (8.10). (811

We observe the term D|bs,, (2, P, 1) |0 (Zix — hyx])] in (8.4). Since we need to min-
imize the BFE, the posterior factor b, must contain the factor §(Zy, — hlk:vg) to avoid
infinity BFE value. In order to have an analytical algorithm, we further assume the
following form for the distribution factor bs,, :

bs, (Ziks Pk, 1) = sy, (Pak)bs, (1) 0 ( Zie —hyx)), (8.12)

where the belief bs, ,, and b5, ,, are beliefs normalized to one. By using Lagrangian meth-
ods, we can obtain the following message-passing style system of equations along with
(8.12):

by (21, 2u) =p(Yilzn, - - z0) | [Pz, (26) (8.13)
k

Ot (HiG,) = D(Yig: uc, ) 1_[ Fhais s, (k) (8.14)

keG,

by, (@) = p(Tk) a1, (T) (8.15)

e T L e (8.16)

by, o(x) = i (5 ) s I (o) (8.17)

b (Zik) = Mz sa, (Zu) Bayson (Zik) (8.18)

by, (hux) = i fuyg, (P ) th 0 (Pk) (8.19)
vL (8.20)

bmk (mk) = [/“mefwk (wk> H My ;61 (mk)]

The equations (8.12)~ (8.17) describes the factor level beliefs while (8.18)~(8.20) are
variable level beliefs. For all f € F, @ € V, we interpret 1.5 as the variable to factor mes-
sage. Furthermore, we can define the factor to variable messages such that the following
relation holds [11]

VfeNO),pos(0) = [] wpe (8.21)
f'eN(6)/{f}
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where N(0) denotes the neighborhood around 6 in the corresponding factor graph. Thus,
(8.20) can be rewritten into the message passing form

bmk (wk) = Hfzyzr (in) H M52 (mk) (822>
l

Since the sufficient statistics we consider here are first and second-order moments, the
messages ILthng;hlk, Porgihurs Fofayizin and fis,.2, are all (unnormalized) Gaussian distribu-

tions. Therefore, in the following, for all f € IF,0 € V, we use my.9, Ct,9 to denote the
mean and covariance of the factor-to-variable (normalized) message distributions fiy.g.
For convenience, we also denote the mean and covariance of the variable-to-factor (nor-
malized) message fg.5 as meg.; and Cp,r. We should note here that the factor-to-variable
messages fully determine those variable-to-factor messages and beliefs.

Furthermore, since the second-order sufficient statistics of z;, only include the covariance
between the elements within each block sub-vector Vt € [1,T7, [zu]—1)m+1:40, the co-
variance matrices Cs,,.,, € CY"MT and Cy, .., € CM"*MT are block diagonal matrix
with block size equals to M. For simplicity, for all block matrix C, we use the notations
{C}4.m to denote the t-th M x M block matrix on the diagonal of C. Analogously, we
use the notation {m}; to denote the t-th block vector of size M x 1 in m, i.e., the
subvector [ —1)m+1:m-

The computation of factor-level beliefs (8.13)~(8.15), are composed of two types of factors,
the true factors given by the joint pdf model, e.g., p(¥piq4, Pug,), and variable-to-factor
Messages, €., Mhuyifng - We will use the term "intrinsic" to denote the true factors
and use "extrinsic" to denote the variable-to-factor messages. Those messages can be
understood as the "rest" part of the approximated posteriors besides the true intrinsic.

For example, if we look at (8.14), the extrinsic [ [, g, #hyisn,, can be interpreted as an
g9

approximation of p(Y,, Y, hua,)/p(Yp,g, Puc,), where p(Y,,, Y, hyg,) is the marginalization
result of (8.2).

Since the optimal point of the BFE can be purely represented by those factor-to-variable
messages, we will focus on deriving the update of the factors-to-variable messages in the

following context. Meanwhile, the update of all the variable-to-factor messages follows
(8.21).

8.3 Detailed Derivations

The messages are updated iteratively (update one message a time while considering the
other messages to be known) by satisfying the constraints (8.5)~(8.10), which describe
the consistencies between the factor-level beliefs Vf € F,b; and variable-level beliefs
VO € V,bg. Each pair of the (marginalized) factor-level belief and variable-level belief
constrained by (8.5)~(8.10) always has one message different. We will update that dif-
ferent message by considering the consistency constraints. Note, in this chapter, we base
our discussion on the factor-to-variable messages since the variable-to-factor message is
entirely determined by the definition (8.21). We can consider the variable-to-factor mes-
sages as aliases of the corresponding factor-to-variable messages. For example, 1, ., 1S

considered as the same message as (i, .z, .
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8.3.1 Update of sy,

2k

We first investigate the constraint between the beliefs by, and b, given by (8.13) and
(8.18). According to the constraint given by (8.7), we need to match the marginal mean
and covariance matrix of zj. Since the pdf p(y|zy,...,zik) is a Gaussian pdf with
block-diagonal covariance matrix, the belief by, is also a Gaussian with block-diagonal
covariance matrix. Because Gaussian pdf is fully determined by mean and covariance
matrix, matching the moment of zj; between (8.13) and (8.18) is equivalent to matching
the entire distribution between the marginalized version of (8.13) by, (zx) and the belief
bz, (z1x) given by (8.18). Therefore, by forcing the equality by, (zix) = b, (2ix), the update

equation for the message if, .5, can be obtained by Gaussian reproduction lemma [15]:

ffopimn (Zi6) = CN (Ziklyr = Mg, Cot Y Coi)-

K £k k'#k
8.3.2 Update of i, .,
g9

The consistency constraint between (8.14) and (8.19) is given by (8.9). A detailed deriva-
tion of the update equation can be found in [56]. The mean and covariance matrices of

’ufhl(;g§hlk (hlk) are giVen by

~1
=—1 —1

thng§hlk = <‘-‘hlk + Cv-‘rhlﬂy) (8‘23)

mfhng shae = thlcgvh Cv+h Sy thglys (8.24)

where Cv+hm|y can be interpreted as the covariance matrix of the interference (estimated

from observations y and prior knowledge) plus noise, and My h, |y Can be interpreted as
the new observation with interference terms removed, i.e.,

2

O—’U
C”"‘hzﬂy - O‘QPI + Z Chlk/\Y (8.25)
z k'eGg/{k}
mv+hlgly QPypvlg 2 mhlk/‘Yd7 (826)
k'eGgy/{k}

where
1 -1 —1
Chuly, = (‘_‘h w T Ch‘lk;fhlgq)

_ (8.27)
Mpy |y, = Ch1k|YdChlk;fhlG mhm;fhlcg'
g

8.3.3 Update of yy, .,

The consistency constraint between (8.15) and (8.22) is given by (8.6). Thus, we can
immediately get

[ fy i, (®k) = P(r)- (8.28)

8.3.4 Update of ys, .,

The update of the message fs,,., is obtained by satisfying the consistency constraint (8.5)
between the beliefs (8.17) and (8.22). Following the definition of by, in (8.12), we can
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immediately obtain ps, .z, (Tr) = b, (Tr)/ a5, (k). It can be seen from (8.16) that
the belief b, ,, is Gaussian (more details in section 8.3.5. In fact, we can see bs, ,, = bp,, ).
Thus, the message 5,,.z, can be derived as

Hyp;s, (@) H CN(Ikt|m5lk§1’kt’ ?6lk§$kt)7 (8.29)
t
with
-1
TSiesane = T [{sz;51k }z;,lMRbéh’lk] (8.30)
m5lk;xkt: ,/7—\5lk§xktm|b-|§h7lk {Czlk§5lk }t_rf,lM{mzlk;51k }t,Ma (8'31)

where my, and Ry =C,, +m, m',;' denote the mean and correlation matrix
Sh,ik Sh,ik Shik Sh,ik Sh,lk

of the Gaussian pdf bs, ,, calculated in section 8.3.5. Note here that the (normalized)
message (s, ., (Tx) is a categorical distribution, and thus, the variables Mg, 2y, To,zi:
are just parameters for computing the message, they do not correspond to the mean and

variance of the elements in @y ~ fis, .2, (x). From this point, we can also update the
belief by

b5w,lk (ka) = sy, (a:kf)luwk?élk (mk) (8'32)

8-3-5 Update Of /’[/(Slk;hlk:

The beliefs given by (8.16) and (8.19) should satisfy the consistency constraint (8.10). The
exponential factor in (8.16) can be verified as an (unnormalized) Gaussian. Therefore,
the belief bs, ,, is Gaussian, and the outbound message is computed by fis,, .n,, (hi) =
b5y, 1 (Puk) /By, (Pux). The mean and covariance matrix of the Gaussian message fis,,;n,,
are

—1
C5zk;h1k = (Z [rbamylk ]t{Czlk§5lk }tt,lM>

t

m5lk;hlk:C51k§hzk<Z [mbam’lk]: {Czlk§5lk }ttM{mzzk;(szk }t]\/f)

t

where 7, L= Ey, . [xg.x}], My, L= Ey, N [x1] and "." denotes element-wise product.
Thus, we update the belief by

b5h,lk (hu) = CN(hlk‘mbatha Cbsw,c)

(8.33)
= Hopshug (hlk):uhzk%(slk (hlk)'

8.3.6 Update of 3,2,

We examine the moments consistency between (8.12) and (8.18) based on (8.8). Note
here the message fi,.5, is implicitly included in bs, due to the definition (8.16) and
(8.16). Therefore, we will update fs,.2, to make (8.12) and (8.18) consistent. The
update equation of s, ., can be derived to be

proj[bglk(zlk)]
o (Z1) = — =, 8.34
227 lk( lk) qum;élk( lk) ( )
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where the operation q(z;) = proj[p(zi)] projects the distribution p to Gaussian family ¢
with block covariance matrices, such that the sufficient statistics ¢, (z) of p and ¢ are
the same. Thus, the message s, .2, is updated by

CN(Zlk;|mb5z 1k’ Cb‘sz lk)
b5z (Zlk) - Cj\/'( 1 |

, (8.35)
zlk’mzlk§5lk7 Czlk§6lk)

with

mb‘;z,lk: mb%,zk ® mb‘sh,lk

- H H
Cb5z,lk_ dlag(rb%,zk> ® Cb‘sh,lk—i_ Cb‘s:c,lk ® mb‘sh,lkm

Osp 11,
where Gy, =Ky, [xx}]. According to (8.32), the belief bs,

by the messages fif, .z, and VI, ys, «,, which are all independent according to (8.28) and
(8.29). Therefore, the covariance matrix Cj, . 1s a diagonal matrix.

is entirely determined

Note that the belief distribution bs,, (zx) is a Gaussian mixture model. Thus, the resulting
covariance matrix Cs, .., may not be positive semi-definite. We propose the following
correction: whenever the eigenvalue of Cj, .., is negative, we reset it to a large value to
indicate that the estimation during the current iteration step is not correct. Since we are
using the iterative algorithm to find the fixed point of the BFE, resetting the value will
not change the final result.

8.4 Decentralization Method

Until this point, we have developed a distributed BFE-based message-passing algorithm
since a CPU is needed to compute the messages fiz,.s5,.- These messages are only used to
compute the beliefs bs, , which are then used to update the messages s, and ps,;z,,-
Based on this observation, we use the backhaul message-passing scheme (physical message
passed from AP to AP) proposed in [56] to decentralize the computing of bs, ,,. We define
the update rule of the backhaul message from AP [ to AP I’ to be

Vl—)l/(wk) = K&y, (wk) 1_[ Vl”—)l(wk)a (836)
eNO)/A{V}

where we exploit the notations and use N(I) to denote the neighborhood of AP [ in the
AP network. At each AP, the approximated version of belief bs, ,, (1) is recovered by

/b\(sw,lk (mk) = p(mk)ﬂélk;a:k (wk‘) 1_[ Vl’—»l(mk)- (837)
’eN(1)

This approximated belief is exact when the two conditions hold: 1), the backhaul messages
converge to the steady point; 2), the AP network is acyclic. Nevertheless, we will use (8.37)
to replace the exact update in (8.32). A suggested update order is concluded in Algorithm
8.1. As we can see, at each AP, our algorithm has a complexity of O[(M? + |S|)KT],
where |S| denotes the size of the S.
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Algorithm 8.1: Proposed Method in one iteration

ReqUire: VZJ g, ka yl,pg7 Y, p(mk)7 p(h'lk)u p(yl|zl17 cee leK)
1: Initialize: All the factor-to-variable messages and bs, ,, s.t.: 1), If Gaussian, then zero
mean and unit covariance matrices. 2), If categorical distribution, then uniform.
2: [VI, At AP [, execute the following loop]
3: repeat [VI' e N(l)k, g|
Hzi; f2, (Zlk) = Hoys;zi (zlk)
Update py, .2, based on Section 8.3.1
:uhzk;fhng (hlk) = Mélk;hlk(h’lk)
Update p,  n, based on Section 8.3.2
g
[fu, 2 () = p(x) due to Section 8.3.3
Hozips6u (zue) = Hfzysz (2k)
10: Update ps, ., based on Section 8.3.4
L1 Vit (@) = Ko ()] Lren gy vir—1 (k)
12: b5z,lk (mk) = p(mk):utszk;ﬂck (mk) Hl’eN(l)yl’—%(wk)
13: [hgio, () = :ufhlgg s, (Poire)
14: Update p5,,:n,, based on Section 8.3.5

15: b5h,lk (hlk) = H’(Slk;hlk(h’lk)u’hlm(slk(hlk) based on (8'33)
16: Update ps,.2, based on Section 8.3.6
17: until Convergence

8.5 Simulation Results

In this section, we will verify the algorithm using numerical simulations. We consider
a 400m x 400m area with M = 16 APs and K = 8 UTs. The APs are located at
400, 400 ;

the coordinates (%5°i, %-j), where 4,7 € {0,...,3}. The UTs are uniformly randomly

distributed over this area. The fading model we use is [2],
o2, [dB] = —30.5 — 36.7log, (i), (8.38)

where dj, is the distance between AP [ and UT k. All the neighboring APs within
% meters are connected and can exchange information of the estimated data symbols.
Furthermore, as illustrated in Algorithm 8.1, a synchronized message-exchanging scheme
is used. To induce pilot contamination, the default pilot sequence length is P = 6. The
transmitted data sequence spans a length of L = 10. We use 4-QAM constellation to
generate the i.i.d. input symbols X7T.

We maintain consistent positions for all APs and UTs for different realizations and con-
duct simulations across 50 unique scenarios with varying H, V', and user data. The

metric for evaluating performance is channel normalized mean squared error (NMSE).
Str(HHH)
Str(HHH)’
results are concluded in Fig. 8.1. For comparison, we also plot the results of the VL-EP

algorithm [20], which assumes Gaussian inputs, and the EP-based decentralized algo-
rithm [56], which assumes discrete inputs. In the Genie-Aided scenario, we assume the
data to be known. The performance curve of our proposed method coincides with the EP-
based decentralized method. However, EP-based decentralized has a higher complexity,
ie., O[(JA|M? + |S|)KT] at each AP, where A = {z%|z € S}.

It is calculated as where H represents the estimation error. The simulation
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Figure 8.1: Channel NMSE (dB) versus SNR (dB)
8.6 Conclusions

In this chapter, we begin with constrained BFE optimization. To avoid non-analytical
integrals, such as Gaussian mixtures, we introduce a key assumption (8.12) for the BFE.
By iteratively enforcing consistency constraints, we derive the proposed low-complexity
message-passing algorithm for semi-blind estimations. Since the message updates depend

only on the belief bs,, ,, , our algorithm integrates seamlessly into the decentralized scheme
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Chapter 9

Hierarchical Expectation Propagation

for Semi-
Blind Channel Estimation in Cell-Free
Networks

9.1 Introduction

Unlike conventional mobile networks, Cell-Free (CF) networks no longer have the cellular
topology. As a result, all the user terminals (UTs) will be served by all the access points
(APs) in an area. A huge gain throughput gain can be obtained by transforming into
the new CF network topology [57]. One of the challenges introduced by CF network is
pilot contamination, which occurs when the number of UTs exceeds the length of pilot
sequence. As a result, multiple UTs may use the same pilot sequence.

Semi-Blind approaches [50] have been explored to mitigate the effects of pilot contami-
nation. In Semi-Blind approaches, the channel and data are jointly estimated with the
presence of pilot contamination. The authors have also shown a performance gain by
transforming from deterministic estimation to Bayesian estimation [50,51]. However,
Bayesian inference is intractable due to the high dimensional integrals.

A variety of Message Passing based algorithms has been proposed to simplify the high
dimensional Bayesian inference problem into local low dimensional inference problems
[34,37,58-60.

9.1.1 Continous Input

Variable Level Expectation Propagation (VL-EP) [20] is a variant of Expectation Propa-
gation (EP) that assumes Gaussian input from UTs and combines EP with Expectation
Maximization (EM) for joint bilinear estimation. In VL-EP, posterior distributions (re-
ferred to as beliefs in EP terminology) are used as extrinsic messages to reduce complexity.
In [55], the authors investigated the differences between VL-EP and EP algorithms and
proposed a block coordinate descent method based on the Majorization-Minimization
(MM) algorithm. However, in more realistic scenarios, UT inputs typically follow a dis-
crete distribution, such as Quadrature Amplitude Modulation (QAM). Unfortunately, the
aforementioned methods do not perform well for discrete input cases.
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9.1.2 Discrete Input

In [2], the authors proposed an EP-based distributed algorithm for bilinear estimation
with discrete UT inputs. However, the complexity of this approach scales linearly with
the size of the constellation set. In [61], the authors exploited the relationship between
Bethe Free Energy (BFE) [58] and message-passing algorithms. By incorporating mean-
field constraints into the BFE, the resulting low-complexity algorithm, proposed in [61],
can be interpreted as a combination of Variational Bayes (VB) and EP.

9.1.3 Main Contributions

In this chapter, we propose an algorithm to mitigate the high complexity associated with
large constellation sets. As observed in [56] and [2], differences in the amplitudes of con-
stellation symbols further contribute to this complexity. Additionally, in decentralized or
distributed algorithms, access points (APs) need to share information about data symbols
through backhaul connections. This information is represented as a list of probabilities
corresponding to each element in the constellation set, and its size grows linearly with the
size of the constellation set. While the approach in [61] ensures that backhaul information
exchanged between APs is independent of the constellation size, it still requires traversing
the entire constellation set to determine the transmitted symbol.

To address these challenges, we exploit the hierarchical structure of the constellation set.
Specifically, we assume that the original constellation set can be decomposed into multiple
sub-constellation sets, each with identical amplitudes. A commonly used example is 4M-
QAM, which can be decomposed into M 4-QAM sub-constellation sets. By leveraging
this decomposition, backhaul messages become Gaussian, requiring only the first and
second-order moments to be shared between APs. Furthermore, this approach reduces
the complexity of symbol determination from 4 to 4M possible values per data symbol.

9.2 System Model

We consider a semi-blind signal model containing L APs and K UTs. At the [-th AP, it
is represented by

Y. Y] = H|X, X]+[V,, V. (9.1)
The received signals are composed of pilot part Y,; € CM*" and data part Y; € CV*T.
The channels between different users are considered independent Gaussian i.e. vec(H;) ~
CN (0, E;) where B, € CNEXNEK ig a block diagonal matrix of K blocks Zj,, € CV*V. The
transmitted symbols can be decomposed as pilot symbols X, € S¥*¥ and data symbols
X € S&*T where S is the constellation set. The signal power is denoted as o2. The noise
is considered as i.i.d. Gaussian distribution, and thus, vec([V,, V]) ~ CN(0,C,) with
C, =021

9.2.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by
right multiplying it with &3 = which is the conjugated g-th pilot sequence. This results in
an equivalent observation g, ,

~ 1 ~ ~
Unig = 53 Youling = > i+ Bpig (9.2)
PJx keGy
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where v,;, = #VW%;’Q ~ N(v,,40,C%), Cs = %, and G, denotes the set of users
using the g-th pilot sequence. We observe that every hy, occurs only in one group Gy,
and the cross-correlation E[ﬁmgﬁglg,] is an all-zero matrix for all ¢ # ¢’. Therefore, the

observations ¥, ;, and ¥, ;, are independent.

9.2.2 Hierarchical Data Symbol

In this chapter, we assume that the data symbols can be decomposed into

M
Tt = Z Lkt (9‘3)
m=1

where |xm7kt|2 =02 . A common example of this constellation scheme is AM_QAM. If we
assume the transmission power of 4-QAM to be o2, then we have

3 2 lm—l
02 = s (9.4)
1{1-4")
We define an auxiliary variable
Zm,it = Z P et (9.5)
k

The joint pdf can be factored as
p({ypylgh{}fl}7{zm7lt}v{Hl}’Xv{W}) (96)

= anyz,g (z{m},lt)nnném,lt(zm,lta hl{k}7 wm,{k}t)
l t m 1 t
' H H leGg (HlGQ) H H H fxm,m ($m,kt)
l g m k t

where

fylt(z{m},lt) =D <ylt‘ sz,lt> ;

5m,lt(zm,lt, hl{k}7 wm,{k}t) =p (zm,lt’ Z hlkﬂﬂm,kt) ; (9-7)
k

leGg (Hng) = p(yp,lga HZG9>§
fxm,kt (xm,kt) = p(xm,kt>
where the curly bracket in the subscript 6,; denotes all 0y,...,0y, and Hg, denotes

a matrix collecting all k € G, hy, as its column vectors. We will base our EP (BP)
algorithm based on this factorization scheme.

9.2.3 Notations

The variable-to-factor messages are fully determined by the factor-to-variable messages.
Therefore, in the following discussion, we will focus on deriving the factor-to-variable
messages. In the EP procedure, we denote the mean and covariance of the variable-to-
factor message fuy.9, as My, and Cuyp,, and those of the factor-to-variable message ;v
as My, v and C@i;\p.
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Figure 9.1: Factor Graph with Neighborhoods of both Factor (above) and Variable (below)
Nodes. For simplicity, V symbol is used to indicate that there are multiple nodes.

9.3 Message Passing Derivations

We first look at the factor node 6, ;. The (partially) marginalized belief at d,, ; is

bémJt (zm,ln hy, xm,kt)

= Jé(zm,lt - Z hlkxm,kt)ﬂzm,h;am,“(zm,Zt)

k
T T itrissonse i) | | amiionn e Con i) AP, iy
k k

= Kz 1430m,t (zm,lt):uhm;fsm,n (hlk>/’l’xm,kt§5m,lt (Im,k)t> (9.8)

'dem,lkt5(zm,ltwm,lkt — R gt

'thlkd‘l'm,lkt(S(wm:lkt — Z hlk’xm,k/t>

k' £k
.H/’thk/;am,lt (hlkl)nuzmyk/ﬁ&m,lt (xmvklt)7
k' £k K £k
where we define w10 = Y. RiwTmae as the interference in (9.8). If we look at

the second integral after the second equal sign in (9.8), this interference w,, & can be
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approximated as Gaussian by Central Limit Theory, with mean and covariance matrix

My iee = Z mhlk/;fsm,ltmxm,k/t;lsm,lt
k' #k

_ 2
Cwm,lkt - Z Chlk’;ém it Orm (99)
k'#k

H
+ mhlk/;ém,ltmhlk/;(sm’lt Txm’k/t;ém,lt .

With the above CLT approximation, the term z,, ;; — Wy, ikt in (9.8) can be verified to be
a Gaussian with mean and covariance matrix:

My = Mz 1456mae — Mwe, ke

(9.10)
C. ,.=C. +Cy

m,lkt m,1¢50m, 1t m, Lkt

9.3.1 Message from 0,,;: to ,, i

From the derivation in [56] and the above CLT approximations, the feedback message
6, 152 e Canl be identified as Gaussian with mean and variance

-1
_ H 2 -1
TS ttiTm gt — [mhlk;5m,lt (Cum,zm + Umehzk;5m,lt) 'mhzk§5m,lt] (9 11)
_ H 2 -1 '
Mg, 15Tm e Tém,lﬁrm,ktmhlk;(sm,lt ’ (Cum,lkt + O-mehlk§5m,lt) Moy, it
The belief of x,, 1+ at d,,,+ factor node is
b(sm,lﬁx'm,kt (xm»kt) = H’xm,kt;&m,lt (ajmakt)lu(sm,lﬁx'm,kt (xm»kt)
Since BP is used for z,, ¢, we have
bxm,kt (xm,kt) = bfsm,lt;xm,k't (xm,kt) (912)

In most cases, 4-QAM is used. To obtain the belief, we first look at the message
6m,lt — Tm kt,

-1

—1
Txm’kt‘y - 2 Tém,lt;xm,kt
: (9.13)
-1
mxm,kt|y = Txm,kt‘y ZT‘Sm,lt?xm,k:tmamylt;xm,kt
l
Therefore,
T CN(x m T,
brm,kt(xm,kﬁ _ p( m,kt) ( mZ,kt| Tkt Y :cm,kt\y)7 <9‘14)
T, kt
where
me,kt = Z p(l‘m,k‘t)CN(xm,kt|mxm’kt|y7 Txm,kt‘y)' (915)

wm,ktesm

In the following, we denote the mean and variance of b, ,, as mp,  and 7,
3 m, m,

kt Kkt
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9.3.2 Message from 0,,;: to hy;
With the CLT approximation, the joint belief pdf (9.8) can be written as

b5m,lt (hlkv xm,kt) = CN(hlk|mhlk|1'm,kt7 Cth\U;%m)b5m,lt;$m,kt (xm,kt)7 (916)

where

_ 2 -1 -1 —1
Chlk‘o-:%m - (O-Z'mcum,lki + ChZIC;(Sm,lt)

(9.17)

— * -1 1
mhlklmm,kt - Chlk‘agm (xm,ktcunl’[ktmum,lkt + Chlk;(sm,ltmhlk;am,lt)

The mean and covariance matrix of belief bs, for hy, at 0., can be obtained as [56]:

gtk

_ * -1 —1
mbé'm,li;hlk - Chlk‘agm (mbzmykt Cum,lktmum,lk?t + Chlk§5m,ltmhlk;§mvlt)
—1 _ —1 o —1
b6, b Chlklaim Toapy ke C"m,lktm”m’”“ (9.18)

-1
H ~1 ~1 H 1
. <1+ L— C Chilo2,, C’um%tmum’lkt) m

ket WUm, 1kt Um,lkt WUm, 1kt Um, ikt

proj(bs,, ]
Mhlk,;é

The feedback message can be obtained by

m,lt
C . Cum,lkt .
Omitshuk — B} Tbmm,ktmum,lkt
rm
—1
: — o mH
szm,ktﬁyauxmxlkt O_wm Um, ikt (919)
_ —1
ms,, b = C5m,lt;hzkcb5m Leihig mbf‘m,lt;hzk

hlk;‘sm,ltmhlk;‘svn,lt?
where

2
Orm

C —1
_ H Um, ikt
Yauz,, 1ir = mum,zm < + Chlk;5m,lt> My ik (9'20)

9.3.3 Message from 0, to z,, ;s

Similar to the computation of w,, ;x: in (9.9), we approximate the marginalization over
Vk, hy; and @, 5 by CLT. Therefore, from (9.8), we have

bém,lt (zmylt) = lj’zm,lﬁém,lt(szt)
: J5(Zm,1t - Z hlk$m,kt) H 20 FTRT I (hlk) (9 21)
k k )

) 1_[ luxm,k'ﬁ(;m,lt (xmykt)dhlkdxm,k’t
k

According to CLT, the integral in (9.21) can be approximated as Gaussian. Following
feedback message rule, we can verify that the integral part is the feedback message, and
thus,

1
M, 52mae = K_1 ; LT
1 (9.22)
C5m,lt;zm,lt = K1 Z Cwm,l,k,t'
k
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9.3.4 Message from fg,, to hy

Since leGg is already Gaussian, the belief at leGg must be Gaussian,

b, = frne, (Hic,) | | thusreng, (Pur). (9.23)
keGy

Following [56], we get
lLLleGg shug (hlk)

= CN | hilGpag = Y Mg, Cs + . Chyy) (9.24)
k'eGg/{k} k'eGy/{k}

where

—1
_ —1 =1
Chlk‘y - <Chlk§leGg + thk)

<o (9.25)
mMply = Chzk\ychlk;leGg mhlk;leGg .
9.3.5 Message from f,, to z,,;
Since belief at f,, is
bfyu - p(ylt| Z zm,lt) 1_[ Mzm,Zt;fylt (zm,lt), (926)

which is already a Gaussian, we can immediately derive the feedback message by Gaussian
Reproduction Lemma [15]:

nylt§zm,lt = CU + Z CZ"L,lt;f’ylt
m/#m

mfylt§zm,lt = ylt - Z mzm,lt;fylt

m/#m

(9.27)

9.4 Simulation Results

We simulate an environment within a 400 x 400 square meter area, equipped with 16 APs
and 8 User Terminals. Each AP features N = 2 antennas and is positioned at coordinates
(4%2', 4% ), 4,7 € {0,1,2,3}. The UTs are uniformly distributed throughout the area. We
denote the distance between each UT k and AP [ as dj;,. Channel covariances for each
user k at AP [ are modeled using N x N diagonal matrices, represented as J,QLMI , where
101og,(07, ) = —30 — 36.7log(dix).-

The length of the orthogonal pilot sequences is set to P = 6 to introduce pilot contami-
nation.

We employ 4" QAM constellation of length T' = 16 for signal transmission where M €
{1,2}. Following [57|, we employed power control to ensure the total received power at
the APs is the same. We base our results on 50 different realizations, which are illustrated
in Figure 9.2. In the Genie-Aided scenario, we implement the proposed algorithm as if
the data symbols are known. In the MMSE Genie-Aided scenario, all the APs estimate
the channel coefficients using the MMSE estimator with known data sequences, which is
the theoretical lower bound for all channel estimation methods.
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Algorithm 9.1: One Iteration of Decentralized EP

=~ 2 2
Requlre. —lhlk, yp,lg 9 ylt; 0-1-7 O-'U7 Gg7 S

1: Initialize K6 1i3hise s M 1132m 109 M6 1% m ket 3
2: CleGg;hlk and meng5h‘”€ via (925) - (924)
3: Cpy iz and myp, o via (9.27)
4: Cy,,,,, and My, via (9.10)
5 To e A0d Mg, 0 Via (9.11)
6: bap o (Tmke) Via (9.13) — (9.15) — (9.14)
7. Chylo2, Via (9.17)
8: bts; oy, A0, ViR (9.18)
9 YVauzy e Via (9.20)
10: 57,11,lt;hlkm5m,zt;hzk and P, .5, via (9.19)
11: Cs,, iz and My via (9.22)
0
m Ol
°
&% 10 -
2
g 15 - Proposed Method M=1
g —a— Proposed Method M=2
-20 - |—+— Proposed Method with Genie-Aided Data
=9~ MMSE with Genie-Aided Data |
I I I I I

-25
-30 -25 -20 -15 -10 -5 0 5 10 15

SNR (dB)

Figure 9.2: NMSE vs SNR
9.5 Conclusions

This chapter introduces a simplified, distributed EP-BP-based algorithm for bilinear joint
estimation. By leveraging the structure of the data symbols, we reduce the complexity
associated with the constellation size. The proposed algorithm is compatible with 4*-
QAM data symbols. At each AP, the computational complexity is O(M KT - N3) | while
the CPU handles the computation of data symbol beliefs with a complexity of O(M LKT)

This approach can be extended to other message-passing algorithms to further reduce
complexity. For example, the hybrid VB-EP algorithm in [61] treats the entire data
sequence as an atomic variable. In contrast, our method considers each individual data
symbol as an atomic variable.
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Chapter 10

Distributed Iterative ML and Message

Passing for Grant-Free Cell-Free
Massive MIMO Systems

10.1 Introduction

Cell-Free (CF) Massive Multiple-Input Multiple-Output (MaMIMO) has attracted signif-
icant attention due to its ability to leverage the benefits of both MaMIMO and distributed
antenna systems [1,20]. In CF MaMIMO systems, a large number of Access Points (APs)
are geographically distributed over a wide area. Although a Central Processing Unit
(CPU) coordinates the system, the information exchange between APs and the CPU is
limited. Consequently, APs are unable to share their Channel State Information (CSI),
which necessitates the development of distributed algorithms for data detection and chan-
nel estimation [1,2,62].

With the sporadic traffic patterns introduced by the Internet of Things (IoT), the Grant-
Free (GF) access scheme has been proposed as a reliable, low-latency solution [4]. More-
over, it has been shown that MaMIMO systems are well-suited to support GF access.
Due to the large coverage area of CF MaMIMO systems and the absence of cellular
boundaries, the number of User Terminals (UTs) often exceeds the number of available
orthogonal pilot sequences. This results in the well-known issue of pilot contamination,
which prevents the accurate acquisition of Channel State Information (CSI) [20]. To
address this challenge, semi-blind approaches—where Access Points (APs) jointly estimate
the channel and detect user symbols—have been investigated in [51]. However, the joint
estimation of CSI and data leads to an intractable high-dimensional inference problem,
necessitating the use of approximate inference techniques.

10.1.1 Prior Works

In [61], a hybrid Variational Bayes and Expectation Propagation (VB-EP) algorithm
was proposed for semi-blind estimation by minimizing the Bethe Free Energy (BFE)
[6]. However, this method is sensitive to initialization and may diverge away from the
stable point with bad initializations, particularly when user data are drawn from a finite
alphabet. Moreover, it is not suitable for GF access schemes.

The Variable-Level EP (VL-EP) algorithm [20] offers improved robustness when user data
follow a Gaussian distribution. It can be interpreted as an approximate maximum a pos-

99



teriori (MAP) estimator for the channel coefficients, due to its Expectation-Maximization
(EM) update mechanism. However, VL-EP still suffers from divergence when finite alpha-
bet data are used. Another limitation is that only a centralized version of this algorithm
was proposed in [20]. In contrast to VB-EP, VL-EP treats multiuser interference as zero-
mean noise when estimating a user’s channel based on the data likelihood, which results
in performance saturation in the high signal-to-noise ratio (SNR) regime.

To improve convergence, the concept of introducing a pseudo prior into message-passing
(MP)-based algorithms has been proposed in [63|. A pseudo prior is essentially an ap-
proximate posterior, typically obtained from a simpler algorithm. In MP algorithms, it
is incorporated by multiplying the pseudo prior with the true prior (or 1, if the parame-
ter is deterministic) to form an enhanced prior. From this perspective, the pseudo prior
does not introduce new information; rather, it serves as a regularization term that helps
prevent the algorithm from diverging.

10.1.2 Main Contributions

In this chapter, we propose a distributed algorithm for activity detection, channel estima-
tion, and data detection. We observe that when pilot sequences are mutually orthogonal
and the data symbols have zero mean, the Central Limit Theorem (CLT) can be applied
to enable an approximate ML algorithm for distributed activity detection. After the ac-
tivity detection, we treat the activity indicator as given and perform the bilinear channel
estimation and data detection jointly. During the bilinear estimation, we leverage the
concept of a pseudo prior to combine the strengths of VL-EP and VB-EP. We use the
results in VL-EP as psedo prior for VB-EP to prevent VB-EP from drifting away from
the critical point.

10.2 System Model

We consider a semi-blind uplink signal model comprising L APs and K single-antenna
UTs. Each AP contains N antennas. The local system model at the [-th AP is given by

Y., Yi|=HU[X, X|+[V., V. (10.1)
The received signals at the the I-th AP consists of a pilot part Y,; € CV*” and a data
part Y; € CN*T . Each column EZE of H, represents the uplink channel from UT k to AP
I. The channel h is modeled as a zero mean Gaussian random vector with covariance
matrix Sy € CN*N_ The activity indicator matrix is denoted by U = diag[us,. .., uz|,
which is an unknown deterministic diagonal matrix with binary entries. Its diagonal
elements form a vector u = vec(U). The transmitted signal matrix is composed of pilot
symbols X, € CK*F and data symbols X € S¥*T where S denotes the constellation
set. We denote f% as the k-th row of X, and it represents the data sequence transmitted
by user k. The signal power is denoted as 0. The noise is considered as i.i.d. Gaussian
distribution, and thus, Vec([Vp,l Vl]) ~ CN(0,C,) with C, = 02I. We denote Y,, Y,
H, V, and V as global system paramenter.

10.2.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by
right multiplying it with @ & which is the conjugated g-th pilot sequence from the pilot
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codebook. This results in an equivalent observation ¥,

~ 1 ~ — ~
Ynig = 5 Yri®pg = D hygug + By (10.2)
* keGy
where v,,, = P%:?V;?»l%;,g ~ N(v,,4]0,C%), Cs = ;,LUIQ, and G, denotes the set of users
using the g-th pilot sequence. We observe that every ElguE occurs only in one group
Gy, and the cross-correlation E[9), 5,0 ] is an all-zero matrix for all g # ¢'. Therefore,

the observations ¥,;, and ¥,;, are independent. Denote ﬁzég as the matrix stacking
Vk e ég, El% as columns.

10.3 Iterative ML for User Activity Detection

The method we use for activity detection is based on maximum likelihood. Denote the

A~

estimated activity indicator as 4 = Diag[U]. The likelihood of @ is

(Y. Y,[0) = j p(YH, U, X)p(X)

— o~ (10.3)
S [pE) [ [2@s[Hrg,, U)dHIX
l g
Before investigating (10.3), we introduce a useful relation
CN(m1|Aw, Cl)CN(a:]mg, Cg) (10 4)
= CN(m|m3, Cg)CN(m1|Am2, Cl + ACQAH) .
where
Cs; = (Aci'A+ ;)
= (A7G ) (10.5)

ms = Cg(AHCflml + C{lmg).
This relation can be verified by noticing
DA+ BCD)'=C Y(DA'B+C ") 'DA™;
det(A + BCD) = det(A) det(B)det(C™* + DA™'B).

We combine pilot observation and channel prior to get a pilot based prior p(H A, |u) (even
though it is a posterior given Y,,, we can still understand it as prior information as if we
have a blind estimation problem)

P(Hg,|u) = p(Hg,|Yy, €)acp(Ypig: hig, | @)
= CN(Gpagl D Elg,cg)c/\/(ﬁ,@o,a%g) (10.6)

keGgnU(4)

Assume k € @Q, and in later context, we will use the marginal pilot-based prior ﬁ(ﬁm)
which is computed from

fp(gnlg’ Elég |a)dﬁl{?¢E}: CN(gp,l9|07 Cﬂp,zglﬁ)ﬁ(ﬁlﬁm)
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where

keGynU () (10.7)
plhglu) = p(hglu,Y,) = CN(hzﬂmEmma CE@@)

and
Cy,rpa = Coppla = Epyi
' — -1 =_—1\-1
Chlg"a - (CYMHLE a ‘_‘hlE> (108)
-1 ~
Mhzla hgla ™y, h, Ypilo
Now we take data observation into consideration. Rewrite (10.3),
(Y Y|U HCN plg‘O Cynglu)
v (10.9)
(o1 3 m@ R [ [9Hig, [0)aHax
kEU('lL l7g

where we use CLT to approximate the summation. Suppose that k € U(), and we stack
the results from (10.8) to form
Cra = covlhz] = [C hy

. (10.10)
My 4 "= E[hz] = [my_ cla il

I = owC hola
(N)
l

71%‘“

The cross correlation between different Z; is not important, since Vk # EIE[EkEg] = 0.

Denote z; = 5E®EE which has zero mean and covariance
Cs =E[zZ | = o2[Ir ® (Cpja + mgﬂﬁmgg'a)] (10.11)
Therefore, the likelihood can be represented by
p(Y,Y,|U) = p(Y]Y,, U)p(Y,|U)

N ()0, Cyyy,a) | [CN (@p1l0, Cy, 1) (10.12)
lg
where
Crma= Gt 2, O (10.13)
kel (@)

The log-likelihood of u is Inp(Y, Y;|ﬁ) ~ L,(u) + Lqg(w), where

L,(T) = Z InCN (9,40, Cy, ,.1a)

l,g

= Z - ln[det(cﬂp,zglﬁ)] - gglgcg_pl,lgmgp,lg (10.14)
l

Lq(@) = InCN (y|0, Cyyy, 2)
— In[det(Cyy,.a)] — ¥"Cyly, 4.
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Algorithm 10.1: Iterative ML

1: Initialize: 1 =1, u =0

2: repeat

32 k=[(i—1)mod K] +1
4 U = arg maxge(o,1} Liot (I — Ep)u + ez0)
5. until Convergence

Now we try to simplify Ly. Consider the large system limit, i.e., L, K, P, T — o with
fixed ratio between every pair. To have a realistic system, [Y],; and E{|[X];,|*} scale
with O(1). Therefore, tr[Egm] scales with O(1/K). This indicates that the off diagonal

blocks of CEE‘,& +my amgr are higher-order perturbations of the blocks on the diagonal.
% u
We neglect the off diagonal blocks by approximating
/ H —
Vl#1 .72 my gmy =0 (10.15)
kel (@)

After that, Cg 5 + mgﬂﬁmH

size N x N. This entails Ly ~ Ly where

is approximated as a block diagonal matrix with block

La(t)~){ ~T'In (det CU+ZU§(CEEW+mEEm§m)
! keU(a)
(10.16)
—Zyl[f[Cﬁr Ui(cﬁmm + mﬁm\amﬁﬂa)]_lylt
t keU(a)

where yy; is the ¢-th column of Y;. After the approximation, compared to Ly(u), Ed(ﬁ)
not only lowers the complexity, but also allows a distributed computation.
Combine both L, and approximated Ly and the likelihood @ can be finally approximated
as

Lit(t) =Inp(Y,Y,|U) ~ L,(u) + Lq(u). (10.17)

The constrained ML is NP-hard. Therefore, we present here an iterative method as a
compromise. During the i-th iteration, we update the uz where k = [(i — 1) mod K] + 1
to maximize (10.17). We repeat this procedure until convergence. The complete procedure
is outlined in Algorithm 10.1, where e; denotes a vector with a one in the k-th position
and zeros elsewhere, and Er = Diag(ey) is its corresponding diagonal matrix.

10.4 Distributed VL-EP for Pseudo-Prior

With estimated u from previous section, we prune the estimated non-active users
H-HU, H-HU: X-UX; K =4"4 (10.18)

with hg, hy, :13{ as the k-th column of H, H; and the k-th row of X respectively.
Furthermore, we use Ep,, , G, to denote a pruned version of =z  and G,.

Distributed VL-EP can be used for pseudo-prior of VB-EP. To estimate the k-th user
channel, we consider other channels as interference and alternating estimate all the chan-
nels, i.e., minimize the negative log pdf —Inp(Y, 9, .y, bi) while treat V&' # k.hy as
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interference with distribution CA/ (h;]mﬁk/, C,VW). At each AP, the noise plus interference

of received data y; = vec(Y]) has zero mean and covariance matrix
2 2 H
Cy,=0,Int +20xIT ® (C}Vzl,j_ mﬁlkmﬁlk) =Ir ® Cy,,
k' #k
where
2 2 H
Cy, = 0oIn + Y, 02(C;,  +my, ml ) (10.19)
Kk

is constant in time since the noise power is constant in time and we define Cy,, = Cjy,, -
On the other hand, if we look at the pilot part. The noise plus interference of the received
pilot at each AP 9,,;q, relative to user k can be modeled as Gaussian with the following
mean and covariance matrix

m’lv’p,lk = Z mFle/; Cﬁp,lk = C?’ + Z Cﬁlk/ (1020)
K'eGy/{k} k'eGg/{k}

In order to construct a majorization function, we first look at the approximated marginal
joint pdf (with interference approximated as Gaussian noise)

P(Y , Upig, hi, i) = (Y |hi, ) D(Yp g | i) p (B ) p(2k)
= plxk) np(Yl|hlk, 1) P(Yp.ig|Par ) p(Ru) (10.21)
!

The effect term of the majorization function at hy, = hy, is [20]

em(hy|H) = ~Eay iy my, 0P(Y ' Gptg: b, 1)) (10.22)

The channel hy, is estimated by arg min, em(hk]T-I/ ) iteratively.

10.4.1 Expectation Step

To minimize the majorization function (10.22), we need to get the posterior p(xy|Y ', my, ).
Rewrite it into the product of prior and likelihood

(@Y, my, )oep(y) | [ p(Yilws, my,,) (10.23)
l

We observe that the likelihood of the observation at the [-th AP, which is proportional to
Gaussian distribution:

p(Yi|lzg, my, )ocCN (zx|mi,, Ca,, ), (10.24)
where
Ciy, = To Ir; My, = TélkmlelkC{;iOylt;
_— (m%i;l)H Cmiméflk”)_l (10.25)
Since Cj,, is a diagonal matrix, we can compute the posterior statistics of z;; by one-

dimensional integrals. We denote marginalized version of (10.23)

Plan) = JP(CL‘HYh My, AT (e 21y

(10.26)
= p(mkt) HCN(l'kt‘m:'vlkw T:'vzk)
l
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Algorithm 10.2: VL-EP For Pseudo Prior

1: Initialize: 77, = 1, mz,, =0

2: repeat

3: Cy,.» My, by (10.29)

4: Bikos M0, 155 C"v’p,lk by (10‘19)’ (10'20)
5. Ts.,. mz, by (10.25), (10.27)

6: until Converge

without the pseudo-prior, using discrete p(xy;) may lead to convergence problem. There-
fore, we approximate p(zy;) by Gaussian CA (z1|0,02). As a result, the approximated
mean and variance are

Ty, = +Z Ton) 3 Mgy, = kazz T M, (10.27)

To estimate the posterior mj,,, We denote the posterior mean, variance and second-order
moment as my,,, Tz, and rz,,.

10.4.2 Maximization Step

Investigate the log pdf inside the expectation in (10.22). By neglecting terms that do not
contain hg

- hlp(Y, gp,lg; hk7 ka)
= Z [z @ In) o — yi]" C5! (a0, ® In) by, — 1]
l

(10.28)
+ (hlk - gpvlg + mﬁp,lk)HC’u Lk (hlk - gp,lg + m'i}p,lk)
+ h{iE,’l}khlk + const.
Therefore, arg ming,, em(hy;| H) leads to the updates
—1
C’Vllk - (C'v Ik 'Ulk erkt + '_‘th)
(10.29)

mfllk = Cfllk [Z mxktc’l}lkoylt + C’U Ak (ypvlg mijp,lk)]
t

The above procedure is illustrated in Algorithm 10.2. To make the algorithm robust, we
change the order of maximization step and expectation step.

10.5 Bilinear VB-EP

Inspired by [63], we then integrate the pseudo prior from VL-EP to the prior distribution
of hy, and x to form a enhanced prior

ﬁ(hlk) = C./\/'(hlk|m,v”k, Cﬁlk)
= C./\/'(hlk\m;”k, C}V”k)c./\/’(hlﬂo, E'hlk) (1030)
ﬁ(ﬂfkt) = f)/(xkt)p(ﬂfkt)

105



The additional potentials do not contribute additional information, they only serve as
regularization to prevent VB-EP from drifting away from optimal solution. Furthermore,
we can define the pilot-based enhanced prior as p(hic, ) p(Up,ig|Puc, ) P(Pug, ). If we intro-
duce Vk.Zj, = hlkmf and zy, = vec(Zy), we can verify that our current system model has
exactly the same form of [61]. The VB-EP algorithm aims to find local approximation of
the marginal posterior (also called belief, denoted by b.(-)) with messages p...(-) of their
neighboring variables. From [61], these approximations can be written as

br., (zumy) =p(Yilzigey) | [1zinsre, (211)

k
Ot (hug,) = p(hug,) H Fhiss s, ()

‘ keGy ‘
Doy (k) = P(h) prrys o, () (10.31)

T
b(Sh lk(h’lk): Fehasdu, (hlk)e%m’lk(mk)ln pagyioy, (voelPunm) daon

bé lk( ) = :umk'ézk(wk)egbéh’lk(hlk) . uzlk;élk(veC(hlka)dhlk
bzlk (zlk) = Kz fs, ('zlk>luzlk§6lk (zlk)

bhlk (hlk) = /’thkahng (hlk)luhlkﬂ;lk (h'lk)
bwk (mk) = [H’wk§fa:k (mk) H Hay;61k (mk’)]l/Lv
l

where we use fs,, fz, fh,q, to denote the likelihood of p(yi|2ix}), the enhanced prior p(ax)

and the pilot based enhanced prior ]%(hl(;g). Due to the definition of Zj;, the likelihood
of Zy, given hlkazf is a Dirac delta function. Therefore, in the equations above, we use
011 to denote p(Zlk\hlkscf). The messages are the solution system of equations consisting
of the following moments constraints

B, [0z, (zik)] = B, [0z, (21r)]
]E5uc [¢zlk (Zlk)] = Ebzlk [¢zlk (zlk)]
Evy,, O (hur)] = vy, [Ony (ha)]

Ebs,, [On (huk)] = Ev,, [Oh, (Pu)]

and the following marginal constraints

10.32
10.33

(10.32)
(10.33)
(10.34)
(10.35)

10.35

fb61k<zlka b, xr)dzydhy, = by, (1) (10.36)
bfa (1) = bay (). (10.37)
Do (Ziks has @) = b, 1 (Pur)bs,, (1) ( Zig — harey). (10.38)

where ¢.(+) denotes the first and second order moments. For all the factors f and variables
0, we say they are neighboring to each other if 6 is an argument of f. The messages
describing the beliefs in (10.31) are all of the form j.; which can be interpreted as
messages from variable to factor. However, to make the derivation easier, we define factor
to variable messages p .9 such that

Vfe NO),uos(®) = [] nro (10.39)
J'eN(9)/{f}
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where N(6) denotes the neighborhood around 6. As we can see, group of factor-to-
variable messages is isomorphic to the group of varible-to-factor messages. Therefore, in
the following context, we only describe the iterative update of factor-to-variable messages
which can also be understood as the feedback messages from the factors.

10.6 Iterative Solution to VB-EP

By considering (10.37), we get uy, = p(xy). Following a similar approach, we can get
the following non-trivial updates.

10.6.1 Update of uy, .-,

By making (10.32) consistent while keeping all the message except for u Pz = Pz,

fixed, we can obtain the update for py, ., .

ffepizm (Zi6) = CN (zilyr =D Mz i, Cot Y Cayi)- (10.40)

K £k K £k
10.6.2 Update of py, . .h,
g

The consistency of (10.34) result to the update of p Fr, e = Hhyssy, Dy considering all
g
the other messages fixed.

beng (Hng) = p(gpyl9| Z hiy, Cﬁ)
keGy

1] D(hur) s s, (Pa); and

e (10.41)

§0s11,g,, (P, )i 21y
:uhzk;leGg (hlk‘)

quHng shug (h'lk) =

Based on Gaussian reproduction lemma, we have
’uszGg s (Pur) = CN (hlk’myp\hzw CYp\th) p(hur) (10.42)

where the approximated likelihood is captured by

CYp|hzk =G5+ Z &3
k'eGy/{k}

my,|hy, = gpvlg - Z LT
KeGy/{k} (10.43)

—1
N _ —1 —1
Chlk - (Chlk;leGg + Cfllk)

—C- ~1 1,
My, = Chlk <Chlk§legg mhlk?szag + CFL mhlk>

k!

Ik

The message mean and covariance is obtained as
1 7!
Crang, e = (Cvli + Cil) (10.44)
_ -1 Lo
meng§hlk_ CleGg shag (CYp|hlkap\h1k+ Cﬁlkmhlk)
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10.6.3 Update of 1, .4,
According to (10.36), the feedback message is

o5y, (wk>oc H CN('xkt|m61k§xkt7 ?5119;%15)7 (10'45)

¢
with

-1
_ C -1 R
TSieswne = UF [{ 21301k }tt,N bah’lk]

_~ H -1
M5z ™ Tonizre mb(;h I {sz;51k }tt,N{mzzk;51k }t,Nv

(10.46)

where my, and Ry, =Cy, +m, mg' denote the mean and correlation matrix
Sh,lk Sh,ik Sh,lk Sh,ik Sh,lk

of the Gaussian pdf bs, ,, and the notation {-};;, v denotes the block entry of size N x N
located in the t1-th block row and ¢,-th block column. From this point, we can also update

the belief by
b5m,lk (wk) = My (wk>luwk§5lk (wk) (10'47)

10.6.4 Update of ys, 1,

Satisfying the consistency constraint (10.35) by treating fis,n, = Hhysfm,, as the only
)

variable and we can obtain the update equation for it. The belief bs, ,, in (10.31) can
be verified as Gaussian since the exponential term is quadratic. Therefore, the outbound
message is computed by ps,,.n,, (Rir) = bs,, ,, (Rik)/thy;s,, (Riw). The mean and covariance
matrix of the Gaussian message fis, .k, are

-1
C5Zk;h1k = (Z[Tbéw’lk]t{czlk;alk }tt,lN> (10.48)

t

m5lk§hllc:C5lk§hlk(Z[mbéw’lk];k{Czlk§5lk}tt:N{mzlk§51k}t7]> )

t

where 7y =By [z}, my,
uct. We update the belief by

Dop . (Pu) = CN (hak|rmg, . Cy, )
= Houshug (hlk)uhlk§5lk (hlk)'

. = By, [xy] with "." denoting element-wise prod-

(10.49)

10.6.5 Update of pus, 2,

We examine the moments constraint given by (10.33). Based on the additional constraint
(10.38), the update equation of y;, .-, can be derived as

proj|bs,, (zik)]
Hozip561, (zlk‘) ,
where the operation ¢(z;) = proj[p(z;)] projects the distribution p to Gaussian family

q of block covariance matrices, such that the sufficient statistics ¢, (zi) of p and ¢ are
the same. Thus, the message i, .2, is updated by

Mz (zlk) = (1050)

b1z (zlk) = CN(zlk’m&k;zzw C5zk;zlk)
C/\/(Zm\mb(;z’lk , Cbézylk) (10.51)

B CN<zlk|mzzk;5zk7 Czlk§5lk) ’
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Algorithm 10.3: VB-EP [61]

1: Initialize: all factor-to-variable messages

2: repeat

3: szl§zlk7 mle;zzk by (1040)

shyk s meng;hlk by (10.43)—(10.44)

leGg’
béhvlk (hlk) = /Lhzk;(szk(hlk)/ﬁéuc;hlk <hlk>
Toiszres TV ke by (1046)
faysi (@) = D(@r) [ 1y 16,0 (T0)
b(sw lk( ) = Hay;o, (mk)ﬂélk;azk (wk)
Cf;lkyhuc’ ms,,. .hy, by (10.48)
10: b‘shvlk (hlk) = Hhig;oi (hlk)ﬂélk;hlk (hlk>
11: C5lk;zlk7 Mg,z by (1051)
12: until Converge

Algorithm 10.4: Proposed Method
1: [Initialize U]=Algorithm 10.1
2. (K,Gy, Bp,,) = prune(k, Gg’Eﬁz;)
3: [Pseudo Prior|=Algorithm 10.2
4: |[VB-EP|=Algorithm 10.3

with
mb5z,zk: mb5z,lk ® mb5h Ik
— mH
Cb5z,lk_ dlag(rb%,z ) ® Cb5h1 Cb5 k ® mb‘;h Ik bgh"”ﬁ
H . . .
where Cb5 = By, " [(x) — My, lk)(mk —my, . ) ] is the covariance of the belief b5, ,, .

The above procedure is concluded in Algorlthm 10.3. Finally, by combining all the
previous section together, we sum up the whole algorithm in Algorithm 10.4.

10.7 Simulation Results

We consider a CF MaMIMO system covering a 400 x 400m? area. A total of 16 APs are
located at coordinates {%* + @h’,j e [0,3]} with a height of 10m. The K = 16 UTs
are uniformly distributed in the area. To evaluate the performance of the algorithm, we
generate 50 UT location setups. Following the settings in [2,62], the data symbol power
is set to 02 = 14dbm, the noise power to o2 = —96dbm the u; are generated by uniform
distribution. The channel fading model is defined based on the distance dj; between AP
l and UT k as 0,2% = —30.5 — 36.7log,, (%) dB. We set P = 8 with orthogonal pilot
sequence randomly assigned to two users. The data sequence contains 4QAM symbols
and has length T" = 20. For each UT position setup, we generate 50 iterations. Consider
three performance metrics, Channel Normalized Mean Squared Error(CNMSE), Activity
Detection Error Rate (DER) and Symbol Error Rate (SER), For each metric, we compute
the empirical cumulative distribution function (CDF) across the different position setups.
We compare the proposed PP-VB-EP with the "Joint Activity Detection, Channel Es-
timation, and Data Detection based on expectation propagation" (JACD-EP) presented
in [62]. The results of our proposed method is ploted with solid curved while the ones
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Figure 10.1: Comparison between PP-VB-EP and JACD-EP

from JACD-EP are plotted with dotted curves. The Algorithm 1 is able to give a better
result compared to previous work, which verifies the correctness of our approximated log-
likelihood (10.17). However, since we neglect the estimation error of U, the estimation of
H and X performs slightly worse than the previous algorithm.

10.8 Conclusions

We propose an iterative distributed Maximum Likelihood (ML) algorithm for activity
detection, which simplifies the joint probability density function p(Y',Y,) by leveraging
the CLT and large-system approximations. Building on the concept of pseudo priors,
we introduce PP-VB-EP, which incorporates a distributed version of the VL-EP algo-
rithm. Simulation results demonstrate that our proposed classical iterative distributed
ML algorithm outperforms the EP-based approach in activity detection. However, due
to the neglecting of detection errors of user activity, some performance degradation is
observed in channel estimation and data detection. Nevertheless, VB-EP allows us to
handle continuous data, and notably, its computational complexity does not scale with
the constellation size.
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Chapter 11

Approximating Univariate Factored
Distributions via Message-Passing
Algorithms

11.1 Introduction

The Gaussian Mixture Model (GMM) commonly appears in communication problems. In
bilinear joint channel estimation and data detection problems, the channel likelihood can
be characterized as a GMM |[2]. If the data sequence length is greater than one, this GMM
becomes the product of multiple simple GMM factors. As the data length increases, the
number of simple GMM factors composing the product GMM grows linearly. As a result,
the number of components in the product GMM grows exponentially with the number of
factors.

Although the moments of a single simple GMM with a limited number of components
are easy to obtain, the moments of the product GMM in the bilinear estimation and
detection problems become intractable as the number of factors increases. In [23,56,64],
the authors attempt to avoid GMMs in bilinear joint estimation and detection using
various methods. Distributions in the form of a product of GMMs can be generalized as
univariate factored distributions. This paper investigates iterative message-passing-based
algorithms to approximate the statistics of univariate factored distributions.

11.1.1 Prior Works

Given a univariate factored distribution, message-passing algorithms can be used to ob-
tain the marginal distributions, which is equivalent to finding a stationary point of a
constrained Bethe Free Energy (BFE) minimization [11].

Belief Propagation

Belief Propagation (BP) was introduced by Pearl as an approximate inference tool [65].
Within the BFE framework, BP aims to find a stationary point of the BFE under strict
marginal consistency constraints. BP is defined on the basis of a factored probability
density function (PDF). A corresponding factor graph can be constructed by represent-
ing all factors and variables as nodes, and connecting a factor node to a variable node
whenever the variable appears as an argument of that factor. By iteratively applying the
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sum—product rules, BP approximates the marginal distributions via auxiliary functions,
called messages [5,66].

From the constrained BFE optimization perspective, BP seeks a stationary point of the
BFE under strict marginal consistency constraints. This requirement often results in
intractable functional forms for the messages. Consequently, even though BP reduces
the dimensionality of the inference problem, its computational complexity may still be
prohibitive when the messages are intractable—for example, when the factored pdf is a
product of GMMs. [67,68|

Gaussian BP (GaBP) [64, 69| is a variant of BP that projects messages to Gaussian
distributions based on the Central Limit Theorem (CLT).

Expectation Propagation

Expectation Propagation (EP) [7] was proposed to handle intractable messages by intro-
ducing a projection step that approximates messages within a chosen family of distribu-
tions. In the constrained BFE minimization framework, this corresponds to relaxing the
strict marginal consistency constraints to moment constraints [11].

Compared to BP, a major problem with EP is that the factor-level beliefs (i.e., approxi-
mated marginals involving the arguments of a factor) may be non-integrable. This pre-
vents EP from proceeding, since the computation of means and variances of such beliefs
is required. In [70], the authors investigated this problem and proposed several methods
to address it.

11.1.2 Main Contribution

This paper investigates both BP- and EP-based approaches for estimating the mean and
variance of a univariate factored distribution.

BP cannot be directly applied to approximate these statistics when every factor is, for
example, a GMM. To address this issue, we propose Variable Duplication Gaussian Belief
Propagation (VDBP) to avoid intractable computations. In multivariate inference prob-
lems, BP provides marginal distributions for individual variables, as well as joint marginals
for variables appearing together in a factor. Leveraging this property, we construct a mul-
tivariate linear measurement model whose underlying marginal posterior (or joint PDF
with all but one variable marginalized) is equivalent to the given univariate factored dis-
tribution up to a constant factor. We then apply GaBP to iteratively approximate the
marginal posterior of the multivariate linear measurement model.

As the name suggests, VDBP converts a univariate factored PDF into a multivariate
factored PDF by duplicating one variable for each factor, treating the univariate factored
distribution as a multivariate joint PDF in which each factor is proportional to the PDF of
an independent random variable. The resulting multivariate factored PDF is interpreted
as prior information. The measurement channel and measurement outcome are designed
such that the measurement likelihood enforces equality among all duplicated variables.
Based on the properties of Dirac delta functions, VDBP constructs the measurement
matrix as the transpose of the orthogonal complement of the all-ones vector (i.e., each
row of the measurement matrix is orthogonal to the all-ones vector). The measurement
outcome and noise are both constructed as all-zero vectors. We show analytically that
the marginal posterior of the constructed measurement model is equivalent to the original
univariate factored PDF.
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To overcome the problem of non-integrable beliefs when EP is used to approximate the
statistics of univariate factored distributions, we adopt ideas from recent work [70]. We
investigated a persistent sequential EP algorithm for estimating the univariate factored
PDF, in which updates associated with non-integrable beliefs are skipped.

Furthermore, inspired by [70], we propose Analytic Continuation EP (ACEP), in which
Gaussian distributions are represented using natural parameters. The technique of ana-
lytic continuation allows us to exploit discontinuities in Gaussian functions expressed in
natural-parameter form. The key idea of ACEP is to dynamically shrink the projection
family in EP to ensure that the belief associated with the next factor is integrable.

Both EP-based algorithms proposed in this paper operate in a sequential manner. We
show that the variable-level beliefs produced by both EP based algorithms are guaranteed
to be integrable.

11.2 Problem Formulation

Consider a univariate factored PDF with non-negative integrable factors f,,(6)

p(0) [ ] 1(0), (11.1)

where the objective of this paper is to develop a low-complexity method for estimating
the statistics of §. The direct computation of integrals involving p(#) becomes intractable
when each factor f,, is a mixture model.

11.3 VDBP-Based Approximation for Univariate Fac-
tored PDFs

11.3.1 Outline of the VDBP

Inspired by [19], we duplicate the variable § into N new variables {6,}Y_,, one for each
factor f,, to construct a multivariate joint PDF. To describe the equality relationships
among these newly constructed variables, we define a matrix A € RM*Y with M = N —1,
such that A-1 = 0. This matrix can be constructed by first generating a full-rank random
matrix B € RM*Y and then setting

1
A = B — diag (BN N) 1y_11%. (11.2)

A simple choice for such a matrix is a trimmed Hadamard matrix with the all-ones row
removed.
We define the multivariate factored joint PDF as

p(8)c5(A0) [ [ fu(0n)oc | [6( A, 0) ] [ fa(6n), (11.3)

where A,, . denotes the m-th row of the matrix A.

Lemma 5. YA € RV"D*N gnd W¥n e {1,...,N}, let A, denote the matriz obtained by

removing the n-th column of A. If rank(A) = N—1 and A-1 = 0, then rank(A,) = N—1.
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Proof. We prove the lemma by contradiction. Assume that rank(A,) < N — 1, then
Jke{l,...,N — 1} and 36" € R**V=2) such that

[A,] e = bI'Cy,, (11.4)

where C},, € RV=2x(N-1) ig defined as

(11.5)

A, ]

Con— |
: [ [An] (k+1):(N—-1),:

The above two equations indicate that the k-th row of A, can be written as a linear
combination of the remaining rows in A,,.
On the other hand, due to the assumption A -1 = 0, we have

A,-1=—a,, (11.6)

where a,, denotes the n-th column of A. We can remove the k-th rows on both sides of
(11.6):
Ck:n 1= *dkna (117)

where dy,, is a trimmed version of a,,, with the k-th entry removed. Similarly, by extracting
the k-th row in (11.6) and we have

M@M 1=—[Al. (11.8)

Right-multiplying both sides of (11.4) by the all-ones vector and using (11.7) and (11.8),
we obtain

[A,] 1= b'c, -1

= [Aly,, = b dy. (1.9
Combining (11.4) and (11.9), we have
[[A]k’" gn]k] =b" [din Ch] (11.10)
- [[A],m Fn]k,;] P =b"[d, Cin|P, '
where P is a N x N permutation matrix:
o7, 1 ol
P- I, 0n1 Optyu(Nem) | - (11.11)

O-n)x(n-1) On—n Iy,

One can verify that [[A];m [Zn]m] P is the k-th row of A and that [dy, Chn] P

is the matrix obtained from A by removing its k-th row. Therefore, (11.10) indicates
rank(A) < N — 1, which contradicts the assumption that rank(A) = N — 1.
O

Theorem 2. VA € RM*N where M = N — 1, if rank(A) = M and A-1 =0, then

Vn J 5(A0) [T fu (0n)d0ox T fr (00 (11.12)

n'#n n/=
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Proof. Consider the term inside the Dirac delta function
5(A0) = 6(A,.0, + a,b,), (11.13)

where A, _denotes the M x M matrix obtained from A by removing its n-th column.
Similarly, 0,, is the vector obtained from 6 by removing its n-th entry. Furthermore, a,
denotes the n-th column of A and #,, denotes the n-th entry of 6.

By Lemma 5, A, is an invertible matrix. Definen = A,,0,,, and thus, d@,, = ’det ( )’dn
Therefore, the integral in the theorem can be rewritten as

f 5(A0) [ ] fu(o

n'#n

_ mjdna(n + a0, gfn <[ ] )ﬁn) (11.14)
\det(l £3 (_[ i a"9">’

where k(n') : {1,...,n—1,n+1,...,N} — {1,..., N — 1} is an index transformation
defined as

n’ ifl1<n' <n
k(n') = : 11.15
() {n’—l ifn<n' <N ( )
On the other hand, from the assumption A -1 = 0, we have
A-1=0
= Zn -1=—a,
1 A la, (11.16)
~Vje{l,...,N—1}; [Zgl]‘ a, = —1.
7
Substitute (11.16) into the last line of (11.14) yields
i(A6 ' (0) A0, 11.17
J sta) [T wtomann = o, (11.17)
[

Based on Theorem 2, we can view (11.1) as the marginalized version of (11.3), i.e.,
VieNn[1,N]: an(ﬁi)ocfé(AB) [ ] £.(6.)d0:. (11.18)

where 6; denotes an (N — 1) x 1 vector obtained by removing the i-th entry from 6.
The delta distribution §(A0) can be interpreted as a noiseless linear measurement model:

y= A6+, (11.19)

where y = 0 and v ~ N(0,diag([e; ... ex])), with infinitesimal ¢, for all n. The
auxiliary noise variance €, can serve as a regularization term to prevent zero denominators
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p(y1|0)

P(ym|6) O fn(0n)

P(ym|0)F———A 0w fv(Ow)
AL

Figure 11.1: Factor Graph for VDBP

that may occur due to poor initialization. In our simulations, we set ¢, = 0. The
corresponding factor graph for (11.3) and (11.19) is illustrated in Figure 11.1.

Since each factor node f;(6;) is connected to only one variable 6;, the message from factor
fi to 0; is always f;(6;). A tractable BP-based algorithm for estimating the statistics can
be obtained by deriving the message update equations for Aym_;f and Ay‘_e. These mes-
sages can also be interpreted as approximate probabilities: the factor-to- variable message
Ayﬁe is proportional to the approximate likelihood p(y,,|6,), while the variable-to-factor
message A%,;f is proportional to the approximate posterior p(6,|y,,), where y,,, denotes
all entries of y except the m-th one.

In the following, we apply the BP update rules, together with the CLT, to derive these

messages.

11.3.2 Derivation of the VDBP

We first derive the factor-to-variable message A¥>%(6,,). Since BP is an iterative method,
we assume that the mean and Varlance of the variable-to-factor message AY%?(6,,) are
given by pf = E,,0[0,] and 78, = Var,,—[6,], respectively.
Define z,, = Y, @mnfn. Then the conditional PDF p(z,|0,, {A% 1 ) can be approxi-
mated as Gaussian according to the CLT

(20, {AY 712

mnnl)

= fé(zm — QO — Z W Ot ) H Ay‘_9

n'#n n'#n
~ N (zm|@mnbn + s TH ), (11.20)
where {Ay‘_e} , denotes the collection of all variable-to-factor messages. In the last
line of (11.20), the CLT is applied to approximate the interference term ), Gy, as
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Gaussian with mean and variance p? . 77

n,m:*

P _ [%
Hpom = Z Amn’ Py

n'#n

= Z |amn’|27_gb n'

n'#n

(11.21)

Based on BP rules for the feedback messages, we combine p(zp, |0, {AY 9} ) with the
measurement model p(y,|zm) = N (Ym|2m, €m) and integrate over z,, to obtain the factor-

to-variable message Ay”e(Qn), which corresponds to the approximate likelihood p(y,,|6,)

ym_ﬂz,m nm+€m>

(11.22)

Qmn 7 | Qmn |2

AY0(0,)ocN <9n

We now derive the variable-to-factor message AY-?:

A%_G chn Hp y]|9

= fn(en)N(enLu;’L,n? T&,n)?

where 4y, , and 7, follow from the Gaussian reproduction property [15]:

-1
2
o Z |ajn|
m,n
iZm nj + €
p
ILLT _ Tr Z a’]n (y] - /J/T'L,j)
mmn ~ ‘mn p ] :
Tnj T €

Jj#Fm

(11.24)

From (11.20)-(11.21), we observe that under the CLT approximation only the first two
moments of Ay‘_e are required:

Mim,n = ]EAynf,f’ (6]

70 = Var,y—o[6y],

m

(11.25)

where A¥? is defined in (11.23). This concludes our discussion for a general factor f,, in
(11.1). Next, we consider a representative case in which f,, follows a GMM that arises in
bilinear joint estimation and detection problems.

GMM Factors

Assume that the factors in (11.1) have the following structure:

OCZpsn (Onltts T, )- (11.26)

The only part of VDBP that depends on the factor structure is the update of the mean and
variance of A%~ in (11.25). Substituting (11.26) into (11.23) and applying the Gaussian
Reproduction Lemma [15], we obtain

A%;@@(Qn)oc Z 7T71<S7l|lu’:n,n7 Trv;@,n)
Sn (11.27)

N (Ol (50): Tl (50),
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where 7, (8|, s To.n) 18 the normalized categorical distribution defined as

Wﬂ(8n|ﬂ:n,n7 T:n,n>ocp8n'/\/’<0|:u8n :U’m n’ mn + TSn) (1128)
The corresponding conditional mean and variance are given by

T T
Tm,nlu“sn + TSn lum,n

:uﬁl,sn(STJ = " + T
m,n Sn
' 11.29
m|5 _ 7_7/,7"1,71/7_371, ( )
Tm,n( ) - _r .
T + T,

Therefore, the message AY%(0,) in (11.27) is itself a GMM with the same number of
components as the factor f,,. By exchanging the order of integration and summation, the
mean of A¥9(0,,) can be computed as

me,n = Eﬂn(sn|“rn,n77—m ) [lu"rxn|,8n(sn)] Y (1130)
while its variance is given by
Tgl,n = B, (snlus, 75 0) [T“'S (sn) + u”s (s )2] - (,ufn,n)2. (11.31)

11.3.3 Approximated Statistics

Recall the relation in (11.18), which indicates that the univariate factorized PDF in (11.1)
can be approximated by the marginal distribution of (11.3). According to the BP rule
for variable level belief, the marginal distribution of a variable can be approximated as
the product of all incoming messages to that variable. Since the message Ay_’e (11.22)

follows a Gaussian distribution, we define the extrinsic mean and variance p;, ‘and 7, such
that

As a result, the extrinsic mean and variance are

-1
|amn|2
T = _
n (; Tﬁm + €Em
Amn (ym - :uﬁ m)
T — TT’ 9 .
Hn " (; Tg,m + €m

By combining the extrinsic distribution in (11.32) with the factor f,,(6,), we obtain the
approximate marginal of (11.3) as

be, (0) : [ (0)N (Ol , 77). (11.34)

According to (11.18), (11.34) can be regarded as an approximate form of (11.1). Without
loss of generality, we restrict our attention to the approximate mean and variance.
Each 0, yields its own belief of the marginal mean and variance, denoted by p? and 7¢:

Mfz = Eben [en]
T,f = Vary, [6,]-

(11.33)

(11.35)
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Algorithm 11.1: VDBP for GMM Factors

1: Initialize Vm,n : uﬁw = O,Tﬁm =1
2: repeat

3: VYm b, = Zn amn/vbfn,n

4: Vm o 78 =3 |2 TE

5: Yn,m oy, = i, — amn/‘iz,n
6:  Vn,m:7E = TP — |ama TS,

P
™M Tp.m+em

* p
. . ro__ r a’mn(ym_un,m)
8  Vn:p, =1, (ZmT

s\ -1
7: Vn: 1) = <Z amnl® >

1 Jamal? )7
. . T — r—1 _ mn
9: Vm,n: 1, = (Tn 75,m+em>
% P
. . T _ T MT Amn (ym _II‘TL,"L)
10: VM, s fi = T | o C hmtem
11: Vm,n : Compute normalized 7, (s,) via (11.28)

12 Ym,n : Compute pf . 78 via (11.30), (11.31)
13: until Convergence

Finally, we combine these beliefs to obtain the approximate mean and variance of p(f) in

(11.1), denoted by ué and 77:
1) ’
i_ (1 Hn
' (Z n?) (Z rﬁ) (11.36)

7% = min({, ..., 7%).

The computational complexity of the proposed algorithm depends on the number of
nonzero elements in A. When a trimmed Hadamard matrix is used, the overall com-
putational complexity is O(N?). The VDBP algorithm is summarized in Algorithm 11.1.

11.4 Preliminaries for Expectation Propagation

In EP, a message does not necessarily correspond to a normalizable function and may
even be non-integrable. Let UN (0|p, 7) denote an unnormalized Gaussian (ignoring the
v/277 normalization factor),

(0 —p)”

0 = —
UN (O], 7) = exp ==

(11.37)

We define a Gaussian distribution in natural-parameter form as

M(Olv,€) = \/\ééﬂexp (592 - ;—2) (11.38)

Similarly, the unnormalized Gaussian in natural-parameter form is defined as

€ o v
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AT0(0) f1(6)

Figure 11.2: Factor Graph for EP
One can verify that if UN(0|p, 7) = UM (0|v,§), or it N(O|u, ) = M(0|v, &), then

fn(6)

fn(0)

UV =

(11.40)

ST

&=

We can then obtain the unnormalized Gaussian reproduction lemma. For all © € R and
T € R/{0},

Z/[N(evj’la 7_1)2/{-/\/’(0“/127 7-2)

ZZ/[N(0|,M1 — 2,71 + TQ)UN (9

Tofb1 + Tifb2  T1T2 (11.41)
T1 + To 77'1—|-7'2 ’

Similarly, apply the Gaussian reproduction lemma to unnormalized Gaussians in natural-
parameter form, and using analytic continuation to cover the case £ = 0 (i.e., 7 — ),
we have Vv, € € R,

UM(O|vr, EOUM O]z, &) =UN (0|1, T)UN (0] 12, 72)

Sor1 =11 §1§2> (11.42)
=UM (0 , UM (0 |1+, & + ,
(offp e g Jumomena e
where
H1 2
= 7_1’ 2 = 7_—2;
1 1 (11.43)
51 = 52 = .
T1 T2

11.4.1 Factor Graph of the Given Problem in EP

Now we investigate EP-based algorithms. Consider the univariate factored PDF given in
(11.1). We define the message from the n-th factor to 6 as A/~%(6) and the message from
0 to the n-th factor as AJ%(f). The corresponding factor graph is shown in Fig. 11.2.

11.5 Persistent EP

In EP, the messages are not required to be integrable. Unlike the Gaussian distribution,
the unnormalized Gaussian defined in (11.37) allows negative values of 7. However, the
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point 7 = 0 is an essential discontinuity of (11.37). Persistent EP operates under a

sequential update order. Specifically, the messages to and from one factor are updated

at a time, and the latest messages are immediately used when updating the messages

associated with the next factor. In the following, we focus on deriving the messages to

and from factor f,.

Persistent EP does not actively prevent the formation of non-integrable beliefs. Instead,

it handles non-integrable beliefs in a passive manner: if the belief at the factor f,(0) is

non-integrable, the update of the message A/~%(0) is skipped.

Based on the EP rules, the message from variable to factor f,(6) can be computed as
ALTO) = UN O]l 7] 0o [ [ AL70(0), (11.44)

n 'n
n'#n

~1

n'#n Tht

0
«—0 —0 /
fl = 7—7{ E ?Hg .

where

(11.45)

n'#n 'n’

Unlike standard EP algorithm, a checking mechanism is introduced before computing the
belief at factor f,,. Specifically, we evaluate whether the integral

j £2(0) AL (0)d0

is finite. The check passes if the integral exist in R.

If the check fails, the update of A/~(f) is skipped in the current iteration, and the
algorithm proceeds to the next factor fi, where & = (n mod N) + 1, and repeats from
(11.44) with index n replaced by k.

If the check passes, the belief at f,, can be computed as

by (0)oc f(0)AL0(9), (11.46)

n

which is guaranteed to have a finite integral value. The corresponding belief mean and
variance are

b
,U’nf = Ebfn [9]7

(11.47)
! = Var, A 101
According to the EP update rule, the message from factor f,, to 6 is
|, 7"
AL=0(8) = UN (0l 70 PNl 7). (11.48)

where

b _ (11.49)
-0 (N_nf _ /"LTfL 9)



After the final iteration, the Gaussian approximation of the univariate factored PDF is
the belief at variable 6:
0)c [ [AL70(0). (11.50)

Therefore, the mean and variance of by(6) are the approximated mean and variance of the

univariate factored PDF:
. —1
b
7o — <§ —Tfa(’)
nor (11.51)

[—0
/’Lbe = T ( M;a@) .
Tn

The above procedure is then repeated for the next factor f, where k = (n mod N) + 1.
Since a sequential update strategy is used, byg(#) is updated by (11.50) whenever a factor-
to-variable message is updated. Thus, (11.50) serves as the definition for by(#) throughout
the algorithm.

Proposition 1. Assume that by(0) is defined as in (11.50). If the algorithm in (11.44)-
(11.51) s initialized with messages such that by(0) is integrable, then the integral of by(0)
remains finite throughout all iterations.

Proof. We prove the proposition by mathematical induction over the sub-iterations. The
i-th sub-iteration is defined as the update in which only the messages to and from the n-th
factor are considered, where n = [( —1) mod N]+ 1. An iteration therefore consists of
N sub-iterations.

By assumption, the belief by(6) is initialized to be integrable.

For clarity, we denote Yk = {1,... N} : Aiz)e(G) and Ag?j(@) as the messages to and
from factor fj(0) at the end of sub-iteration ¢. Similarly, let bg,;)(0) denote the variable-
level belief at the end of sub-iteration . We also denote ,ui’:(i) and Tsf(l) as the mean and
variance of the factor-level belief by, (f) at the end of iteration 1.

Assume that at the end of sub-iteration 4, the belief by,;)(¢) is integrable. At sub-iteration
i+ 1, the messages to and from factor f,,(0) are updated, where m = (i mod N) + 1. If
the factor-level belief computed in (11.46) is not integrable, i.e.,

ffm YAl L1 (0)d0 = oo, (11.52)

then the update of A/~?(9) is skipped and

Ai@?(fﬂ)(e) = Aif(f)(@) (11.53)
Consequently,
bo,(i+1)(6) = bay(s) (0), (11.54)

which remains integrable.
If instead the factor-level belief computed in (11.46) is integrable, i.e.,

ffm Aﬁffﬂ (0)do < o, (11.55)

122



Algorithm 11.2: Persistent EP for GMM Factors

1: Initialize Vn : pf=% = 0,770 =1
2: repeat
3: |[For every n € [1,..., N], repeat the following]

4: Update 7% and pb by (11.51)
fet _ a0

5: Tn = m
fet _ i 0ubo—rboud ™’

f—0__

6: i
7 if by, (0) in (11 46) is 1ntegrable then

8 Update i and 7.’ by (11.46) - (11.47)

9 Update 7/7% and p/~% by (11.49)

10: end if

11: until Convergence

12: Output % and 7% as approximated mean and variance

then by (11.48), we have

() = UN (G118 1110 T 541 (11.56)

;(i+1)0 m(z-‘rl)

f—0 <0
Am (i+1) (Q)Am (i+1)
where 7/ migi+1) = 0- Since 7/ mi(i+1) = 0, we can verify (11.56) has finite integral (if Tm(
0, then (11 56) is Dirac delta function).
Finally, comparing (11.44) and (11.50), we have

i+1)

Do) (0) = AT (O)AT L (6). (11.57)
Thus, bp,;11)(f) is also integrable.
By induction, by(f) has a finite integral at every sub-iteration. O

The persistent EP algorithm for GMM factors is concluded in Algorithm 11.2. Due to
the sequential update strategy, line 4 of Algorithm 11.2 has computational complexity
O(1), since only a single term corresponding to the most recently updated message Ai_’g

is updated when updating by(6), where k = [(n — 2) mod N] + 1.

11.6 Analytic Continuation EP

To avoid non-integrable beliefs that prevent the algorithm from progressing, we adopt
the technique of analytic continuation proposed in [70]. While persistent EP handles
non-integrable beliefs in a passive manner, Analytic Continuation EP (ACEP) actively
prevents non-integrable factor-level belief at the subsequent factor. By expressing Gaus-
sian distributions in terms of their natural parameters as in (11.40), we have a removable
discontinuity at & = 0 in UM if we discard the constant term —”?2, and the essential
discontinuity 7 = 0 in UN becomes ¢ — +oo. Consequently, it is more convenient in
this section to represent Gaussian distributions using the natural parameters (v, £) rather
than the mean—variance pair (p, 7).

Based on EP, the message from 6 to the n-th factor is updated as

AJTO) =UMOWS el [ ] A7), (11.58)

n'#n
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where

f<—0 Z yf—>9’

n'#n

et Z e (11.59)
n'#n
The belief at f,, is then computed as
by, (0 ful0)AL(0). (11.60)

When the Gaussian family is chosen as the projection family in EP, minimizing the Kull-
back—Leibler divergence is equivalent to matching the mean and variance. Accordingly,
we define the approximated posterior mean and variance of the belief at factor f, as

b
:u”f = ]E’bfn [0]7

(11.61)
Tor — Vary, [6].

Following (11.61), the corresponding natural parameters are defined as
T (11.62)

Inspired by [70], to prevent non-integrable beliefs from blocking further updates, it suf-
fices to ensure that the belief at the next factor fy(#) remains integrable, where k = (n
mod N) +1

Due to the following two observations:

o (v/7%,¢~%) and ( AR ]]:_9> are linearly related through (11.59);

e 10 other messages are updated between the updates of AS~%(9) and AL %(6),

and hence, there exists a bijection between (Vﬂf"e, 55_’9) and (V]fFe, ,ch%e). We therefore

define a domain Q, for (vf7% &/~%) such that, if (v/77 &/~%) € Q,, the belief update at
the next factor node

by (0)f(0)A](6) (11.63)
is integrable, where k = (n mod N) + 1.
Based on the EP rules for marginal factor-level belief projection and feedback message,
ACEP merges the projection and message-update steps into a direct update of the factor-
to-variable message.
Due to the feedback message update rule, the projected belief admits the form

b1, (0) = M [0yl (w0, €l70) e (v, )]
w AL (0)AL(0),

(11.64)
with
I/Z);f (yf—>9’€f—>9) _ f—>9 + Vf(—@
égf (I/f—>07£f4>0) _ é—f~>9 + é—f%@
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Since ACEP is iterative, the parameters (1/7{‘_9,55‘_9) are treated as constants during
the update of AZ=%(f). Substituting (11.64) and (11.65) into the KLD projection as the
second KLD parameter, and incorporating the domain constraint €,,, yields

F—0 f—0\ _ . 7
(s )—a&#g’ggg)egnKLD [bfn(9>Hbfn(9)]7 (11.66)

where the left KLD parameter by, (f) is defined in (11.60). Expanding the KLD and
discarding the constants gives

(67" = arg_min, Lo (07 677). (11.67)

where

tn & (vi=,€0~) |
2

by (L f—0 ¢f—0 br ¢ f0 crooy o]
I:Vn (Vn ’gn )_gn (Vn 7§n )ILLn:|

2€Zf <V7J:4>9, 7{4)9)

6 (o6

n

2

For the unconstrained case €, = R?, the optimal point of (11.67) is obtained by setting
the partial derivative with respect to each of the parameters to zero:

1

Ln (l/r]zt—”g)g?]”:_)e) ==

. (11.68)

—0 —0
¢t = T ¢!
Tn
—0 —0 0y b 0
vi?l = (T — v (11.69)
by
_ Mmoo
= bf Vn
Tn

Compared to the mean-variance representation, the natural-parameter representation al-
lows smooth transition as &/ ~% crosses zero. Thus, /7% and v/ % remain well-defined in
R as long as the belief by, (0) is integrable with well-defined mean and variance.

Finally, we approximate the mean and variance of the given univariate factored PDF
using those of the variable-level belief:

bo(0) = MO, &)oc [ [AL(6), (11.70)

with
b = 2 1/1{_’9
n

g =28

n

(11.71)

The corresponding belief variance and mean are
by _ i
&b

pbo

(11.72)



Proposition 2. Assume that be(0) is defined as in (11.70). If the algorithm in (11.58)-
(11.72) is initialized with messages such that by(0) is integrable, then it remains integrable
at every iteration.

Proof. As in Proposition 1, we proceed by mathematical induction. By assumption, the
initial by(#) is integrable.
As the induction hypothesis, assume that after updating the message Aiﬁe(ﬁ), the belief
bg(#) remains integrable.
Let n = (k mod N) + 1. The algorithm enforces that the factor-level belief by, (0) is
integrable. Consequently, the objective function (11.68) is well defined. From the first
term on the right-hand side of (11.68), we see that, for L,, to be well defined, it is required
that

0 el >0, (11.73)

which defines the natural domain for L,,.
After updating £/7%  the precision (inverted variance) of the variable-level belief becomes

ghe = ¢I=0 g8 5 . (11.74)

Therefore, the belief by(6) remains integrable. O

11.6.1 GMM Case

As an illustrative example, consider Gaussian mixture factors of the form given in (11.26)

OCZpS (0]vs,,, ) (11.75)
where
Ms,,
Vsn )
Ts,,
1 (11.76)
gsn =
Ts,,

From (11.60) and (11.42), the factor-level belief at f,, can be written as

by (0 ocZwsn (Olvs, + 50 &, + €077, (11.77)

where

e LV &g

As discussed earlier, £/ ~% may be zero, which is a discontinuity in (11.78). However, due

to the design of the additional domain €2, as we will see in (11.83) and (11.84), we use
the ansatz that Vs, : &,+&/ % > 0. To analyze the asymptotic behavior of (11.77), we

(11.78)

Sn Ssnl/fu_e 53n5f<_6>
L + 870 T
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examine the ratio between wy and w,

\/fs (€0 +€07)

sh Wsr,
psz = w_
Sn —0
Ds., \/fsn fsil + 55 >
1 & wovf 0 2w, yf? (11.79)
exp|—=

— +

- f<0 f<0
& (g +e™) Grd™ & vl
§£H9V2 Vf<—0 Vf<—9

S <§sn + 55“9) E &0 &+l

From (11.79), we observe that pi* remains finite and positive if &<¢ = 0. If &f —
(&), we have pir — 0. Moreover, we can verify that if &t — (=¢)T, pir is a higher
order infinitesimal of £/<% + &, . A similar asymptotic behavior at &% — (=¢;,)" can
be obtained by analyzing pg. Consequently, (11.77) can be equivalently written as

Vst by, ()00 Y i M(Blvg, + v 0 & + E070). (11.80)

!
STL

To normalize (11.80), we define the normalized ratio

pin = Lo (11.81)
Zs; Psn,
The mean and variance of by, () in (11.80) are given by
-y i (vs, + i)
S,n §S{n + 55(—9
(11.82)

Vg —|—ka9
&7 +5f“" (53 +5f“") S

To close the loop, we update the message A/~%(0) using (11.66) - (11.68). Let the next
factor be £ = (n mod N) + 1. Since the integrability of a GMM is determined by the
signs of its component variances/precisions, we define the threshold for £/~ as

G = —ming,) - [T &
n'#n, 0k ) (11.83)
= —min(&,) — &7+

Thus, the admissible domain of (v, &/7%) that ensures the integrability of by, (6) is
Q, =R x (€M o0), (11.84)

where (£ o0) denotes an open interval from £ to +o00. However, we can include
£thres by using the asymptotic analysis above.
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To solve the KLD projection in (11.66), since v/~% is unconstrained, we first set the
partial derivative with respect to v/>? to zero, which gives us

pl=0 = (J=0 4 IOy b — (11.85)

Substituting (11.85) into (11.68), we can verify that L, (1% &%) is decreasing for

n

<« 1 <«
57{—)9 € <_€’rj: 97 Tf - 57]: 9:| ) (1186)
Tn
and increasing for
1
g0 e ( AT oo) : (11.87)
Tn
Therefore, £/79 is obtained as
1 efet I e R ) thres
eroo ) —& T M &I =G (11.88)
" &hres otherwise

By substituting (11.88) back into (11.85), we obtain the update for the complete message
AI=0(0).

After the final iteration, the mean and variance of the product of GMM factors can be
obtained from the variable-level belief

= []al~%0). (11.89)

Accordingly, the mean and variance of by(6) can be explicitly computed as

,ubg Z Vf%e.
N 00

2 (11.90)
" > ff*e

This concludes the ACEP algorithm for Gaussian mixture model factors, as summarized
in Algorithm 11.3.

11.7 Simulation Results

To verify the effectiveness of the proposed methods, we generate factored PDFs consisting
of N = 8 GMM factors in each realization. Each GMM factor contains two Gaussian
components with randomly assigned weights, means, and variances. The product of these
8 GMM factors results in another GMM with 28 components. To assess the approximation
accuracy, we compute the exact mean and variance of the resulting 28_component GMM
using brute force, denoted by u&,,,, and 78, respectively.

The normalized squared error (NSE) for a single realization is defined as

) 2
NSEu _ ( NGMM)

NSE. — (7 ’ TgMM)Q'

(Tnin)?
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Algorithm 11.3: ACEP for GMM Factors

1: Initialize Vn : vJ=0 = 0,&/70 =1

2: repeat

3: |[For every n € [1,..., N], repeat the following]
Update v% and £% by (11.71)

g0 =g — ¢l
0 b —0
Vf: =V — UTJZ

Choose the index of a GMM component s,,.

Vs : compute p by (11.79)

Vs!, : compute psr by (11.81)

10: Update 4/ and 7/ by (11.82)

11: k= (n mod N)+1

12: Update e by (11.83)

13: Update &/~ by (11.88)

14: Update v/~% by (11.85)

15: until Convergence

16: Output pb and 7% as mean and variance by (11.90)

We simulated 10,000 realizations with different sets of GMM factors. The proposed meth-
ods are compared with the commonly used Clipping EP [2,19]. Since checking the inte-
grability of the belief by, (f) can be computationally expensive, we consider two variants
for both proposed EP-based algorithms:

e Strict approach (STR.): the algorithms are implemented exactly as proposed.

e Relaxed approach (RLX.): for persistent EP, we check the integrability of
AS<9(0) instead of by, (0). For ACEP, we simply set £ to zero.

The simulation results for mean estimations are shown in Fig. 11.3, while the results for
variance estimation are shown in Fig. 11.4. The abbreviation “PEP” denotes persistent
EP.

In both figures, the curves corresponding to strict persistent EP, relaxed persistent EP,
and strict ACEP coincide and consistently exhibit the best performance. All proposed
methods outperform clipping EP in terms of NSE at the 95% CDF.

An interesting observation is that the mean estimate produced by relaxed ACEP is close
to the best-performing methods, whereas its variance estimate is close to that of clipping
EP. This behavior can be explained by comparing relaxed ACEP with strict ACEP and
clipping EP. The variance estimation is closely related to the natural parameter £. Both
relaxed ACEP and clipping EP disallow non-integrable messages. Therefore, Fig. 11.4
suggests that the optimal set of messages may include non-integrable messages. By ex-
amining the updates of the mean and natural parameter v in clipping EP and ACEP, we
observe that ACEP exploits the limit around the discontinuity £&/~¢ = 0. In contrast, in
clipping EP, when 7/ is clipped to +c0, uf~? is still treated as a finite value. However,

n

as indicated by ACEP, /=% should instead scale as O(7/~?).

11.8 Conclusions

This paper proposes one BP-based algorithm and two EP-based algorithms for estimating
the means and variances of univariate factored PDFs.
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Figure 11.3: NSE CDF of mean estimates.
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Figure 11.4: NSE CDF of variance estimates.

In the BP-based method, VDBP, we construct a multivariate measurement model whose
posterior can be marginalized to the given univariate factored PDF. GaBP is then applied
to this multivariate measurement model to approximate the marginal posterior.

EP can be directly applied to estimate the mean and variance of a univariate factored
PDF when all factor-level beliefs remain integrable throughout the iterations. To ad-
dress scenarios involving non-integrable factor-level beliefs, we proposed persistent EP
and ACEP.

Persistent EP adopts a passive strategy by skipping message updates around a factor
whenever the corresponding belief at the factor is non-integrable. In contrast, ACEP
takes an active approach by modifying the projection family to ensure that the belief at
the next factor is always integrable.
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Chapter 12

Avoiding Non-Integrable Beliefs in
Expectation Propagation

12.1 Introduction

Signal recovery is a fundamental problem in signal processing, with a wide range of appli-
cations. In the Bayesian framework, however, canonical inference methods such as MMSE
and MAP suffer from exponential computational complexity as the problem dimension
increases.

Graphical-model-based iterative methods have proven effective by exploiting structural
properties of the underlying models [5]. Expectation Propagation (EP), introduced in [35],
transforms a global inference problem into multiple local inference problems. EP can be
interpreted as an iterative procedure for finding the stationary point of the constrained
Bethe Free Energy (BFE) [6,11]. Within this framework, EP approximates marginal
distributions (beliefs) using functions known as messages, which correspond one-to-one
with the Lagrange multipliers in the constrained BFE formulation. The iterative message
passing is interpreted as the alternating optimization of the corresponding constrained
BFE.

In EP and constrained BFE minimization, beliefs are required to be integrable. Whereas,
the messages are allowed to have any form. However, the alternating optimization or EP
cannot foresee whether a message update will lead to non-integrable belief.

In most literature [10,19,28]|, the authors restrict the algorithm to integrable messages to
avoid non-integrable beliefs. However, such augmentations are suboptimal, since optimal
solution may contain non-integrable messages |70, 72].

12.1.1 Main Contributions

In [70], we investigate the non-integrable beliefs and message in linear model. However,
the proposed methods only work for simple factor graph and cannot be extended to more
general ones such as Generalized Linear Model (GLM) or bilinear estimation problems.
Furthermore, the analytical continuation technique was only used to restrict the messages
to be integrable.

In this chapter, we extend the ideas in [70] and propose two frameworks for EP to avoid
non-integrable belief. Both of the methods requires sequential update. GLM is then
investigated using our proposed EP frameworks.

For readers who is interested, please find all the proofs in [73].
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12.2 Analytic Continuation Expectation Propagation
(ACEP)

Counsider a factored distribution

0)oc | | fal60). (12.1)

We adopt a sequential update scheme to infer the marginal distribution of p(8) as bZ(@n) ~
§2(0) 1,12, d0,. The belief at factor f, can be computed as

RESACH) H 1810, (12.2)
neN(a

The marginal belief is

1 (60,) = J b6, ] dow (12.3)

neN(a)/{n}

It is then projected to Gaussian distribution by KLD

- 1
min  KLD[b%/ (6,,) |1l 0 (00) o7 (65,)], (12.4)
1l 30 (0n)eFn ’ Z

where F,, ensures that bf;(Gn) is integrable.
The belief at the variable node is

oo [ wll, (12.5)

aeN(n)

It is then projected to Gaussian by KLD

5 1
min  KLD[b)(60,) = pl 20 (0,) 12 (6)], (12.6)
187 (On)eFa Z

where the domain JF, ensures that the belief b/(0,,) is integrable.

12.2.1 Constrained KLD Optimization in Gaussian Projection

Gaussian projection is commonly used in EP. When using Gaussian projection, a common
problem is “negative variance”, which may lead to non-integrable belief. non-integrable
messages are acceptable, while non-integrable belief prevents the algorithm from proceed-
ing. We define unnormalized Gaussian

N(@m,C) = exp[—(0 —m)*C7' (0 — m)]. (12.7)

Sometimes, it is more convenient to use natural parameters, we define unnormalized
Gaussian with natural parameter to be

MOV, E) = exp[—(0 — 2~ 'v)"E(0 — = 'v)]. (12.8)
Therefore, we have

[(v,E) = (C'm, CY)] = [N(8]m,C) = M(6|v,E)] (12.9)



We consider the constrained projection step

. 1
min - KLD[b(6)| 4, (0)11,(0)] (12.10)

st. p,eF,

where F is a subset of unnormalized Gaussian. We often only have constraint on the
variance (or precision) and the above problem becomes

min KLD[b(@)H;Mr(Q)M(myp?£p>:|

Vp,&p Z(l/p,gp) (1211)
st. & >,
We define
m, = &'y, (12.12)
and thus, o
M(O|vp, &) = exp[—(0 —my,)" &,(0 — my)]. (12.13)
Denote
5 =E,[0
mg = Eol0] (12.14)
75 = Vary[0].
For simplicity, denote
1 I
D =2 -KLD[b(0)| ==—— - (0) M(B|v,, 12.15
D0)] 57—y ()M 6123, &) (12.15)

to remove the constant scale. Expand the KLD in (12.11),
D = —logldet(€, + )] + log(2r)
+r[(& + &)75] + [mg — (& + &) (mp + )] (12.16)
(& +&)mg — (& + &) (vp + 11)]

We set the derivative w.r.t. v, to zero, and we have

(& + gr)_l(’/p + ) = mg

(12.17)
= vy = (§ +&)my — v,
Substitute the result into the KLD, and we have
D, _ ma—v, = — log|det(&, + &, )| + log(27

+tr[(€p + fr)Té]

We can verify that (12.18) is convex even in multi-variate (6 is vector, &,, &, 7, are
matrices) cases. In multi-variate EP, the constraint in (12.11) becomes an intersection of
positive-definite constraints, which forms an intersection of cones. Thus, the feasible set is
also convex. Therefore, the constrained optimization of (12.18) is a convex optimization
problem. We will only consider univariate case here, since multivariate does not change
the convexity.

Set the derivative of (12.18) w.r.t. §,, and take the constraint into consideration

£ = max{— — &7} (12.19)
0

After that, v, can be updated by substituting (12.19) into (12.17). Since updating one
message will only affect the belief at either a single factor or variable node, this modifica-
tion won'’t increase the complexity order and it ensures that all the beliefs are integrable
during each step.
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12.3 EP with Checking (EPC)

Here we do not check if the beliefs are integrable. Instead, we skip the update of the
messages from the node if the belief at the node is not integrable.
The belief at factor f, can be computed as

)% fa(8a) [T s (6, (12.20)

neN(a)

If this belief is not integrable, we just skip the message update from this node. The
marginal belief is

b@,{l(en):fbg;(ea) [T b (12.21)

n’eN(a)/{n}
It is then projected to Gaussian distribution by KLD

min KLD[bf 10.)]— uﬁ?e( W) e 2 (0,)], (12.22)
ud 20 (0n)eM Z

where M denote the unnormalized Gaussian.
The belief at the variable node is

oo [ wlil. (12.23)

aeN(n)
The message from the variable is updated as

o) nf (On)oc—2 -

pan (On)

We can verify that the belief at variable node is always integrable. In fact, we can rewrite
the belief at variable node as

(12.24)

b0 (0ol (01l (60, (12.25)
which coincide with the second parameter in (12.22). Since we use unnormalized Gaussian

family in the KLD projection, after updating the message i %(6,) based on (12.22), the
belief computed by (12.25) is a Gaussian with the same mean and variance as 057 (6,,).

12.4 System Model for Generalized Linear Model

We consider a generalized linear model (GLM), the unknown input x follows

x ~ p(x Hp ). (12.26)
The observed output follows
y~p(ylATz) = || plyalal=) (12.27)
n=1:N
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We introduce an auxiliary variable z = ATx. The joint PDF can be written as

p(y, z, ) = p(y|z)p(z|z)p(x)

— [T/ e) - folzo@) - T oo () (12.28)

where for simplicity, we denote

Syu(zn) = P(Ynl20) (12.29)
f2(z,x) =6(z — Ax) (12.30)
fu (1) = p(ap) (12.31)

12.5 Derivation for GLM

12.5.1  f, — 2,

The belief at f,, is
b (20) 9 fy () 15 (20). (12.32)
In ACEP, the above belief guarantees to be integrable. Meanwhile in EPC, the update of

messages from the above belief is skipped if the above belief is not integrable. We assume
it is integrable. The mean and variance are computed as

mi;fy = Ebﬁy [Zn] (12 33)
7‘5§fy = Varbfy [20]- .

Next, we compute the threshold precision %{WZ. We only need to compute the threshold
in ACEP when ffff Y is updated with the threshold value. Since the belief at the variable
z, is required to be integrable, we have

R ¢ | PN e (12.34)

Therefore, we set
Wr = =g 1 (12.35)

where € is a small positive number. Depending on which method is used, we have different
ways of updating the message precision:

o [f ACEP is used, we have

€l = max(— — 67, (12.36)
o If EPC is used, we have
g = Tnif — & (12.37)
After that, we update the other parameter as
I = (€ g e — v, (1239
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12.5.2  f, — a,

The belief at f,, is
bF () foy (i)t (). (12.39)

Its mean and variance are computed as

mi;fx = ]Ebix [zk]

N (12.40)
il = Var,. [2k].
The threshold v/*~* can be obtained by investigating b (zy),
fa—x 2T
+ >0
JZ’“_“ S . (12.41)
=7 =& = te
After that, we can obtain the update for message /Liz_’x.
12.5.3 f, — xp
We look at the belief at f,
b= (z,@)d(z — Az) | [ i7" (za) | [ 1= () (12.42)
n k
Marginalize it over z results to
f b= (2, @) dzor N (a|m® =, C-), (12.43)
where
Cﬁ;fz _ AT Czafz flA_i_ Cmﬁfz —17-1
[AT(C* 1) A+ (G ) ] o

m:-/l\:?fz — Ci:?fz [AT(ng’fz)*lng’fz + (Cw"fz>*1mw"fz]
Denote e as a unit vector whose k-th entry is one, and the marginalized belief is
byl () = Jfbfz(z, x)dz | | dow = N (zp|mi?=, 7502, (12.45)
K'#k
where

Tif T
7. =¢€,C =g,

- . 12.46
mﬂ}g;fz _ ezmw;fz. ( )
To derive the threshold ”y,{z_’x, we look at the belief at xy:
A T Lt |
(12.47)

o e
From this point, we can compute the feed back message by either of the methods:

u,ﬁzaz(xk) = M(mﬂukzﬁx, &77). (12.48)
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1254 f, — z,
We look at the belief at f,.

b= (z,@)0d(z — Az) | [ i 7= (za) | [ 1" ()
n k
We investigate the marginal belief of z, first,

bzfz (zn)c Jjbfz zZ,x H dzprdax.

n’'#n

Use Lemma 6 to integrate b/=(z,, z)dx on the second line of (12.51):

5 o i A0 G0+ 4, AT
féz”_a @) N (2=, 777 2N (@|mi;, CF ) d
N (zafm®/= al C*Fa,)
where
Ci = [AN(CZ) A + (C= ) 1]
= CEAL(CZ=) ' mZT= 4 (O™ =) tm= ]

We also have A
alC¥l-a, = el[(AC - AT) L+ (C=1) ! e,

if the inversion exists.
An interesting relation is Vv:

aZCfV =177 (a TC’m zaq, — 1770 " lagC"%;sz
In fact, N'(z|m2, C?) is an approximation of p(x|Vn’ # n : y,).
The mean and variance of the marginal belief of 2, at f, is
mi;fz = Ebi;fz [Zn] = aZmﬁ;fz

Zifz . — alo®/f
7,77 = Var sz [2,] = a,C%>a,

To derive the threshold, we observe the destination node of message /=%

make the belief at bZ(z,) integrable, we have

ETE TR0
T = T e

(12.49)

(12.50)

(12.51)

(12.52)

(12.53)

(12.54)

(12.55)

. In order to

(12.56)

Based on (12.55) and (12.56), we can update the message uf=~%(z,) based on the EP

algorithm discussed before.
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12.5.5 2z — fy
The belief at z,, is

b (2n) = N (znlm, 7)oz ™ (zn) ™ (20), (12.57)
where
z _ fz—z fyu—2z\—1
Tp = + &Y
! (Af”f fnf ) (12.58)
my, =T, (v ).

We then determine the threshold precision fyfl_’f ¥ based on the factor f, (2,). For example,

if f,, (2,,) is proportional to a Gaussian Mixture Model, the sum of yﬁ_’f Y and the precision
of the smallest GMM elements should be greater than zero.

12.5.6 z— f,

We need to determine the threshold precision v2~/=. The update of one message corre-
spond to a rank-one update of the covariance matrix C%/=

(C*) 1+ a,(y; " — &7 )a, > 0, (12.59)

where ¢27f+ is the message variance before updating and C%/= is the covariance matrix
before updating.
From Lemma 7, the positive definite condition is equivalent to

vl s gl (g7 O, = e B (12.60)

Proposition 3. In ACEP, with proper initialization (e.g. all positive message precision,),
z=>fy

if the update of ul=== ,uf,,yﬂz, fin and piZ~= follows the following order:
T S (12.61)
the update of pf==* and pz~'= does not need to evaluate the threshold.

Proof. We can prove this by mathematical induction. We use superscript ¢ to denote the
iteration number. Assume the proposition hold till ¢ — 1 iteration of (12.61). By the

induction hypothesis, (i ”*)=1 = (uz=F=)t=1), Therefore, £&/==7 is updated by

1
al (C*/=)"Da, (12.62)
€0+ () >

(o e T

where we denote the covariance matrix at /= updated just before (12.61) as (C®/=)(t=1),
and the one after the chain (12.61) as (C®/=)®). The second line of (12.62) is a result of
induction hypothesis and Lemma 7.

Since (12.62) is greater than zero, (£/*~%)® meets the threshold automatically.

fy—z

Based on the update rule for uy’

()@ + (€750 > 0. (12.63)
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Now we investigate the constraint for (€27f2)®). We look at (C*/=)® just after the update
chain (12.61):
(Cﬁﬂcz )(t)

= ([(CF=) D] 1 @, [(&2F=)0) — (g221=) =D ]gT) 1, (12.64)

The covariance matrix (12.64) need to remain positive definite. By Lemma 7, positive
definiteness of (12.64) is equivalent to the following constraint for (£277=)(®)

1
2= fz\(t—1)
~ +
al(C%/=)"Va, &) (12.65)

S G0+ () >0,

(gzﬁfz )(t) >

where the second line follows from (12.62). Compare the update of pZz~/= (12.63) with
condition (12.65), and we find out that in ACEP, we can directly set pu*~/= = pjf"ﬁz
without checking the threshold. O

Remark. The previous proposition indicates that in EPC, the belief b= is always inte-
grable.

Therefore, if we have the update order (12.61), the update for /= in both ACEP and
EPC is:
B () = il (2) (12.66)

Otherwise, if we have different order, we apply the constrained KLD optimization in
Section 12.2.1 based on (12.58) and (12.60).

12.5.7 x — f,

The belief at x, is A
i (i) el ™" () g~ (12.67)

The belief is always integrable. The mean and variance of b} are

o= (€T
z

fa—z

X N (12.68)
my, = 14 (V4 + V}fz )-

To derive the threshold vlf_’f ?, we observe the belief at f, . If GMM prior is used, the

sum of vlfaf * and the minimum component precision should be greater than zero.

12.5.8 1z — f,

To determine the threshold fy,f_’f * we observe the rank one update. If the precision of
message ,uiqf * is updated from {lf_)f * to %f_’f * the new covariance matrix of belief b/> is
updated by

[(CHF) ™ + en(ry = — &7 )el ], (12.69)

where e, denotes a unit vector with the k-th entry equal to one. Based on relation (12.46)
and Lemma 7, (12.69) is positive definite iff.

wol g g (12.70)
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Proposition 4. In ACEP, with proper initialization (e.g. all positive message precision,),
if the update of =™, ,uigﬁx, w1 and @51 follows the following order:

T RS T LY e N (12.71)

=% and "= does not need to evaluate the threshold.

the update of p;;
Proof. The proof is analog to the one of Proposition 3. O]

Therefore, if we have the update order (12.71), the update

z_’fz(

i () = " () (12.72)

automatically guaranties that b/= is integrable.

12.6 Useful Relations

An important relation based on Gaussian reproduction lemma is

N(Hz|a, AN (z|b, B)

. (12.73)
N(z|c,C)N(a|Hb, HBH" + A),
where
C=(H'A'"H+B")!
S (12.74)
=C(H A "a+ B™'b).
Lemma 6. Let a € RE, m, e RE, and C, € RE*K be symmetric. If
Jfﬁ(w]mw Co)N(z|m.,7.)6(z — a’ x)dzdz (12.75)
18 integrable, then
f (x|my, Co)N (2lm., 7.)6(2 — a’x)dz
— N (z|ms, ZW(QW)K (alCpa) -1 det(Cy) (12.76)
N(0|m, —a’mg,a’ Cra + 7,),
where
7 =[(a"Cpa)™ + 717!
B T LT (12.77)
mz = mz[(a’ Cpa) 'a’my + 77 'm.]
Proof. We compute the integration by substitution. Define
U = [’U,l e ’U,Kfl] € RKX(K_U, (1278)

such that Vk, k' € [1, K — 1] : a"uy, = 0 and u] u) = 0, where g denotes Kronecker
delta that evaluates to zero if k' # k and evaluates to one if k = k.
We construct a full rank basis matrix

H =[a U|eR"*¥ (12.79)
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We substitute « by 6, where * = HO and thus, de = |det(H)|d0.
The integral in (12.76) can be computed as

JJT/'(w|mm, C.)N (z|m., 7.)6(z — a’ x)dx

= ffﬁ(a@l +U0Om,,C,)do

N (z|m.,7.)d (z— \al0,)| det(H)|d6,

JJN 0|mig(6,), )d@exp[ %(Ql)Cglmg(Ql)]
exp[—ﬁ( — a@l)TC (mg, — ab)]
N(z|m.,7.)0(z — |a|?6,) - | det(H)|d6,

= /2 det(C) exp[%

-exp[—%(mm —af)'C (my — ab))]
N (z|m.,7.)0(z — |a|*6,) - | det(H)|d6,

(12.80)

myg (6,)C i (6;)]

where
Cq = (UTC,TU)" (12.81)
mg(6h) = CglU" C ' (my, — ab))] '
The integral of (12.75) exists, which implies that we have positive definite matrix

Cy > 0. (12.82)

From this point, we only have scalar variables #; and z.
Continuing from (12.80), we have

f/Tf(w|mm, C)N(zlm.,7.)6(z — a’x)dx

_ | det(H)|4/(2m)5 -1 det(Cy)

12.
‘a’|2 ( 83)
1
-exp[—§zT(bT(J—1b3 —b]C5'by + 712 (12.84)
-exp[zT (b3 C 'my, — bTC’ Yoy + 7 'm.)] (12.85)
1
exp[—5 (Mg Cy'mg — by C5 by + mZ 7 m.)], (12.86)
where
b = CUTC;
al?
b, = CoUTC'm, (12.87)
a
b= — -
3 |a|27
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We try to simplify (12.84). Let

a’/|al

Q:[ T ]C;l [a/|a] U] (12.88)

be a matrix of 2 blocks by 2 blocks. Since [a/|a] U] is a unitary matrix, we have

Q' = [“ZAT“'] C.[a/la] U] (12.89)

According to Schur complement and matrix inversion lemma, the first two terms of the
quadratic coefficient in (12.84) can be verified to be

1
b;C,'bs — b/ C b, = W([Q‘l]u)‘l = (a"Cpa)™ (12.90)

Now we try to simplify (12.85). The first two constant terms can be expanded as

by C,'my — b] C by = bym,. (12.91)
where
r_ % oo O oo uTosiu)uTe: (12.92)
4 — W r W T ( T ) T :

It has the following two properties

. bfﬁ is the same as expanding the left hand side of (12.90). Therefore,

oI L — (aTCha). (12.93)

al?
e [t is in the null space of U:
biU =0 (12.94)
Therefore, from (12.94), we know b, must be a scalar multiple of a. By (12.93), we have
b, = (a"Cra)'a’. (12.95)
We investigate (12.86), the first two terms can be expanded as
mLC 'm, — bgCgle = blm,, (12.96)

where
bl =mlC,' -mlCc'UUTC'U)'UTC,? (12.97)
Similar as before, bl has the following two properties

e Compare (12.92) with (12.97), we can verify that

r @
*lal?

b = (bimy)" = mla(a’Cra)™ (12.98)

e It is also in the null space of U
biU =0 (12.99)
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Therefore, bl must be a scalar multiple of a. From (12.98), we have

b: = mla(a’Cya)'a” (12.100)

xr

Finally, we examine the determinant in (12.83). Since

H = [a/|a] U] ['a‘ I] , (12.101)

we have |det(H)| = |a.
From (12.88), we have
Cs = ([Ql2) ", (12.102)

where [@Q]22 denote the matrix at the second block row and the second block column of
Q. Based on block determinant property and (12.90), we have

det(Cy) = det(Cy)(a’ Cza)™!|al? (12.103)

Substitute the discussion results into (12.83) - (12.86) and we have

J/T/'(a:]mm, C.)N(z|m.,7.)6(z — a’ x)dx

— +/(21)E—1(aTCypa)~' det(C,) (12.104)
N(0|mz - aTmm7 a/TCma/ + TZ)
-/Tf(z|mg, 7-2)7

where

7 = [(@"Cpa)™' + 71

msz = Tg[(aTCma)_lame + Tz_lmz]

(12.105)

]

Lemma 7. Let C~! € RE*E be a symmetric positive definite matriz, then (C~' +

—1,T\—1 ; ¥ ito 7 -1 1
at™'a’)™" is also positive definite iff. 77" > ——r &z

Proof. The matrix inversion does not change the positive definiteness. Therefore, we
investigate C~! 4+ ar'a’. Since C~! is positive definite and symmetric, we factorize it
by

cl=cCcVCcTR, (12.106)

such that C~1/2 is also a symmetric positive definite matrix. Therefore, we have
C'+arta’ =C VI +br ")CT (12.107)
where
b=C"a. (12.108)

Since C~/? is full-rank, (12.107) is positive definite iff. (I 4+ b7~'b") is positive definite.
We construct a unitary matrix U = [u; ... ug_i| € RE*E=D such that Vk, k' €
[1, K —1]: b"u;, = 0 and u;‘fuﬁg = 0w, where 0y denotes Kronecker delta that evaluates
to zero if k' # k and evaluates to one if k = £’
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Another square unitary matrix can be constructed by
H - [% U} e RE*K, (12.109)

Therefore,

I+br 0" =H

1+ |b]2rt
I

] HT. (12.110)

From (12.110), (C~! + ar'a”) ™! is positive definite iff.

1
1+ bt >0 L — 12.111
L (12.111)

]

Remark. Lemma 7 implies that it is easier to use precision instead of varz'ance when
deriving. When using the precision representation, the feasible set is 771 € (— aTCa’ +00).
However, in variance representation, this condition is equivalent to T € (—o0,a’Ca) U
(0, 4+00).

12.7 Gaussian Mixture Model (GMM)

For simulations, we use GMM prior p(z;) and likelihood p(y,|zn).
Consider the following belief

b(0) F(O)u(0), (12.112)
where
Zws (Oma, 7)) = > wM(0lvy, &) (12.113)
and
w(8) = N(8lm, 1) = M(8|v,§). (12.114)
Therefore,
Zws (0lms — m, 7s + T)M(Ovs + v, & + €). (12.115)

Since b(#) is integrable, we have Vs : & + £ > 0. We can transform the factor containing
0 to normalized Gaussian

M(Olvs +v,& +€) = )2y N (Olmg,, 75,,) (12.116)
where
!
Ols fs +€
s (12.117)
Mo T e e

We rewrite the belief as
ocZns (O1mg 75,,); (12.118)
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s = w N (0my —m, 75 + 7)4 [2775,- (12.119)

We can normalize the belief. Define

where

s

Ps = , 12.120
S ( )
and we have
b(0) = ¥ pN(6lmg,. 75.,). (12.121)
The belief mean and variance are
mg = Ey[0] = Zp5m§|s
| (12.122)

Tp = Varb[Q] = [2 ps(7—§|s + ‘m§|s|2)] - |m§’2

12.8 Simulation Results

We consider a system of size N x K = 8 x 12. The prior distribution of each symbol is
independent and follows GMM with exponential decay:

1

p(ag) = 5N (2]2771,0.1 x 2721
) (12.123)

+§N(xk1 — 27" 0.1 x 27271,

Each entry in the measurement matrix A is generated from i.i.d. Gaussian. Additive
white Gaussian noise is assumed, whose power is adjusted such that the SNR is 15 dB.
We generate 1000 independent realizations.

Besides our proposed methods, we also simulated the results for LMMSE, CWCU-BP
[24, 25], EP clipping [10], and Noise Unbiasing [28]. The simulation results show that
the performance of our proposed methods surpasses the existing attempts to handle the
non-integrable beliefs. This indicates that in order to have more accurate estimates, we
have to accept the non-integrable messages.
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12.9 Conclusions

We proposed two EP frameworks that avoid non-integrable beliefs without shrinking the
feasible set. Both methods permits non-integrable messages and factors. The proposed
methods are then applied to GLM. Based on our analysis, we find out that if EPC is
used, the only beliefs that require checking are blv and bg””. On the other hand, if ACEP
is used, only the messages to and from factor nodes f,, and f;, need to be compared
with the thresholds to guarantee integrable beliefs. The simulation results indicate that
in order to achieve better results, we must accept non-integrable messages.
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Chapter 13

Conclusions

In this thesis, we investigate message-passing-based algorithms for both linear and bilin-
ear estimation. In the first part, we apply EP to a loop-free factorized generalized linear
model (GLM). This enables the construction of equivalent Gaussian priors and observation
noise that preserve the posterior means and variances of the input signals. The resulting
extrinsic messages can be shown to correspond to the component-wise conditionally un-
biased LMMSE (CWCU-LMMSE) estimates of an equivalent linear model with Gaussian
priors and noise. Based on the connection between EP and constrained Bethe Free Energy
(BFE) optimization, we provide an alternative derivation of the large-system-limit (LSL)
BFE for the GLM, which characterizes the stationary points of reGVAMP. Building on
the LSL-BFE formulation, we propose the AMBGAMP algorithm, for which convergence
can be proven.

In the second part, we investigate message-passing-based algorithms for bilinear esti-
mation. Although orthogonal pilot sequences are assumed, randomly generated pilot
sequences can also be accommodated using methods developed in the first part. We first
study a hybrid EM-EP framework, in which EP mitigates multi-user interference while
EM converts single-user bilinear estimation into linear estimation problems. Owing to
the structure of EP, the EM-EP framework can be implemented in a distributed man-
ner by appropriately rewriting the factorization scheme. We also analyze the impact of
loops in factor graphs and show through simulations that loop-free factorizations lead to
significantly faster convergence.

A simplified EP-based algorithm for bilinear estimation is then developed using LSL
approximations. These simplifications enable decentralized implementation.

By analyzing the BFE of the bilinear estimation problem, we propose the VB-EP algo-
rithm, which converts bilinear estimation into linear estimation via VB while preserving
dependencies between channel and data variables. This algorithm supports both dis-
tributed and decentralized implementations. Compared to EP-based methods, VB-EP
reduces computational complexity at the AP side. However, this reduction comes at the
cost of additional constraints in the BFE optimization problem, which shrink the feasible
set. To address this limitation, we further develop hierarchical EP, which exploits the
structure of widely used QAM constellations to reduce AP-side complexity from linear to
logarithmic with respect to the constellation size.

We also investigate the GF-CF network, which is the key technology for machine-type
communications in IoT and autonomous driving. A distributed iterative maximum likeli-
hood (ML) method is proposed for activity detection, achieving higher accuracy compared
to existing message-passing-based approaches.
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Finally, we focus on more fundamental problems rooted in EP. Non-integrable beliefs
prevents the EP algorithms from proceeding. Most of researchers avoid this problem
by limiting the messages to integrable ones. The non-integrable-belief problem becomes
more common as the factorization schemes grow more complicated, especially in bilinear
joint estimation and detection problems, where we have GMM beliefs. We generalized the
problem from the CF communication as estimating the mean and variance of the a random
variable whose prior is in the form of GMM product. Two variants of EP are proposed that
prevent the non-integrable belief while allowing the non-integrable messages. However,
these methods cannot be applied to arbitrary factorization schemes. We further develop
a more general framework for EP that prevents the non-integrable beliefs and can by
applied in more complicated factorization structures.

13.1 Future Work

By using the concept of equivalent Gaussian priors and noise that preserve posterior
statistics, the LSL-BFE in each AMBGAMP iteration can be solved analytically by jointly
satisfying the Karush-Kuhn-Tucker (KKT) conditions. Preliminary simulations indicate
that this approach outperforms ADMM-based methods. To further reduce computational
complexity, particularly the matrix inversion required in least-squares steps, adaptive
accelerated optimization methods will be investigated.

The relation between VL-EP and VB-EP is worth further investigating. These two al-
gorithms share a common mechanism which converts the single user bilinear estimation
problem to single user linear estimation problems. Since we know the stationary points
of VB-EP, it will be interesting if we can find the stationary points of VL-EP.

We find that by combining the ideas of VB-EP and Hierarchical EP, the resulting message
passing algorithm contains only integrable beliefs and integrable messages. It will be
interesting to compare the simulation results with other algorithms.

The EP framework that prevents non-integrable beliefs can only be applied in sequential
order. A new framework that allows parallel update is also worth investigating.
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