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Abstract

In this thesis, message-passing-based algorithms for the uplink of Cell-Free Massive Multiple-
Input Multiple-Output (CF-MaMIMO) communications are investigated. In CF net-
works, all user equipments (UEs) within a region are simultaneously served by all access
points (APs). As a result, the number of users may exceed the length of pilot sequences,
leading to pilot contamination. To address this issue, semi-blind methods are required, in
which APs jointly estimate channel coefficients and UE data symbols. Pilot-based channel
estimation can be formulated as a linear estimation problem, while data-based estimation
leads to a bilinear estimation problem. Exact Bayesian inference involves high-dimensional
integrals and is NP-hard. Therefore, iterative approximation methods, such as message-
passing algorithms, are essential for practical CF communication systems. The close rela-
tionship between constrained Bethe Free Energy (BFE) optimization and message-passing
algorithms is analyzed. Pilot-based channel estimation is generalized as a sparse signal re-
covery problem under a generalized linear model (GLM), which is a fundamental problem
in signal processing. The approximate posterior, along with the corresponding equivalent
Gaussian prior and noise, is obtained using Expectation Propagation (EP) on a loop-free
factorization of the GLM. A constrained BFE formulation that shares the same station-
ary points as the corresponding EP algorithm is studied. Furthermore, an alternative
derivation of the large-system-limit (LSL) approximation of the BFE is presented. Based
on this LSL approximation, a provably convergent iterative method is proposed. In the
second part, this thesis focuses on bilinear estimation problems. A hybrid method combin-
ing Expectation Maximization (EM) and EP (EM-EP) is proposed, where EP mitigates
multi-user interference and EM converts the single-user bilinear estimation into two linear
estimation problems. By employing a loop-free factorization scheme, EM-EP converges
rapidly to a stationary point. To exploit discrete constellations, a decentralized EP-based
algorithm is developed and further simplified using LSL approximations. To reduce the
computational complexity of EP caused by constellation size, a hybrid Variational Bayes
(VB) and EP method (VB-EP) is proposed. While VB-EP follows a similar design phi-
losophy to EM-EP and variable-level EP (VL-EP), it introduces additional constraints
that may degrade performance from the perspective of BFE optimization. In contrast,
hierarchical EP avoids introducing new constraints and reduces computational complexity
by exploiting the hierarchical structure of 4M -QAM constellations. Motivated by emerg-
ing machine-type communications in 6G systems, grant-free (GF) CF networks are also
investigated. A distributed iterative maximum likelihood algorithm is proposed for user
activity detection. EP serves as the core framework for both linear and bilinear estimation
in this thesis. A fundamental challenge in EP is the presence of non-integrable beliefs.
In bilinear estimation, this issue arises when computing Gaussian-equivalent messages for
Gaussian mixture model (GMM) messages. To address this, an EP-based algorithm is
proposed to approximate the mean and variance of a random variable whose distribution
is given by a product of GMMs. Two approaches are developed to preserve non-integrable
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messages while preventing non-integrable beliefs. These approaches are further general-
ized into an EP framework capable of handling more complex factorization structures,
such as those encountered in CF communication systems.
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Chapter 1

Introduction

Cell-Free (CF) Massive MIMO (MaMIMO) is a promising technology for the next-generation
communication networks. It is expected to combine the benefits of both MaMIMO and
distributed antenna system (DAS) [1].
As suggested in [1], in CF-MaMIMO networks, a user equipment (UE) is jointly served by
all the access points (APs) in a region. Each AP is equipped with either a single [1] or a
very small number [2] of antennas. The APs cooperate in a phase-coherent manner via a
backhaul network using time-division duplexing. Due to channel reciprocity, the downlink
communication is only possible when the channel is estimated during the uplink. In this
thesis, we focus on the uplink communication, particularly channel estimation. To limit
backhaul transmission usage, the channel state information should not be shared among
different APs [1].
A major challenge in CF networks is pilot contamination. Since all the users in a region
are simultaneously served by all the APs in the region, the number of UEs may exceed
the length of pilot sequences. As a result, the likelihood obtained from pilot observa-
tions is not sufficient to estimate the channel. Other information such as channel prior
or data based estimation is needed to estimate the channel correctly. Based on these
considerations, we divide the thesis into two parts. In the first part, we consider only
prior information and the pilot observation. In this part, we generalize the pilot-based
channel estimation into a sparse signal recovery problem, where the pilot sequences sent
by all the UEs can be identified as the measurement matrix, and the channel the channel
is treated as “unknown input signal” in the context of sparse signal recovery. Since the
APs are distributed across the region, the channel between users and different APs can
be considered independent. Therefore, if we consider single-antenna APs, we only need
to investigate sparse vector signal recovery, instead of the whole channel matrix. In the
case of multi-antenna APs, since every AP is only equipped with a small number of an-
tenna, we can utilize vectorization to transform the problem into a vector signal recovery
problem without significantly increasing the complexity. Therefore, in the first part, we
investigate methods for sparse signal recovery.
In the second part, we estimate the channel using not only channel priors and pilot-
based observations but also data-based observations. This leads to the so-called semi-
blind estimation and can be formulated as a bilinear estimation (and detection) problem.
By combining the pilot observation likelihood and the channel prior, we obtain a joint
distribution of the received pilot signals and the channel. This allows us to transform
the semi-blind channel estimation with independent (per-AP-per-UE) channel prior to
a blind channel estimation problem with a hypothetical correlated channel prior (i.e.,
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the channel of different users becomes correlated). To avoid excessive complications, we
consider orthogonal pilot sequences, i.e., the inner product of the pilot sequences from two
users is zero if they use different sequences, but they are also allowed to reuse the same
sequence. It has been shown in [3] that using randomly assigned non-orthogonal pilot
sequence outperforms orthogonal pilot assignment. Nevertheless, the focus of the second
part is bilinear estimation, and the techniques developed in the first part can be readily
extended to accommodate non-orthogonal pilots. With the growing interest of IoT and
autonomous driving, grant-free (GF) communication is also required. It has been shown
that MaMIMO systems are well suited to support GF access [4]. This thesis also includes
a discussion of Grant Free CF-MaMIMO, in which not only the channel and data need to
be estimated and detected, but also the user activities need to be detected.

1.1 Prior Works

1.1.1 Useful Bayesian Inference Tools

Both the linear and estimation problems can be generalized as high-dimensional Bayesian
inference problems. Obtaining the exact optimal solution requires NP-hard computations
to evaluate high-dimensional integrals and all possible discrete combinations. More prac-
tical approaches aim to obtain approximate solutions using iterative methods. In this
thesis, we mainly employ message passing based methods [5–7]. These algorithms exploit
the structure of the factored joint probability distribution to compute the marginal dis-
tributions. From a factored joint probability, a factor graph can be constructed. A factor
graph consists of two types of nodes: factor nodes and variable nodes. These nodes can
be obtained by listing all the factors and variables (only once, even if a variable appears
in multiple factors). An edge is drawn between a factor node and a variable node if the
variable is an argument of the factor.
If the factor graph contains no loops, then sum-product rules [5] can be applied to iter-
atively compute marginal distributions. This method can be shown recursively to yield
exact marginals. The sum-product rules depend only on the local neighborhoods of each
factor and variable node, and therefore can also be applied to a loopy factor graphs. This
idea is called Loopy Belief Propagation (BP) and is studied in [8]. At each factor node, a
belief is computed, which is normalized to 1 and proportional to the product of the factor
and all incoming messages from neighboring variable nodes. These incoming messages
are referred to as extrinsics to that factor. Similarly, at each variable node, a belief is
obtained as the product of all incoming messages to that node from neighboring factor
nodes. In BP, the message from factor to variable is computed in two steps:

• Marginalize the belief so that it depends only on the destination variable.

• Compute the message from the factor to the variable as the quotient of the marginal-
ized belief and the message from that variable to the factor.

Since the belief at variable already depends on only a single variable, no marginalization
is needed. Therefore, the message from a variable to a factor can be directly computed
as the quotient of the variable-level belief and the incoming message from the factor. At
convergence, these beliefs can be interpreted as approximate marginal distributions, and
they are exact if the factorization is loop-free. Although BP decomposes a global inference
problem into multiple local ones, multiple arbitrary messages at a linear combination
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factor can still lead to intractable computations, as is the case in CF networks. As
will be shown in the second part of this thesis, the messages from channel coefficients
(variables) to the pilot observation likelihood (factor) take the form of Gaussian mixture
models (GMMs). Even with orthogonal pilots, the marginalization step at the observation
likelihood remains intractable.
Expectation Propagation (EP) [7,9] introduces a further approximation to relax the prob-
lem. The goal of EP is to restrict messages to a chosen family of functions. Compared
to the BP rules mentioned before, EP only introduces an additional projection operation
when computing the message from factor to variable. In EP, the message from factor to
variable is summarized in the following three steps:

• Marginalize the belief such that it depends only on the destination variable.

• Project the resulting marginal belief onto desired family of distributions. In this
thesis, the projection is always onto the Gaussian family.

• Compute the message from the factor to the variable as the quotient of the projected
marginalized belief and the incoming message from that variable.

This additional simplification significantly expands the applicability of message-passing
algorithms. However, a major limitation of EP is that the resulting messages may be
non-integrable, even when all factors are integrable. This issue does not arise in BP, since
the quotient operation effectively removes one component from a product. The presence
of non-integrable messages is a major drawback of EP, as it may prevent the algorithm
from proceeding. This remains an open problem [10], which we address in the second part
of this thesis.
Constrained Bethe Free Energy (BFE) optimization provides a unified framework for
message-passing algorithms such as BP and EP [6,11]. Given a factorization of the original
joint distribution, BFE represents the approximate variational free energy under the Bethe
approximation. The concepts of variational free energy and the Bethe approximation are
briefly introduced below:

• Variational Free Energy is essentially the Kullback-Leibler divergence (KLD) be-
tween a trial distribution and the given factorized distribution, where the trial dis-
tribution appears as the first argument of the KLD.

• Bethe approximation: A loop-free factorized joint distribution can be expressed in
a quotient form involving only marginal distributions. The numerator consists of
multivariate marginal distributions, each involving the variables of a corresponding
factor. The denominator consists of variable-level marginal distributions. The Bethe
approximation defines a trial distribution that preserves this quotient structure and,
consequently, the local dependencies. The trial factors in the numerator can be
interpreted as factor-level beliefs, while those in the denominator correspond to
variable-level beliefs in BP or EP.

If a loop-free factorization is assumed, enforcing that each trial factor in the denominator
equals the marginalization of the corresponding numerator factor yields exact marginals.
Furthermore, BP and EP can be unified within the constrained BFE optimization frame-
work [6, 11] by imposing different consistency constraints between the numerator and
denominator of the Bethe approximation. Strict marginal consistency constraints corre-
spond to BP, whereas relaxed moment consistency constraints correspond to EP.
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1.1.2 Prior Works for Linear Estimation

We can formulate pilot-based channel estimation in CF networks as a sparse signal re-
covery problem. Approximate Message Passing (AMP) is a well-known computationally
efficient algorithm for sparse signal recovery in linear models [12–14]. The authors show
in [12] that AMP can be derived from BP with large-system simplifications based on
Taylor expansions. A main feature of AMP is that, by using large-system-limit (LSL)
approximations, AMP is able to represent messages as functions of beliefs. The same idea
can be extended to generalized linear models [15, 16], leading to the Generalized AMP
(GAMP) algorithm.
In [15], the authors show that GAMP can be derived based on EP and LSL approxima-
tions. Since both BP and EP are closely related to BFE, the connection between BFE
and (G)AMP is studied in [17,18]. In [17], the authors show that the (G)AMP algorithm
has the same stationary points as the BFE under large-system-limit approximations. The
convergence of message-passing algorithms such as BP, EP, and GAMP remains an open
problem. The dynamics of AMP can only be computed numerically as a one-dimensional
state evolution [12, 13]. Following the observation that GAMP and LSL-BFE share the
same stationary points, Rangan proposed an analytically provable convergent method
based on the optimization of the LSL-BFE using ADMM [18]. However, a disadvantage
of ADMM-based methods is their cubic complexity due to matrix inversion operations.
As shown in [13], the AMP algorithm is very sensitive to the measurement matrix, and
the large-system limit does not hold for highly structured measurement matrices. Since
(G)AMP can be interpreted as BP or EP with large-system-limit approximations, [19]
proposes an EP-like algorithm, Vector AMP (VAMP), to handle signal recovery problems
with structured measurement matrices.

1.1.3 Prior Works for Bilinear Estimation

The major challenge in bilinear estimation problems is that the product of two random
variables is often non-trivial. For example, if we consider a Gaussian channel with Gaus-
sian signaling, the resulting product random variable takes the form of Meijer G-functions.
In more practical cases, the channel is Gaussian and the user signal follows a discrete al-
phabet, in which case the resulting product random variable is a Gaussian Mixture Model
(GMM). Although linear combinations of GMMs remain GMMs, the number of Gaussian
components in the resulting GMM grows exponentially with the number of factor GMMs.
Therefore, iterative methods are necessary to make CF communications practical.
Variable-Level Expectation Propagation (VL-EP) [20] mitigates the intractable compu-
tations in bilinear estimation using iterative Expectation Maximization (EM). In VL-EP,
interference is treated as Gaussian due to the Central Limit Theorem (CLT). Moreover,
to remove the effect of interference from other users when estimating the channel of a
given user, VL-EP uses channel posteriors obtained from previous iterations, similar to
decision feedback. Subsequently, EM is applied, where user data are treated as latent
variables. Therefore, VL-EP can be interpreted as an iterative method for finding an ap-
proximate maximum a posteriori estimate of the channel. A major limitation of VL-EP
is that it cannot be deployed in a distributed manner, since the “expectation” step in the
EM algorithm requires previously estimated channel coefficients from all APs.
In [21, 22], the authors propose Hybrid Vector Message Passing (HVMP). HVMP trans-
forms the bilinear estimation problem into iterative linear estimation problems using a
variational Bayes (VB)-like approach, which assumes that the channel posterior is inde-
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pendent of the data posterior. This assumption can be incorporated into the constrained
BFE optimization framework by introducing a constraint on the joint posterior of the
channel and the data, such that it factorizes into the product of the channel posterior
and the data posterior. As a result, the bilinear estimation problem reduces to iterative
alternating linear estimation problems. The authors then apply AMP to perform the lin-
ear estimation. The core computation of HVMP is very similar to that of VL-EP, as both
approaches convert bilinear estimation into linear estimation by using the expectation of
the log joint distribution.
In [23], the authors propose a bilinear version of GAMP algorithm (BiGAMP) based on
BP, CLT, and Taylor approximations under LSL. Similar to (G)AMP in linear systems,
BiGAMP represents messages as functions of beliefs. However, due to second-order Taylor
expansions, the messages in BiGAMP take the form of compositions of exponential and
quadratic functions. Unlike Gaussian functions, these messages are not guaranteed to be
integrable.
In practical communication scenarios, user data symbols are drawn from discrete constel-
lations. To exploit this structure, [2] proposes an EP-based algorithm for joint channel
estimation and data detection (referred to as bilinear-EP JCD). By combining EP with
BP, messages related to data symbols are computed using BP, thereby preserving the
discrete nature of the data symbols, while messages related to the channel are projected
onto Gaussian distributions using EP.

1.2 Main Contributions
The thesis is mainly divided into two parts. In the first part, we focus on estimation
techniques in generalized linear models. In the second part, we focus on bilinear estimation
techniques.

1.2.1 Main Contributions in Linear Estimations

The VAMP algorithm [19] can be used for signal recovery in linear models. However,
it only estimates average posterior variances. To address this limitation, we develop a
revisited VAMP algorithm for generalized linear models (reGVAMP), which is not only
applicable to generalized linear models but also computes component-wise posterior vari-
ances. The reGVAMP algorithm further provides a method for constructing equivalent
Gaussian priors and likelihoods, thereby transforming a generalized linear model with
arbitrary input priors and output observation likelihoods into an equivalent linear model
with Gaussian priors and additive white Gaussian noise (AWGN), while preserving the
posterior means and variances.
We then analyze the fixed points of reGVAMP by establishing the corresponding con-
strained BFE optimization problem. We provide an alternative derivation to obtain the
large-system-limit (LSL) simplification of this constrained BFE formulation. Further-
more, we show that the extrinsic message to the data prior factor corresponds to the
component-wise conditionally unbiased LMMSE (CWCU LMMSE) [24, 25] estimate of
the equivalent linear model.
Based on the analysis of the resulting LSL-BFE, we propose a convergent AMBGAMP
algorithm. To address the matrix inversion required by the least-squares steps in ADMM-
GAMP [18] and AMBGAMP, we introduce a line-search-based gradient descent method.
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Since the proposed method deviates from the ADMM framework, a sketch of the conver-
gence proof is also provided.

1.2.2 Main Contributions in Bilinear Estimations

The VL-EP algorithm uses posterior estimates for interference cancellation. However, this
approach does not support distributed implementation, since the APs must share their
estimated channel coefficients with the CPU for the expectation step. To address this lim-
itation, we develop an EP framework combined with EM to handle bilinear estimation.
Due to the fact that the operation exppErlogp¨qsq transforms the bilinear likelihood into
a linear Gaussian likelihood in the EM algorithm, the messages in the proposed EM-EP
framework are always integrable. According to the philosophy of reGVAMP, the mes-
sage from a variable to the observation likelihood can be interpreted as the approximate
marginalization of a partial distribution involving all other factors. Therefore, in EM-EP,
the partial distributions instead of the posteriors are used for interference cancellation.
This EM-EP framework enables flexible switching between centralized and distributed
implementations by adjusting the factorization scheme, provided that the channel priors
and noise across different APs are independent. Since loops in the factorization scheme
affect the convergence of the underlying message-passing algorithm, we further investigate
EM-EP under a loop-free factorization scheme.
By utilizing the LSL properties described in [13], we investigate a simplified Bilinear EP
algorithm based on LSL approximations. From the ideas of consensus propagation [26,27],
the reliance on a central processing unit (CPU) can be eliminated, thereby enabling the
transformation of a distributed system into a fully decentralized system.
According to [6, 11], message-passing algorithms are closely related to constrained BFE
optimization. We investigate the BFE formulation for CF networks and propose a hybrid
VB-EP algorithm by introducing a constraint that approximates the joint belief (poste-
rior) of the channel and data for each user as independent beliefs. This approach is similar
to the work in [21]. However, the prior work in [21] assumes that the joint belief of the
entire channel and data matrix is fully factorized. In contrast, we aim to preserve the
dependencies between the channel and data of different users by introducing an auxiliary
variable for the user-wise bilinear combination. The resulting algorithm employs expecta-
tion and logarithmic operations to convert the bilinear estimation problem into iterative
linear estimation problems, similar to VB and VL-EP. Compared to the EP-based algo-
rithm described above and [2], where each AP must evaluate a GMM with a number of
Gaussian components equal to the constellation size, VB-EP requires only the mean and
variance of the user data beliefs. This enables the transformation of the bilinear problem
into linear estimation problems involving only simple Gaussian distributions.
Although VB-EP reduces the computational complexity at the AP side, introducing ad-
ditional constraints inevitably leads to performance degradation. We observe that when
square-shaped 4M -QAM constellations are used, they can be decomposed into M sub-
constellations, each corresponding to a 4-PSK constellation. We exploit this property and
propose a hierarchical EP method for bilinear estimation. By exploiting the hierarchical
structure and decomposing QAM into PSK components, we reduce the computational
complexity, especially in multi-antenna AP scenarios. This is because the covariance ma-
trices of the Gaussian components in the channel belief GMM depend on the squares
of the symbol realizations. Since the square of a PSK symbol is constant, the matrix
inversions of these covariance matrices only need to be computed once.
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We further consider machine-type communication by investigating grant-free (GF) access
in CF MaMIMO systems. The key difference between conventional CF networks and
GF-CF lies in the introduction of an activity indicator matrix. To address this problem,
we propose a framework that combines deterministic detection with Bayesian estima-
tion, where the activity indicator matrix is treated as an unknown deterministic variable.
Specifically, we develop a distributed iterative maximum likelihood method to detect user
activity. Once the user activity is identified, the GF-CF system reduces to a standard
CF communication problem. In this thesis, VB-EP is then applied for bilinear estimation
and detection in the resulting CF system.
Although all factorization schemes considered in this thesis consist of integrable factors,
non-integrable messages (intuitive Gaussian with “negative” variance) may still prevent
EP-based algorithms from proceeding, since non-integrable beliefs cannot be normalized
and their means and variances do not exist. This issue is common in EP, and no general
solution exists when non-integrable beliefs arise. In most existing works [2,10,19,28], non-
integrable beliefs are avoided by constraining the messages to remain integrable. However,
from the perspective of constrained BFE optimization, restricting non-integrable messages
reduces the feasible set of the optimization problem. For example, in a one-dimensional
linear model with a BPSK prior, it can be verified that MMSE estimates are achievable
only when non-integrable messages are allowed. In CF-MaMIMO systems with Gaussian
channel priors and discrete data symbols, the channel belief at the bilinear combination
factor becomes a GMM, which does not guarantee integrable feedback messages. In this
thesis, we first isolate this subproblem—estimating the mean and variance of a random
variable whose distribution is given by a product of GMMs. Simulation results show
that allowing non-integrable messages significantly improves performance. We then gen-
eralize this idea and propose modified EP rules that prevent non-integrable beliefs while
preserving the flexibility of the message updates.
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Chapter 2

Detailed Introduction to BFE and
Message Passing Algorithms

2.1 Bethe Free Energy
Consider a factored joint PDF:

ppθq9
ź

α

fαpθαq. (2.1)

The Bethe approximation for (2.1) has the trial function bpθq of the form of:

bpθq “

ś

α bfαpθαq
ś

i bθipθiq
Li´1

, (2.2)

where Li denote the number of factors that include θi as a parameter. All the functions
in (2.2) must be proper distributions integrate to one. Furthermore, the numerators in
(2.2) must be consistent with the denominators, i.e.,

@α and i P Npαq : bθipθiq “

ż

bfαpθαq
ź

jPNpαq{tiu

dθj,

@i :

ż

bθipθiqdθi “ 1,

(2.3)

where we exploit the notations and denote Npαq as the set of indices of entries contained in
θα. The Bethe Free Energy is actually, the variational energy of the Bethe Approximation:

BFE “ KLDrbpθq}ppθqs (2.4)

In order to determine all the bfα and bθi , we minimize the Bethe Free Energy,

min
@α, i : bfα , bθi

BFE

s.t. (2.3).

2.1.1 Tree Structured Factorization Example

Observe a simple example, assume a PDF can be decomposed into two factors:

ppθq “
1

Z
fαpθαqfβpθβq, (2.5)

17



where

θ “
“

θ1 θ2 θ3
‰T

θα “
“

θ1 θ2
‰T

θβ “
“

θ2 θ3
‰T

;

Z “

ż

fαpθαqfβpθβqdθ.

(2.6)

To verify the conditioned independence, we look at the relation between ppθ1, θ3|θ2q and
the product ppθ1|θ2qppθ3|θ2q. According to Bayes rule, the conditional joint PDF is

ppθ1, θ3|θ2q “
1

Zppθ2q
fαpθ1, θ2qfβpθ2, θ3q, (2.7)

with the relation

Zppθ2q “

ż

fαpθαqfβpθβqdθ1dθ3

“

ż

fαpθ1, θ2qdθ1 ¨

ż

fβpθ2, θ3qdθ3

(2.8)

For simplicity, we define

Zα|2 “

ż

fαpθ1, θ2qdθ1

Zβ|2 “

ż

fβpθ2, θ3qdθ3.

(2.9)

Therefore, the conditional joint PDF can be rewritten as

ppθ1, θ3|θ2q “
1

Zα|2Zβ|2

fαpθ1, θ2qfβpθ2, θ3q (2.10)

On the other hand, the conditional marginal PDFs can be computed as

ppθ1|θ2q “
Zβ|2

Zppθ2q
fαpθ1, θ2q “

1

Zα|2

fαpθ1, θ2q

ppθ3|θ2q “
1

Zβ|2

fβpθ2, θ3q.

(2.11)

As we can see, since ppθ1, θ3|θ2q “ ppθ1|θ2qppθ3|θ2q, the variables θ1 and θ3 are conditional
independent given θ2. Therefore, regardless the form of function fα and fβ, we have

ppθq “ ppθ1, θ3|θ2qppθ2q “
ppθ1, θ2qppθ2, θ3q

ppθ2q
(2.12)

2.1.2 Analysis of Tree Structured Factorization

Lemma 1. For all PDF ppθq with @i, θi treated as atomic variables. If ppθq admits a
loop-free (tree/forest structure) factorization:

ppθq9

A
ź

α“1

fαpθαq, (2.13)
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then we have
ppθq “

ś

α ppθαq
ś

i ppθiqLi´1
, (2.14)

where Li denotes the number of factors fα that contains θi as a parameter.

Proof. We use mathematical induction on the number of factors.
If there is only one factor, the lemma holds automatically. Now assume the induction
hypothesis. Assume that the lemma holds for all non-cyclic factored PDFs with equal or
less than A factors.
We need to prove that the lemma also hold for any PDF with A` 1 non-cyclic structured
factors:

ppθq9

A`1
ź

α“1

fαpθαq. (2.15)

Heuristically, there are two ways of decreasing the number of factors, either by condi-
tioning or by marginalization and in this proof, we use the technique of marginalization.
Since all the A ` 1 factors compose a non-cyclic structure, there must exist a factor (leaf
factor) that has at most 1 common atomic variable with the superfactor of the product
of all the other factors. Without loss of generality, we assume fA`1pθA`1q has at most
one common atomic variable with

śA
α“1 fαpθαq (we can always change the index if not).

Therefore, we first investigate the PDF:

ppθq9fA`1pθA`1q

A
ź

α“1

fαpθαq. (2.16)

If fA`1pθA`1q is completely disjoint to
śA

α“1 fαpθαq and zero common atomic variable
with it, then by marginalization, we have

ppθ´
q9

A
ź

α“1

fαpθαq

ñ ppθ´
q “

śA
α“1 ppθαq

ś

i ppθiqL
´
i ´1

(2.17)

where θ´ is composed of the atomic variables in @α P t1, . . . , Au : θα, L´
i denotes the

number of factors in tfαpθαq|α P t1, . . . , Auu that contain θi as parameter. The second
line of (2.17) correspond to the induction hypothesis. On the other hand, we have

ppθA`1q9fA`1pθA`1q. (2.18)

From (2.18) and the first line of (2.17), we find that (2.16) has the form of

ppθq “ ppθ´
qppθA`1q

“

śA`1
α“1 ppθαq

ś

i ppθiqLi´1

(2.19)

where Li denotes the number of factors in (2.15) that contain θi as a parameter. Since
there is no common atomic variable between fA`1pθA`1q and

śA
α“1 fαpθαq, we notice the

relation Li “ L´
i .
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Next we consider the case where fA`1pθA`1q shares one common atomic variable with
śA

α“1 fαpθαq. We assume they share the c-th atomic variable as the common atomic
variable, which we denote as θc. Similar to the example in Section 2.1.1, we can show by
integration rules:

ppθA`1|θcq “
1

ZθA`1|θc

fA`1pθA`1q

ppθ
´

|θcq “
1

Z
θ

´
|θc

A
ź

α“1

fαpθαq,

(2.20)

where θA`1 denotes θA`1 with θc removed, and θ
´ denotes θ´ with θc removed. Further-

more, ZθA`1|θc
and Z

θ
´

|θc
are normalization constants to ensure ppθA`1|θcq and ppθ

´
|θcq

integrate to 1. On the other hand, from (2.15), the conditional joint PDF given θc can
also be verified to satisfy the following relation:

ppθ|θcq “
1

ZθA`1|θc

1

Z
θ

´
|θc

A`1
ź

α“1

fαpθαq

“ ppθA`1|θcqppθ
´

|θcq,

(2.21)

where θ denote θ with θc removed. Due to the equality in the second line of (2.21), we
know θA`1 and θ

´ are conditionally independent given θc. From (2.21) and Bayes rule,
we have

ppθ|θcqppθcq “ ppθA`1|θcqppθ
´

|θcq
ppθcq

ppθcq
ppθcq

ñ ppθq “
ppθA`1qppθ´q

ppθcq
.

(2.22)

We look at the marginal PDF ppθ´q. From (2.16), we have

ppθ´
q9

A
ź

α“1

fαpθαq

ż

fA`1pθA`1qdθA`1. (2.23)

Since θc is the common atomic variable between fA`1pθA`1q and
śA

α“1 fαpθαq, we know
Dβ P t1, . . . , Au, such that θc is a parameter of fβpθβq. We can define a new auxiliary
factor f 1

βpθβq such that

f 1
βpθβq “ fβpθβq

ż

fA`1pθA`1qdθA`1. (2.24)

Therefore, the marginal PDF ppθ´q can be written as

ppθ´
q9f 1

βpθβq

β´1
ź

α“1

fαpθαq

A
ź

α“β`1

fαpθαq. (2.25)

Since there are only A factors, according to the induction hypothesis, the marginal PDF
ppθ´q can be written as

ppθ´
q “

śA
α“1 ppθαq

ppθcqLc´2
ś

i‰c ppθiqLi´1
, (2.26)
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where Li and Lc denote the number of factors in (2.15) that use θi and θc as parameter,
respectively. The reason we have Lc ´ 2 instead of Lc ´ 1 is due to the fact that there are
only Lc ´ 1 factors in (2.25) that contain θc.
Finally, we substitute (2.26) into (2.22) and obtain

ppθq “

śA`1
α“1 ppθαq

ś

i ppθiqLi´1
. (2.27)

Lemma 2. If bpθq is defined as

bpθq “

śA
α“1 bfαpθαq

ś

i bθipθiq
Li´1

, (2.28)

where

• Li denote the number of factors fα that contains θi as parameter;

• bfαpθαq compose a non-cyclic factor graph

• bfα and bθi are non-negative functions:

@α, i P Npαq : bθipθiq “

ż

bfαpθαq
ź

jPNpαq{tiu

dθj,

@i :

ż

bθipθiqdθi “ 1,

@α :

ż

bfαpθαqdθα “ 1,

(2.29)

then we have

@α : bfαpθαq “

ż

bpθq
ź

iRNpαq

dθi. (2.30)

Proof. We use mathematical induction on the number of factors in the numerator. If
there is only one factor, by (2.28) we have bpθq “ bfαpθαq, where θ “ θα.
As induction hypothesis, we assume the lemma hold for A factors in the numerator, we
need to prove the lemma also hold for bpθq with A ` 1 factors.
Since bfαpθαq compose a non-cyclic factor graph (tree or forest), there exist a factor
bβpθβq such that bβpθβq share at most one common atomic variable θc with

śβ´1
α“1 bfαpθαq ¨

śA`1
α“β`1 bfαpθαq.

If there are no common atomic variables, we rewrite (2.28):

bpθq “
bfβpθβq

śβ´1
α“1 bfαpθαq ¨

śA`1
α“β`1 bfαpθαq

ś

i bθipθiq
Li´1

. (2.31)

We integrate out θβ, and obtain

b´
pθ´

q “

ż

bpθqdθβ “

śβ´1
α“1 bfαpθαq ¨

śA`1
α“β`1 bfαpθαq

ś

i bθipθiq
Li´1

, (2.32)
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where θ´ denote θ with the ones in θβ removed. In (2.32), there are only A factors in
the numerator. Due to the induction hypothesis, we have

@α P t1, . . . , β ´ 1, β ` 1, . . . , A ` 1u : bfαpθαq “

ż

bpθq
ź

iRNpαq

dθi. (2.33)

Furthermore, due to the hypothesis, from (2.32)-(2.33), we have
ż

b´
pθ´

qdθ´
“ 1. (2.34)

From (2.31) and (2.32),
bpθq “ bfβpθβqb´

pθ´
q. (2.35)

Integrate out all the variables in θ´, we have
ż

bpθq
ź

iRNpβq

dθi “ bfβpθβq. (2.36)

Now we consider the case where there is one common atomic variable θc between bfβpθβq

and
śβ´1

α“1 bfαpθαq ¨
śA`1

α“β`1 bfαpθαq. We integrate the variables that only occur once in
bfβpθβq:

b´
pθ´

q “

ż

bpθq
ź

iPNpβq{tcu

dθi

“
bθcpθcq

śβ´1
α“1 bfαpθαq ¨

śA`1
α“β`1 bfαpθαq

bθcpθcq
Li´1

ś

i‰c bθipθiq
Li´1

“

śβ´1
α“1 bfαpθαq ¨

śA`1
α“β`1 bfαpθαq

bθcpθcq
Li´2

ś

i‰c bθipθiq
Li´1

.

(2.37)

Since only θc occurs Lc ´ 1 times in @α P t1, . . . , β ´ 1, β ` 1, . . . , A ` 1u : fαpθαq, all
the other atomic variables @i : θi occur Li times, we can use the induction hypothesis on
(2.37) and obtain:

@α P t1, . . . , β ´ 1, β ` 1, . . . , A ` 1u : bfαpθαq “

ż

bpθq
ź

iRNpαq

dθi. (2.38)

On the other hand, from (2.37) and the lemma assumption,
ż

b´
pθ´

q
ź

iRNpβq

dθi “ bθcpθcq. (2.39)

From (2.28) and (2.37), we can write

bpθq “ bfβpθβq
b´pθ´q

bθcpθcq
. (2.40)

We integrate out the variables that does not show up in bfβpθβq, and based on (2.39):
ż

bpθq
ź

iRNpβq

dθi “ bfβpθβq (2.41)
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2.1.3 Bethe Free Energy in Non-Cyclic Graph

In the case of non-cyclic factorization, we substitute (2.3) into (2.4) and by Lemma 2

BFE “
ÿ

α

Drbfαpθαq}fαpθαqs `
ÿ

i

pLi ´ 1qHrbθipθiqs. (2.42)

If the constraints (2.3) are satisfied, the minimal of the BFE in (2.42) is achieved when
bpθq “ ppθq. Furthermore, according to Lemma 2, if bpθq “ ppθq and the constraints (2.3)
are satisfied, all the marginal beliefs @α@i : bfαpθαq, bθipθiq are fixed.

2.1.4 Bethe Free Energy Extended to Graph with Cycles

If the factored PDF implies a factor graph with cycles, the above two lemmas no longer
hold. However, we still approximate the BFE to the form of (2.42).
Furthermore, the strong marginal consistency constraints may lead to intractable com-
putation in an iterative algorithm. To further simplify the problem, the consistency
constraints can be relaxed to moment constraints. Therefore, instead of (2.3), we can use
the following relaxed moment constraints

@α :

ż

bfαpθαqdθα “ 1

@i :

ż

bθipθiqdθi “ 1

@α and i P Npαq : Ebθi
rϕpθiqs “ Ebfα

rϕpθiqs.

(2.43)

2.2 Relation Between Bethe Free Energy and Message
Passing Algorithms

The constraint Bethe Free Energy minimization lead to an optimization problem. We
take strong constraints as an example and use Lagrangian multiplier to gain an insight of
the optimization problem. The Lagrangian function can be written as

L “
ÿ

α

Drbfαpθαq}fαpθαqs `
ÿ

i

pLi ´ 1qHrbθipθiqs`

`
ÿ

α

ÿ

iPNpαq

ż

λθi;fαpθiq rbθipθiq ´ bfαpθiqs dθi,
(2.44)

where
bfαpθiq “

ż

bfαpθαq
ź

jPNpαq{tiu

dθj. (2.45)

Setting the variational derivative to zero:

@α :
BL

Bbfαpθαq
“ ln bfαpθαq ´ ln fαpθαq ´

ÿ

iPNpαq

λθi;fαpθiq ` C:“0

@i :
BL

Bbθipθiq
“ p1 ´ Liq ln bθipθiq `

ÿ

αPNpiq

λθi;fαpθiq ` C:“0,

(2.46)
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where C denote a normalization term for the beliefs due to the normalization constraints
in (2.3):

@α :

ż

bfαpθαqdθα “ 1;

@i :

ż

bθipθiqdθi “ 1.

(2.47)

Rewrite (2.46) and we have

@α : bfαpθαq9fαpθαq
ź

iPNpαq

µθi;fαpθiq;

@i : bθipθiq9

»

–

ź

αPNpiq

µθi;fαpθiq

fi

fl

1
L1´1

,

(2.48)

where we define
µθi;fαpθiq fi exppλθi;fαpθiqq. (2.49)

Lemma 3. Let A denote any countable set of indices with cardinality |A| ą 1. If @α P A,
µθ;fαpθq are defined as positive functions, then there exist a unique (exactly one) set of
positive functions denoted by @α P A: µfα;θpθq, such that

@α P A : µθ;fαpθq “
ź

βPA{tαu

µfβ ;θpθq. (2.50)

Proof. We exploit the monotonic property of log operation. Due to the positive function
assumption, at every point θ, we compute the log of both sides of (2.50),

@α P A : λθ;fαpθq “
ÿ

βPA{tαu

λfβ ;θpθq, (2.51)

where

@α P A : λθ;fαpθq fi log µθ;fαpθq;

@α P A : λfα;θpθq fi log µfα;θpθq.
(2.52)

Denote the elements of A as
A “ tα1, α2, . . . , α|A|u, (2.53)

where |A| denote the cardinality of set A. We can define the vectors

λθ;f pθq fi

”

λθ;fα1
pθq . . . λθ;fα|A|

pθq
ıT

,

λf ;θpθq fi

”

λfα1 ;θ
pθq . . . λfα|A|

;θpθq
ıT

.

(2.54)

With the above definition, (2.51) can be rewritten to

λθ;f pθq “ B|A|λf ;θpθq, (2.55)

where
B|A| “ 1|A|1

T
|A| ´ I|A|. (2.56)
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Sylvester’s determinant theorem, the absolute value of the determinant of B|A| can be
computed as | detpB|A|q| “ |A|´1. Due to the lemma assumption, |A| ą 1, we know B|A|

has full rank.
Therefore, from (2.55), the set of equations can be uniquely solved by

λf ;θpθq “ B´1
|A|

λθ;f pθq “

˜

1|A|1
T
|A|

N ´ 1
´ I|A|

¸

λθ;f pθq. (2.57)

Based on Lemma 3, we can uniquely define a set of positive functions @i, @α P Npθiq :
µfα;θipθiq, such that

@i, @α P Npθiq : µθi;fαpθiq “
ź

βPNpθiq{tαu

µfα;θipθiq. (2.58)

Substitute (2.58) into the second line of (2.48), and (2.48) becomes

@α : bfαpθαq9fαpθαq
ź

iPNpαq

µθi;fαpθiq;

@i : bθipθiq9
ź

αPNpθiq

µfα;θipθiq.
(2.59)

Besides setting the derivative to zero, which results to (2.59), we must also include the
consistency constraints (2.3). Therefore, by combining (2.3), (2.58) and (2.59), we obtain
a system of equations (2.60) that corresponds to the stable points of the constrained BFE
optimization problem:

@α : bfαpθαq9fαpθαq
ź

iPNpαq

µθi;fαpθiq;

@i : bθipθiq9
ź

αPNpθiq

µfα;θipθiq;

@i, @α P Npθiq : µθi;fαpθiq “
ź

βPNpθiq{tαu

µfα;θipθiq;

@α and i P Npfαq : bθipθiq “

ż

bfαpθαq
ź

jPNpfαq{tiu

dθj

(2.60)

Actually, (2.60) is a system of equation parameterized by functions @i,@α P Npθiq :
µfα;θipθiq. Namely, every quantity appeared in (2.60) are uniquely determined, if @i, @α P

Npθiq : µfα;θipθiq are given. The normalized non-negative function bfαpθαq and bfθi pθiq are
called belief at factor fα and variable θi respectively. Moreover, the positive functions
µθi;fαpθiq and µfα;θi are called “messages from θi to fα” and “messages from fα to θi”
respectively.

2.2.1 Relation to Belief Propagation (Strict Marginal Consistency
Constraints)

On the other hand, belief propagation is an iterative message passing based algorithm by
iterating over the following steps:

25



• Compute the belief at factor node:

@α : bfαpθαq9fαpθαq
ź

iPNpαq

µθi;fαpθiq (2.61)

• Marginalize the belief at factor node:

@α, @i P Npfαq : bfαpθiq “

ż

bfαpθαq
ź

jPNpfαq{tiu

dθj (2.62)

• Update the message from factors to variables:

µfα;θipθiq “
bfαpθiq

µθi;fαpθiq
“

ż

fαpθαq
ź

jPNpfαq{tiu

µθj ;fαpθjqdθj (2.63)

• Compute the belief at variable node:

@i : bθipθiq9
ź

αPNpθiq

µfα;θipθiq (2.64)

• Update the message from variable to factor:

@i, @α P Npθiq : µθi;fαpθiq “
bθipθiq

µfα;θipθiq
. (2.65)

At convergence, the equations from (2.61)-(2.65) hold simultaneously, which compose a
system of equations. Actually, one can show that the system of equations composed of
(2.61)-(2.65) is equivalent to the system of equations (2.60), i.e.,

(2.61)-(2.65) ô (2.60). (2.66)

This relation indicates that Belief Propagation is just an iterative way of solving the
system of equations in (2.60).

2.2.2 Relation to Expectation Propagation (Relaxed Moment Con-
sistency Constraints)

Similar derivation can also be applied to the BFE minimization with relaxed moment
constraints as indicated in (2.43). However, if relaxed consistency is used, we substitute
the variational Lagrangian multiplier λθi;fαpθiq with vector Lagrangian multiplier λθi;fα

(the same dimension as ϕpθiq). Therefore, finding the critical points of the Lagrangian
function of BFE minimization with relaxed moment consistency constraints (2.43)

@α : bfαpθαq9fαpθαq
ź

iPNpfαq

µθi;fαpθiq;

@i : bθipθiq9
ź

αPNpθiq

µfα;θipθiq;

@i, @α P Npθiq : µθi;fαpθiq “
ź

βPNpθiq{tαu

µfα;θipθiq;

@α and i P Npfαq : Ebθi
rϕpθiqs “ Ebfα

rϕpθiqs,

(2.67)
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where all the variable-to-factor messages belongs to family F , i.e.,

@α, @i P Npfαqµθi;fαpθiq P F , (2.68)

where
F “ texppγTϕpθqq : Cdimpθq

Ñ R|γ P Cdimpϕpθqq
u. (2.69)

On the other hand, the Expectation Propagation rules are

• Compute the belief at factor node:

@α : bfαpθαq9fαpθαq
ź

iPNpαq

µθi;fαpθiq (2.70)

• Marginalize the belief at factor node:

@α, @i P Npfαq : bfαpθiq “

ż

bfαpθαq
ź

jPNpfαq{tiu

dθj (2.71)

• Project the marginal belief to family F :

pbfαpθiq “ arg min
pbfα pθiqPF

KLDpbfαpθiq}pbfαpθiqq (2.72)

• Update the message from factors to variables:

µfα;θipθiq “
pbfαpθiq

µθi;fαpθiq
(2.73)

• Compute the belief at variable node:

@i : bθipθiq9
ź

αPNpθiq

µfα;θipθiq (2.74)

• Update the message from variable to factor:

@i, @α P Npθiq : µθi;fαpθiq “
bθipθiq

µfα;θipθiq
. (2.75)

At convergence the static point of Expectation Propagation is obtained as a system of
equations composed of (2.70)-(2.75). It can be shown that the system of equations com-
posed of (2.70)-(2.75) is equivalent to the system of equations in (2.67). Therefore, Ex-
pectation Propagation can be viewed as an iterative method of finding the optimal point
of BFE with relaxed moment consistency constraints.
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Part I

Linear Estimation
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Chapter 3

Vector Approximate Message Passing
for Not So Large N.I.I.D. Generalized
I/O Linear Models

3.1 Introduction
The input signal recovery in generalized linear model (GLM) [29] is a fundamental problem
in signal processing. Applications involving this problem include statistics regression
[30], wireless communication [31], and machine learning [32]. For instance, within the
realm of wireless communication, py|x often characterizes receiver hardware and inference
mechanisms, in the symbol detection where x represents a vector of discrete symbols to be
recovered, or in the channel estimation and localization, where x comprises propagation
channel parameters, A could embody the propagation features, modulation/demodulation
schemes, or pilot symbols, depending on the scenario. Viewing this from a Bayesian
perspective, the estimation of the random vector x P RN from observed measurements
y P RM is often tackled through methods such as maximum a posteriori (MAP) estimation
and minimum mean square error (MMSE) estimation. However, in certain scenarios, these
methods become unviable due to the optimization complexities inherent in MAP or the
intractable integrals associated with MMSE.
To tackle this challenge, one established method is approximate inference. Generalized
Approximate Message Passing (GAMP) [16] stands out as a prominent and computa-
tionally efficient approach within the realm of GLM. Expanding upon the foundation of
Approximate Message Passing (AMP) [14] used in standard linear models (SLM), GAMP
showcases its prowess in recovering high-dimensional signals. The dynamics of GAMP
align with those of AMP, both governed by a state evolution. Nevertheless, GAMP en-
counters convergence issues when faced with an ill-conditioned measurement matrix.

3.1.1 Prior Work

In response, a solution comes as an extension to the Vector Approximate Message Passing
(VAMP) [19] algorithm, tailored for GLM scenarios. This approach, named GVAMP
[33], accommodates the challenge of an ill-conditioned matrix. It applies a vector-level
Expectation Propagation [7] algorithm on a specially designed factorization scheme.
Compared to AMP which requires i.i.d. measurement matrix to converge, VAMP shines
particularly for its converging behavior in the scenario of a right rotationally invariant
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measurement matrix, with a scalar state evolution having been rigorously established. It
is worth noting that GLM-VAMP and its variants often assume a high system dimen-
sion, which drives efforts to avoid complex matrix inversions and necessitates additional
approximations for efficiency.
However, the original (G)VAMP algorithm solely provides averaged variances. This limi-
tation serves as the impetus for introducing the reVAMP (Revisited- Generalized Vector
Approximate Message Passing) [34] for a standard linear model with arbitrary additive
Gaussian noise. it gives a Gaussian approximated posterior distribution including inter-
parameter correlations.

3.1.2 Main Contribution

In this chapter, reGVAMP (Revisited- Generalized Vector Approximate Message Passing)
algorithm is extended from reVAMP to cover GLM. We derive reGVAMP by utilizing the
multivariate Gaussian marginalization under EP framework. In reGVAMP, each likeli-
hood and prior is approximated by a Gaussian distribution. Similar to reVAMP, it results
in an approximated posterior within the Gaussian family and gives a covariance matrix
with inter-parameter correlations.

3.2 Derivation under EP Framework
We consider here a generalized linear model

pxpxq“
śN

i“1 pxi
pxiq, z“Ax, py|zpzq “

śM
j“1 pyj |zjpzjq, (3.1)

where the ratio N{M is a constant. We interpret the linear mixing as a conditional
probability

ppz|xq “ δpz ´ Axq. (3.2)

From this general linear model, a factorization scheme comes up naturally:

ppx,y,zq “
ś

j pyj |zjpzjqδpz ´ Axq
ś

i pxi
pxiq. (3.3)

which we want to approximate by approximated factors (prior and likelihood)

qpx,y,zq “
ś

j qyj |zjpzjqδpz ´ Axq
ś

i qxi
pxiq, (3.4)

where qxi
and qyj |zj are the Gaussian approximation for prior pxi

and likelihood pyj |zj . It
turns out that EP can be interpreted as an approximate alternating minimization of the
Kullback-Leibler divergence (KLD) KLDpp}qq which becomes:

KLD
”

pyj |zjpzjq
ś

k‰j qyk|zkpzkqδpz ´ Axq
ś

i qxi
pxiq

›

›

›

q`

yj |zj
pzjq

ś

k‰j qyk|zkpzkqδpz ´ Axq
ś

i qxi
pxiq

ı

;

KLD
”

pxi
pxiq

ś

j qyj |zjpzjqδpz ´ Axq
ś

k‰i qxk
pxkq

›

›

›

q`
xi

pxiq
ś

j qyj |zjpzjqδpz ´ Axq
ś

k‰i qxk
pxkq

ı

,

(3.5)

where we optimize with respect to approximated likelihood q`

yj |zj
in the first expression and

approximated prior q`
xi

in the second one within Gaussian family. After their optimization
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we update the old qyj |zj and qxi
with q`

yj |zj
and q`

xi
. We can marginalize out the irrelevant

terms when optimizing q`

yj |zj
and q`

xi
and denote the cavity/extrinsic distribution as

qyj ,zj
pzjq9

şş

qy|zpzqδpz ´ Axqqxpxqdxdzj

qyj |zjpzjq
;

qy|xi
pxiq9

şş

qxpxqqy|zpzqδpz ´ Axqdzdxi

qxi
pxiq

.

(3.6)

The inner integrals in (3.6) can be considered as joint Gaussian posterior of the output
or input with x or z marginalized out respectively :

qz|ypzq “
ş

qy|zpzqδpz ´ Axqqxpxqdx;
qx|ypxq “

ş

qxpxqqy|zpzqδpz ´ Axqdz.
(3.7)

Thus, (3.5) is equivalent to

KLD
”

pyj |zj ¨ qyj ,zj
}q`

yj |zj
¨ qyj ,zj

ı

“E
„

ln
pyj |zj

pzjq

q`

yj |zj
pzjq

ȷ

KLD
“

pxi
¨ qy|xi

}q`
xi

¨ qy|xi

‰

“E
”

ln
pxi pxiq

q`
xi

pxiq

ı

,
(3.8)

where the first and second expectations are calculated with respect to the tilted posteriors

qzj |ypzjq9pyj |zjpzjqqyj ,zj
pzjq (3.9)

qxi|ypxiq9pxi
pxiqqy|xi

pxiq (3.10)

respectively. It is worth noticing that these tilted posteriors can be identified as marginal
posterior with Gaussian approximated extrinsic.

3.2.1 Output Node

At the output node, we optimize the first expression in (3.8). For simplicity, we denote

qy|zpzq “
ś

j qyj |zjpzjq :“ N pz|mz,Dτzq

qxpxq “
ś

i qxi
pxiq :“ N px|mx,Dτxq,

(3.11)

where
Dτz “ diagrτzs; Dτx “ diagrτxs. (3.12)

The optimization of the first KLD in (3.8) is equivalent to matching the first and second
order moment with respect to zj of the tilted posterior given by (3.9). We first compute
the marginalization step of the tilted posterior

qzj |ypzjq9
ş ş pyj |zj

pzjq

qyj |zj
pzjq

qy|zpzqδpz ´ Axqqxpxqdxdzj

“
pyj |zj

pzjq

qyj |zj
pzjq

ş

qy|zpzq
ş

δpz ´ AxqN px|mx,Dτxqdxdzj

“
pyj |zj

pzjq

qyj |zj
pzjq

ş

N pz|mz,DτzqN pz|Amx,ADτxA
T qdzj

(3.13)

From the second line to the third line, we consider an auxiliary joint probability

p̃x,zpx, zq “ pz|xpz|xqp̃xpxq :“δpz ´ AxqN px|mx,Dτxq. (3.14)
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Since z “ Ax and x „ N pmx,Dτxq, we have z „ N pAmx,ADτxA
T q. The integral in

the last line can be viewed as a multivariate Gaussian marginalization of Gaussian joint
posterior (with x marginalized out)

N pz|mz,DτzqN pz|Amx,ADτxA
T

q9N pz|m
pz1 ,C

pz1q, (3.15)

where

C
pz1“pD´1

τz p̀ADτxA
T

q
´1

q
´1

“ApD´1
τx`ATD´1

τz Aq
´1AT ;

m
pz1 “ C

pz1pD´1
τz mz ` pADτxA

T
q

´1Amxq

“ ApD´1
τx`ATD´1

τz Aq
´1

pD´1
τx mx ` ATD´1

τz mzq.

(3.16)

Denote
τ

pz1 “ diagrC
pz1s, (3.17)

we then obtain the extrinsic/cavity distribution qyj ,zj
pzjq by multivariate Gaussian marginal-

ization
N pzj|mpj , τpjq9

ş

N pz|m
pz1 ,C

pz1 qdzj
qyj |zj

pzjq
9

N pzj |m
pz1
j
,τ

pz1
j

q

N pzj |mzj ,τzj q
, (3.18)

where
1
τpj

“ 1
τ

pz1
j

´ 1
τzj

;

mpj “ τpj

ˆ

m
pz1
j

τ
pz1
j

´
mzj

τzj

˙

.
(3.19)

Thus, the tilted posterior is proportional to

qzj |ypzjq9pyj |zjpzjqN pzj|mpj , τpjq. (3.20)

Matching the first and second order moment of the two parameters in the first KLD in
(3.8), we obtain

q`

yj |zj
pzjqqyj ,zj

pzjq9N pzj|mpzj , τpzjq, (3.21)

where pzj and τzj are calculated as the mean and variances of the tilted posterior

m
pzj “ Eqzj |y

rzjs “ gzpmpj , τpjq;

τ
pzj “ Eqzj |y

rpzj ´ m
pzjq

2s “ τpj g
1
zpmpj , τpjq,

(3.22)

where we denote

gzpmpj , τpjq “

ş

zjpyj |zjpzjqN pzj|mpj , τpjqdzj
ş

pyj |zjpzjqN pzj|mpj , τpjqdzj
, (3.23)

and the derivative is with respect to the first parameter mpj .
The new approximated likelihood is then derived as

q`

yj |zj
pzjq9

N pzj|mpzj , τpzjq

qyj ,zj
pzjq

“
N pzj|mpzj , τpzjq

N pzj|mpj , τpjq
. (3.24)

It is a quotient of two Gaussian, and thus, the approximated likelihood is updated by

q`

yj |zj
pzjq “ N pzj|m

`
zj
, τ`

zj
q, (3.25)

where
1
τ`
zj

“ 1
τ

pzj

´ 1
τpj

;

m`
zj

“ τ`
zj

´

m
pzj

τ
pzj

´
mpj

τpj

¯

.
(3.26)
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If sequential update is used, the j-th entry of mz and τz is replaced with m`
zj

and τ`
zj

before the proceeding to the update of next variable node zj`1. The computation of (3.16)
can be simplified as a rank one update. To simplify the computation of the covariance,
we define

1
∆τzj

“ 1
τ`
zj

´ 1
τzj

. (3.27)

The updated covariance according to matrix inverse lemma is

C`
pz1 “

´

C´1
pz1 ` ej∆

´1
τzj

eT
j

¯´1

“ C
pz1 ´

C
pz1eje

T
j C

pz1

∆τzj
`eTj C

pz1ej
. (3.28)

Similarly, we define

∆mzj
“ ∆τzj

˜

m`
zj

τ`
zj

´
mzj

τzj

¸

, (3.29)

and the mean update is obtained as

m`
pz1 “ m

pz1 `
∆mzj

´ eT
j mpz1

∆τzj
` eT

j Cpz1ej

C
pz1ej. (3.30)

Thus, the complexity for updating each zj approximated prior is OpN2q due to (3.28).
The complexity for approximation at the output node is dominated by OpN3q happening
at the start of a sweep where we need to compute C

pz1 according to (3.16) for the first
time. Moreover, there are OpNq variable nodes to be updated. In other words, the sweep
over vector z has complexity OpN3q ` OpNqOpN2q “ OpN3q.

3.2.2 Input Node

At the input node, we optimize the second expression in (3.8) with respect to q`
xi

pxiq.
The optimization of this KLD is again equivalent to matching the first and second order
moment of the tilted posterior since q`

xi
belongs to the Gaussian family.

With the notations defined in (3.11), the tilted posterior is given by

qxi|ypxiq9
ş ş pxi pxiq

qxi pxiq
qxpxqqy|zpzqδpz ´ Axqdzdxi

“
pxi pxiq

qxi pxiq

ş

qxpxq
ş

δpz ´ AxqN pz|mz,Dτzqdzdxi

“
pxi pxiq

qxi pxiq

ş

N px|mx,DτxqN pAx|mz,Dτzqdxi.

(3.31)

Again, the last integral is proportional to a multi-variate Gaussian marginalization of the
Gaussian joint posterior (with z marginalized out), and hence, we compute the Gaussian
joint posterior as

N px|mx,DτxqN pAx|mz,Dτzq9N px|m
px1 ,C

px1q, (3.32)

where

C
px1 “

`

D´1
τx ` ATD´1

τz A
˘´1

;

m
px1 “ C

px1

`

D´1
τx mx ` ATD´1

τz mz

˘

.
(3.33)

To obtain the marginal distribution, we denote

τ
px1 “ diagrC

px1s. (3.34)
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The extrinsic/cavity distribution qy|xi
pxiq can be computed as a quotient of two Gaussian

distributions
N pxi|mri , τriq9

ş

N px|m
px1 ,C

px1 qdxi

qxi pxiq
9

N pxi|m
px1
i
,τ

px1
i
q

N pxi|mxi ,τxi q
(3.35)

where
1
τri

“ 1
τ

px1
i

´ 1
τxi

;

mri “ τri

ˆ

m
px1
i

τ
px1
i

´
mxi

τxi

˙

.
(3.36)

The tilted posterior is proportional to the product of Gaussian extrinsic and the prior of
xi,

qxi|ypxiq9pxi
pxiqN pxi|mri , τriq. (3.37)

Analog to the discussion (3.21) to (3.23), the approximated posterior is obtained by

q`
xi

pxiqqy|xi
pxiq9N pxi|mpxi

, τ
pxi

q, (3.38)

where
m

pxi
“ Eqxi|y

rxis “ gxpmri , τriq;

τ
pxi

“ Eqxi|y
rpxi ´ m

pxi
q
2
s “ τri g

1
xpmri , τriq,

(3.39)

with gxpmri , τriq defined by

gxpmri , τriq “

ş

xipxi
pxiqN pxi|mri , τriqdxi

ş

pxi
pxiqN pxi|mri , τriqdxi

, (3.40)

and the derivative g1
xpmri , τriq is once again with respect to the first parameter mri . Hence,

the approximated prior can be updated by

q`
xi

pxiq9
N pxi|mpxi

, τx,jq

qy|xi
pxiq

“
N pxi|mpxi

, τ
pxi

q

N pxi|mri , τriq
. (3.41)

This Gaussian quotient can be calculated by

q`
xi

pxiq “ N pxi|m
`
xi
, τ`

xi
q9

N pxi|mpxi
, τ

pxi
q

N pxi|mri , τriq
, (3.42)

where
1
τ`
xi

“ 1
τ

pxi

´ 1
τri

;

m`
xi

“ τ`
xi

´

m
pxi

τ
pxi

´
mri

τri

¯

.
(3.43)

We use a similar method as described in (3.27) till (3.30) to simplify the LMMSE step
(3.33). Define

1

∆τxi

“
1

τ`
xi

´
1

τxi

; ∆mxi
“ ∆τxi

ˆ

m`
xi

τ`
xi

´
mxi

τxi

˙

. (3.44)

The update of (3.33) with the new estimated prior is

C`
px1 “ C

px1 ´
C

px1eie
T
i C

px1

∆τxi
`eTi C

px1ei
;

m`
px1 “ m

px1 `
∆mxi

´eTi m
px1

∆τxi
`eTi C

px1ei
C

px1ei.
(3.45)

Therefore, at the start of a sweep, the algorithm has a complexity of OpN3q due to
the matrix inverse operation. After that, during the sweep, the algorithm still has a
complexity of OpN3q because there are OpNq messages each of which has a complexity of
OpN2q. This algorithm displays a nice symmetry between the input and output nodes.
Considering both sweeps for the input and output node, the algorithm has an overall
complexity of OpN3q. We conclude the discussion in Algorithm reGVAMP.
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Figure 3.1: Performance of GLM-reVAMP algorithm with different variable length N .

3.3 Simulation Results
We present the results of numerical experiments with varying parameters. In this ex-
periment, we set M to 8 and N to t3, 5, 7u, respectively. Both the prior distribution
pxpxq and the conditional distribution py|xpy|xq are assumed to follow mixture Gaussian
distributions. Specifically, they can be expressed as:

pxi
pxiq “ 0.5N pxi|0, σ

2
x1i

q ` 0.5N pxi|0, σ
2
x2i

q, (3.46)
pyj |zjpzjq “ 0.5N pyj|zj, σ

2
v1j

q ` 0.5N pyj|zj, σ
2
v2j

q, (3.47)

where σv1j , σv2j , σx1i
and σx2i

are independently and uniformly drawn from the interval
p0, 1s. The elements of the measurement matrix A are drawn independently from a
Gaussian distribution N p0, γq. By adjusting γ, we can control the signal-to-noise ratio
(SNR) of the system. We conducted simulations with SNR values ranging from 10 to
30 dB. Additionally, the recovery performance was evaluated using the normalized mean-
squared error (NMSE) defined as }x̂ ´ x}2{}x}2 of one realization. The NMSE of x̂mmse

with respect to x and x̂reGV AMP were chosen as performance metrics.
The simulation results are presented in Figure 3.1. It is evident from the figure that as
SNR increases, the bias decreases. Furthermore, as N approaches the value of M , the
estimation performance deteriorates, although the overall recovery remains satisfactory.
These results confirm the effectiveness of the proposed algorithm.
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Algorithm 3.1 reGVAMP under EP Framework
Require: y, z “ Ax, pxpxq, py|zpy|zq

1: Initialize: mz, τz, mx, τx
2: repeat[For iteration step t]
3: [Update the Output Nodes]
4: C

pz1 “ApD´1
τx`ATD´1

τz Aq´1AT

5: m
pz1 “ C

pz1pD´1
τz mz ` pADτxA

T q´1Amxq

6: repeat[For j “ 1]
7: τ

pz1
j

“ rC
pz1sjj

8: τpj “
τzj τpz1

j

τzj ´τ
pz1
j

; mpj “
m

pz1
j
τzj ´mzj τpz1

j

τzj ´τ
pz1
j

9: m
pzj “ gzpmpj , τpjq; τpzj “ τpj g

1
zpmpj , τpjq

10: τ`
zj

“
τpj τpzj

τpj ´τ
pzj

; m`
zj

“
m

pzj
τpj ´mpj τpzj

τpj ´τ
pzj

11: Update C`
pz1 and m`

pz1 according to (3.28), (3.30)
12: until j “ M
13: [Update the Input Nodes]
14: C

px1 “
`

D´1
τx ` ATD´1

τz A
˘´1

15: m
px1 “ C

px1

`

D´1
τx mx ` ATD´1

τz mz

˘

16: repeat[For i “ 1]
17: τ

px1
i

“ rC
px1sii

18: τri “
τxiτpx1

i

τxi´τ
px1
i

; mri “
m

px1
i
τxi´mxiτpx1

i

τxi´τ
px1
i

19: m
pxi

“ gxpmri , τriq; τpxi
“ τri g

1
xpmri , τriq

20: τ`
xi

“
τ

pxi
τri

τri´τ
pxi

; m`
xi

“
m

pxi
τri´mriτpxi

τri´τ
pxi

21: Update C`
px1 and m`

px1 according to (3.45)
22: until i “ N
23: until Convergence

3.4 Concluding Remarks
In this chapter, we proposed an iterative Bayesian estimation method for estimating the
GLM input signal which enables us to obtain the posterior mean m

px1 and covariance
matrix C

px1 at the cost of higher complexity. It also gives Gaussian approximation for the
prior and likelihood as a byproduct. Further study is required to study its convergence
behavior.
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Chapter 4

Bethe Free Energy and Extrinsics
in Approximate Message Passing

4.1 Introduction
Sparse signal recovery is a fundamental problem in signal processing with a wide range
of applications. Many of these problems can be framed as the task of estimating a latent
vector x based on a correlated observation vector y [6]. In the Bayesian framework,
the complexity of Canonical Methods such as MMSE and MAP experiences exponential
growth as the dimension of the problem grows.
By exploiting the structure of the models, graphical model based methods prove to be
effective. Belief Propagation (BP) transforms the global inference problem into a local
inference problem as outlined by [5]. Loopy Belief Propagation (LBP) extends BP by
directly employing BP on a factorization scheme for ppx|yq that may involve loops [8]. In
comparison to BP, LBP can be considered as an approximation method.
A limitation of (L)BP is that the (iterative) updating scheme leads to pdfs that correspond
to the product of a large number of messages, leading to high complexity. To address this
issue, Expectation Propagation (EP) was introduced [35]. EP has been shown to share a
similar updating scheme as (L)BP, but for computational efficiency, the messages in (L)BP
are projected into a suitable member of the family of exponential distributions [35].

4.1.1 Prior Work

In both [6] and [11], the authors unify EP and BP within the framework of minimizing
variational free energy. They demonstrate the close relationship between the fixed points
of various message-passing algorithms and the stationary points of Bethe Free Energy
(BFE).
EP can serve as an inference method in the linear Gaussian model. However, the com-
putational cost in terms of the message count is quadratic in the data size. Approximate
Message Passing (AMP) [12] builds upon EP, but through the application of large system
approximations (LSA), it effectively reduces the number of messages to the order of the
data size, providing a more computationally efficient approach.
In [18], the authors investigated the fixed points of the Generalized AMP (GAMP) al-
gorithm for generalized linear models (GLMs). They discovered that GAMP shares the
same fixed point as the stationary points of the Large System Limit Bethe Free Energy
(LSL BFE).
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The Component-Wise Conditionally Unbiased (CWCU) Minimum Mean Squared Error
(MMSE) estimator is introduced in [24] and rederived in [25] for both joint Gaussian
models and linear models. This concept was also used in [36], where the authors call it
individual bias compensation. The connection between CWCU MMSE estimation and
extrinsic information is explored in [34] specifically for linear Gaussian models.

4.1.2 Main Contributions

Building upon the works of [6] and [37], we present the approximate BFE corresponding
to a joint factorization scheme.
We observe that the reGVAMP algorithm, introduced by [37], can be understood as
an iterative approach aimed at identifying the stationary points of the proposed BFE.
Consequently, this work offers insights into the fixed points of reGVAMP.
The reVAMP method proposed by [34] operates under the assumption of linear Gaussian
measurements. In situations where the Gaussian noise is uncorrelated, reVAMP can be
considered as a specific instance of reGVAMP.
We also present an alternative derivation of the LSL BFE. Through the application of large
system approximations to the stationary points, we substitute certain moment constraints
with their equivalent in the large system context. Moreover, the new variance constraints
suggest separable approximated posteriors.
We elaborate on the CWCU MMSE discussion, extending it to GLM based on the Gauss-
Markov Theorem. This reveals that the extrinsic for both input and output nodes can be
interpreted as CWCU MMSE estimation.

4.2 Bethe Free Energy of Generalized Linear Model
In this section, we first give a short introduction to BFE.

4.2.1 Bethe Free Energy

Consider a factorization scheme corresponding to a tree-structured factor graph,

ppx,yq9
ź

α

fxαpxαq, (4.1)

where xα is a subvector of x. The tree structure allows an alternative equivalent form [5]

ppx|yq “

ś

α ppxαq
ś

i ppxiq
Mi´1

, (4.2)

where Mi is the number of subvectors xα that contain xi. In (4.2), the ppxαq and ppxiq

are the exact factor (subvector) marginals and variable marginals.
The concept of variational free energy suggests that to infer the marginals from a tree
structured ppx,yq given in (4.1), we can use as trial distribution

qxpxq “

ś

α qxαpxαq
ś

i qxi
pxiq

Mi´1
. (4.3)
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The true marginals can be obtained by [6]

min
qxα pxαq,qxi pxiq

F “ Drqpxq}
ź

α

fxαpxαqs;

s.t. @i@α, qxi
pxiq “

ż

qxαpxαqdxi,

(4.4)

where we define the shorthand notation (for arbitrary nonnegative functions q, p) Dpq}pq “
ş

qpxq ln qpxq

ppxq
dx and xi denotes all x except xi. The free energy can be expanded as

F “
ÿ

α

Drqxαpxαq}fxαpxαqs `
ÿ

i

pMi ´ 1qHrqxi
pxiqs, (4.5)

where Hp.q denotes entropy in nats. Note that this representation only holds for a tree
structured distribution. For general graphs that contain loops, (4.2) no longer holds.
Thus, in cases with loops, (4.5) is only an approximation of the variational free energy.
The expression (4.5) is instead called Bethe free energy.

4.2.2 BFE of GLM

We consider a GLM with

ppxq“
śN

i“1 ppxiq, z“Ax, ppy|zq “
śM

j“1 ppyj|zjq, (4.6)

where the ratio N{M is a constant for large system considerations. We interpret the
linear mixing as a conditional probability

ppz|xq “ δpz ´ Axq. (4.7)

From this general linear model, a joint (loopy) factorization scheme comes up naturally:

ppx, z|yq9ppx,y,zq “ ppy|zqδpz ´ Axqppxq. (4.8)

According to the definition of BFE (4.5), the associated BFE based on the joint factor-
ization scheme (4.8) is calculated [6] as

F “ Drqx|ypxq}ppxqs`Drqz|ypzq}ppy|zqs`
ÿ

i

Hrqxi|ypxiqs

` Drbx,z|ypx, zq}δpz ´ Axqs `
ÿ

j

Hrqzj |ypzjqs,
(4.9)

where qx|y, qz|y, bx,z|y, qxi|y and qzj |y are only approximations of the true posteriors be-
cause of the loops in (4.8). Since these approximated posteriors are only locally consistent
as is suggested by the constraints in (4.4), they may not correspond to any distribution [5].
As a result, the Bayesian rule can not be used to link bx,z|y with qx|y and qz|y.
To use (4.9) as an optimization criterion, we must consider the local consistency between
joint and variable marginals as constraints. To make the problem tractable, we use re-
laxed constraints which contain only the first and second-order moments. To make the
discussion concise, define sufficient statistics

ϕxi
pxiq “

„

xi

x2
i

ȷ

;ϕzjpzjq “

„

zj
z2j

ȷ

. (4.10)
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Reformulate the BFE and the constraints into a Lagrangian function

L “ F ` Lc, (4.11)
where Lc is the Lagrange multiplier term

Lc“
ÿ

i

λT
xi

ˆ
ż

ϕxi
pxiqqxi|ypxiqdxí

ż

ϕxi
pxiqqx|ypxqdx

˙

`
ÿ

j

λT
zj

ˆ
ż

ϕzjpzjqqzj |ypzjqdzj´

ż

ϕzjpzjqqz|ypzqdz

˙

`
ÿ

i

νT
xi

ˆ
ż

ϕxi
pxiqqxi|ypxiqdxi´

ż

ϕxi
pxiqbx,z|ypx, zqdxdz

˙

`
ÿ

j

νT
zj

ˆ
ż

ϕzjpzjqqzj |ypzjqdzj´

ż

ϕzjpzjqbx,z|ypx, zqdxdz

˙

.

(4.12)

We neglect the normalization constraints to keep the discussion concise. However, one
can verify that the Lagrangian multipliers associated with the normalization constraints
only act as scaling factors for b¨p¨q. Therefore, in the following context, we assume that
b¨p¨q are normalized to one.
Since we need to minimize the BFE given by (4.9), the distribution function bx,z|ypx, zq

must be of the form
bx,z|ypx, zq “ bx|ypxqδpz ´ Axq, (4.13)

to avoid infinite value of Drbx,z|ypx, zq}δpz ´ Axqs, where bx|y is the function to be
optimized. Substitute (4.13) into (4.11) and set the partial derivative of Lagrangian
(4.11) with respect to qx|y, qz|y, bx|y, qxi|y and qzj |y to zero, we obtain the KKT conditions.
Recall the definition of ϕxi

and ϕzj in (4.10). We obtain the Gaussian form by replacing
Lagrangian multipliers,

qx|ypxq9ppxqN px|mr,Dτrq (4.14)
qz|ypzq9ppzqN pz|mp,Dτpq (4.15)

bx|y9N px|mx,Dσ2
x
qN pAx|mz,Dσ2

z
q (4.16)

ź

i

qxi|ypxiq9N px|mr,DτrqN px|mx,Dσ2
x
q (4.17)

ź

j

qzj |ypzjq9N pz|mp,DτpqN pz|mz,Dσ2
z
q, (4.18)

where Dτr , Dτp , Dσ2
x

and Dσ2
z

are diagonal matrices. These diagonal matrices along
with mr, mp, mx and mz correspond to the Lagrange multipliers. Though optimizing
the variable marginals may seem like maximizing, they are fully determined by their
neighboring factors because of the constraints [11]. Their diagonal elements are denoted
by τr, τp, σ2

x and σ2
z, respectively. Since the second order moments are linked with

variance by Varpxq “ Erx2s ´ Erxs2, using first and second order moments is equivalent
to using mean and variance moments.

4.3 Relation to Message Passing and its Stationary Points
These Gaussian distributions can be interpreted as messages. The algorithms reVAMP [34]
and reGVAMP [37] can be interpreted as finding the set of consistent messages iteratively
in a certain order.
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4.3.1 Approximation of Prior ppxq

We consider the consistency between (4.14) and (4.17) first. By Gaussian reproduction
lemma [12], the product of two Gaussian distributions is still Gaussian. Therefore, (4.17)
can also be denoted as

ź

i

qxi|ypxiq “ N px|m
px,Dpxq, (4.19)

where
D´1

px “ D´1
τr ` D´1

σ2
x
; D´1

px m
px “ D´1

τr mr ` D´1
σ2
x
mx. (4.20)

In order to make the pair pqx|y, qxi|yq in (4.14) and (4.17) consistent, we consider pmr,Dτrq

as known and try to derive pmx,Dσ2
x
q. Define the Gaussian projection

projppq “ argmin
qPΩ

DKL

„

p

Zp

}q

ȷ

, (4.21)

where Ω is the set of uncorrelated Gaussian distributions, Zp denotes the normalization
factor of p and DKL represents Kullback–Leibler (KL) divergence.
The moment consistency implies that

N px|mx,Dσ2
x
q “

projrppxqN px|mr,Dτrqs

N px|mr,Dτrq
. (4.22)

This indicates that the message N px|mx,Dσ2
x
q approximates ppxq. This update method

is the same as updating the message from input node xi to factor node δpz´Axq proposed
in [37].
Since ppxq is separable, this update scheme contains only scalar integrals.

4.3.2 Extrinsic for Output Node z

Now we need to make pbx,z|y, qzj |yq consistent while assuming (4.16) to be known.
At the stable points, bx|y, qx|y and

ś

i qxi|ypxiq admit the same mean and variance
pm

px, τpxq. However, their off-diagonal elements may differ. We denote

bx|ypxq “ N px|m
px,Cpxpxq, (4.23)

where
C

pxpx “ pD´1
σ2
x

` ATD´1
σ2
z
Aq´1;

m
px “ C

pxpxpD´1
σ2
x
mx ` ATD´1

σ2
z
mzq.

(4.24)

Likewise, we denote
ś

j qzj |ypzjq as
ź

j

qzj |ypzjq “ N pz|m
pz,Dpzq, (4.25)

where
D´1

pz “ D´1
τp ` D´1

σ2
z
; D´1

pz m
pz “ D´1

τp mp ` D´1
σ2
z
mz. (4.26)

Since bx,z|ypx, zq “ bx|ypxqδpz ´ Axq. We calculate the marginal distribution of z as

bz|ypzq “

ż

bx,z|ypx, zqdx “ N pz|Am
px,AC

pxpxA
T

q (4.27)

We can see that the mean and variances given by pAm
px, diagpAC

pxpxA
T qq corresponds to

the update method for updating the message from δpz ´ Axq to z stated in [37].
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Now, look at the variance subsystem. The variance constraints entail

@k, eT
kAC

pxpxA
Tek “ eT

kDpz ek. (4.28)

To have a better understanding of the extrinsic of zk, define

C´1
pxpx,k

“ C´1
pxpx ´

1

σ2
zk

AT
k,:Ak,:, (4.29)

where Ak,: denotes the k-th row of matrix A. Applying the matrix inversion lemma, the
LHS of (4.28) becomes

Ak,:CpxpxA
T
k,: “

σ2
zk
Ak,:C

pxpx,kA
T
k,:

σ2
zk

` Ak,:C
pxpx,kA

T
k,:

. (4.30)

Substituting (4.26), (4.30) into (4.28) yields

τpk “ Ak,:C
pxpx,kA

T
k,:. (4.31)

Since Ak,: is independent of C
pxpx,k, in the LSL, we get [38]

Ak,:C
pxpx,kA

T
k,: » trrΘkCpxpxs, (4.32)

where Θk “ ErAT
k,:Ak,:s.

If we further assume each entry of A to have deterministic absolute value but i.i.d. signs,
it follows that Θk “ diagpSk,:q, where S “ A.A denotes the element-wise square of A.
This further simplifies (4.32)

τpk » trrΘkCpxpxs “ Sk,:τpx . (4.33)

A similar analysis can be done for the mean subsystem. Now we assume that the variance
has been made consistent. The consistency of the mean implies that

eT
kAm

px “ eT
kmpz. (4.34)

Denote
n

px “ D´1
σ2
x
mx ` ATD´1

σ2
z
mz; n

px,k “ n
px ´

mzk

σ2
zk

AT
k,:. (4.35)

By applying the matrix inversion lemma, we can rewrite the expression for the kth element
of Am

px in (4.27)
Ak,:mpx “

σ2
zk

Ak,:C
pxpx,kA

T
k,:`σ2

zk

Ak,:C
pxpx,knpx,k

`
Ak,:C

pxpx,kA
T
k,:

Ak,:C
pxpx,kA

T
k,:`σ2

zk

mzk

(4.36)

Substitute (4.31) into (4.36) and equate Ak,:mpx with m
pzk given by (4.26) to obtain the

extrinsic mean
mpk “ Ak,:C

pxpx,knpx,k. (4.37)

We can also calculate the extrinsic mean as a function of m
px.

By combining (4.26) and (4.34), we see

mpk “

ˆ

1 `
τpk
σ2
zk

˙

Ak,:mpx ´
τpk
σ2
zk

mzk . (4.38)

The discussions above only hold at the stable point where bx|y has the same mean and
variance with

ś

i qxi|ypxiq. Therefore, we can view the relations given by (4.33) and (4.34)
as alternative constraints.
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4.3.3 Approximation of Likelihood ppy|zq

At this point, we consider the extrinsic N pz|mp,Dτpq to be given. To make (4.15) and
(4.18) consistent, we use similar methods described in (4.19) till (4.22), which gives

N pz|mz,Dσ2
z
q “

projrppy|zqN pz|mp,Dτpqs

N pz|mp,Dτpq
. (4.39)

This separable update method indicates that the distribution N pz|mz,Dσ2
z
q stands for

the approximate likelihood. In [37], the update of messages from z to δpz ´Axq employs
the same method as outlined in (4.39).

4.4 Derivation of LSL-BFE
Observe the stable point relation (4.33) and (4.34) which are alternative constraints for
making the pairs pbx,z|y, qzj |yq consistent. By using this alternative constraint, we modify
the last Lagrangian term of Eqzj |y

rϕzjpzjqs “ Ebx,z|y
rϕzjpzjqs to

ÿ

j

uzj ,mean

˜

m
pzj ´

ÿ

i

Aji

ż

xi bx|ypxqdx

¸

`
ÿ

j

uzj ,var

˜

τpj ´
ÿ

i

SjiVarbx|y
pxiq

¸ (4.40)

With this replacement, we see that bx|ypxq is now separable by considering the variational
derivative of (4.11). Furthermore, by combining (4.13), the consistency between separable
bx|y and @i, qxi|ypxiq implies that the following two terms in (4.9) are identical

Drbx,z|ypx, zq}δpz ´ Axqs `
ÿ

i

Hrqxi|ypxiqs “ 0 (4.41)

Now we will consider the relation between z side and (4.40). The constraints given by
(4.40) are applied to the posterior mean and extrinsic variance of node z.
We use the ansatz that qz|y is separable. Indeed, in (4.9), if we look at the derivative
with respect to qz|y, the term Drqz|ypzq}ppy|zqs implies a separable qz|y. Furthermore,
the constraints (4.40) also indicate a separable extrinsic for qz|y. Therefore, in large
system limit, we can use strict marginal constraint for the pairs pqz|y, qzj |yq, which entails
qz|y “

ś

j qzj |ypzjq. This leads to a hybrid message passing algorithm [6].
Calculate the derivative of the Lagrangian function with respect to qz|y for the BFE along
with the posterior constraint given by (4.40)

d

d qz|ypzq
Drqz|ypzq}ppy|zqs`Hrqz|ypzqs`

ÿ

j

uzj ,meanmpzj

“ ´ logrppy|zqs ` uT
zj ,meanz ` c

(4.42)

Combining with the definition of τp in (4.15), the extrinsic constraint in (4.40) suggests
that qz|y must be of the form

qz|y9ppy|zqN pz|mp,Dτpq, (4.43)
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where Dτp “ diagpSτ
pxq.

Recall the variation derivative rule

d

dppxq

ż

ppyq log
ppyq

qpyq
dy “ logrppxqs ´ logrqpxqs ` 1 (4.44)

It indicates that we can modify the extrinsic for z additively by adding terms of the form
Dpqz|y}qezq.
Assume

qezpzq “ N pz|µz,Dτpq. (4.45)

To satisfy the implicit extrinsic variance constraint given by (4.40) in the Lagrangian
function explicitly, the objective function (which is LSL BFE) is equivalent to

FLSL “ Drqx|ypxq}ppxqs ` Drqz|ypzq}ppy|zqs

`Hrqz|ypzqs ` Dpqz|y}qezq.
(4.46)

Furthermore, because of the introduction of auxiliary variable τp, we also need to minimize
BFE with respect to it.
As µz is an unconstrained free variable, we optimize it directly by zeroing the derivative
concerning it. Expand the terms Hrqz|ypzqs ` Dpqz|y}qezq in (4.46)

Hrqz|ypzqs ` Dpqz|y}qezq

“ c ` pm
pz ´ µpq

TD´1
τp pm

pz ´ µzq.
(4.47)

We see the minimal is achieve at µz “ m
pz.

4.5 Relation to CWCU MMSE Estimator
The algorithm proposed by [34] can be interpreted as an iterative method of finding
consistent messages in (4.14) - (4.18) in the cases where ppy|zq is modeled as AWGN
channel. [34] also shows the close relation between CWCU LMMSE estimation and the
extrinsic. In the following, we will interpret the extrinsic as CWCU LMMSE estimation
based on the Gauss-Markov theorem.
Based on the discussion of the previous section, when deriving the extrinsic for z and x,
we find the system to be equivalent to a Gaussian linear model. Therefore, we can use the
approximate prior and approximate likelihood as if they are the true prior and likelihood
when deriving the extrinsics without large system approximations [25].
Consider jointly Gaussian y and x (scalar)

„

y
x

ȷ

„ N
ˆ„

my

mx

ȷ

,

„

Cyy Cyx

Cxy Cxx

ȷ˙

(4.48)

Then the extrinsic ppy|xq is Gaussian and based on Gaussi-Markov theorem

´2 ln ppy|xq “ c`py ´ my|xqTC´1
y|xpy ´ my|xq, with

my|x “ my ` CyxC
´1
xx px ´ mxq,

Cy|x “ Cyy ´ CyxC
´1
xx Cxy

(4.49)

Interpreting (4.49) as a pdf in x (which Fisher called fiducial statistics), we can rewrite
this quadratic exponent as
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´2 ln ppy|xq “ cpyq ` px ´ pxCLq2{C
rxCLrxCL

,

pxCL “ mx ` dCxyC
´1
yy py ´ myq “ d pxL ` p1 ´ dqmx

C
rxCLrxCL

“ dC
rxLrxL

,
with

pxL“mx̀ CxyC
´1
yy py ´ myq, C

rxLrxL
“Cxx́ CxyC

´1
yyCyx

d “
Cxx

CxyC´1
yyCyx

ě 1,

(4.50)

where pxCL, C
rxCLrxCL

are the CWCU LMMSE estimate and error variance, and pxL, C
rxLrxL

are the LMMSE (and hence MMSE since Gaussian) estimate and error variance.
Now we will investigate the vector case. Define the operation DiagpCq “ diagrdiagpCqs,
which returns a diagonal matrix composed of the diagonal elements of C.
Interpreting the previous x as a component xi of a vector x, we can write

pxCL“mx`DCxyC
´1
yy py ´ myq “ D pxL`pI ´ Dqmx

C
rxCL rxCL

“ C
rxL rxL

` pD ´ IqC
pxL pxL

pD ´ Iq

with
D“DiagpCxxqrDiagpC

pxL pxL
qs´1, C

pxL pxL
“CxyC

´1
yyCyx

(4.51)

where the expression for C
rxCL rxCL

follows from rxCL “ x´pxCL “ rxL´pD´IqCxyC
´1
yy py´

myq and the two terms in this difference are decorrelated by the orthogonality property
of LMMSE estimation.
Next, we’ll show: D “ diagpτCL.{τLq, where τL “ diagpC

rxL rxL
q and τCL “ diagpC

rxCL rxCL
q.

C
rxCL rxCL

“ C
rxL rxL

` pD ´ IqC
pxL pxL

pD ´ Iq

“ Cxx ´ C
pxL pxL

D ´ DC
pxL pxL

` DC
pxL pxL

D
(4.52)

Calculate the diagonal elements

diagpτCLq “ DiagpC
rxCL rxCL

q “ DiagpCxxq

`DDiagpC
pxL pxL

qD´DiagpC
pxL pxL

qD´DDiagpC
pxL pxL

q

“ DiagpCxxqrDiagpC
pxL pxL

qs´1DiagpCxxq́ DiagpCxxq,
(4.53)

where we use D “ DiagpCxxq rDiagpC
pxL pxL

qs´1 in (4.51).
Now we want to show D diagpτLq “ diagpτCLq :

DdiagpτLq “ DDiagpC
rxL rxL

q

“DiagpCxxqrDiagpC
pxL pxL

qs´1¨

¨rDiagpCxxq´DiagpC
pxL pxL

qs “ diagpτCLq

(4.54)

The extrinsic for x without large system approximations can be interpreted as CWCU
MMSE estimation from the Gaussian model

„

mz

x

ȷ

„N
ˆ„

Amx

mx

ȷ

,

„

ADσ2
x
AT ` Dσ2

z
ADσ2

x

Dσ2
x
AT Dσ2

x

ȷ˙

. (4.55)

The underlying equivalent Gaussian linear model is

mz “ Ax ` vx (4.56)

where x „ N pmx,Dσ2
x
q and vx „ N p0,Dσ2

z
q.
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Likewise, we can interpret the extrinsic for z as CWCU MMSE estimation from
„

Amx

z

ȷ

„ N
ˆ„

mz

mz

ȷ

,

„

Dσ2
z

` ADσ2
x
AT Dσ2

z

Dσ2
z

Dσ2
z

ȷ˙

. (4.57)

The underlying equivalent Gaussian linear model is

Amx “ z ` vz (4.58)

where z „ N pmz,Dσ2
z
q and vz „ N p0,ADσ2

x
AT q.

4.6 Concluding Remarks
In this chapter, we studied the BFE of GLMs using a joint factorization scheme. This
factorization allows us to extract approximate priors and likelihood. By looking at the
stationary point in LSL we replace the non-separable constraints with separable ones.
This leads to the LSL BFE. This chapter also interprets extrinsics for both input and
output nodes as CWCU LMMSE estimation operations.
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Chapter 5

Towards Convergent Approximate
Message Passing by Alternating
Constrained Minimization of Bethe
Free Energy

5.1 Introduction
In the Gaussian noise case, a sparse signal vector x can be recovered using the signal
model: y “ Ax ` v, where y is the observed data, A is the known measurement or
sensing matrix of dimension M ˆ N , typically with M ă N . In the sparse model case,
x contains only K non-zero entries, with K ă M ă N . Sparse Bayesian Learning
(SBL) is a Bayesian inference algorithm proposed by [39] and [40]. SBL is based on a
hierarchical prior on the sparse coefficients x, inducing sparsity by choosing priors for
the hyperparameters that make a portion of the estimate px zero. The Linear Minimum
Mean Squared Error (LMMSE) estimation step in SBL at each iteration involves matrix
inversion, which makes it computationally complex [41].
The Approximate Message Passing (AMP) algorithm has been introduced to reduce the
complexity of Belief Propagation, from 2MN to M `N messages. Generalized AMP
(GAMP) allows non-Gaussian priors and measurement processes. But convergence of
(G)AMP can be problematic for some matrices A. Existing converging AMP versions
introduced so far: 1) adding the Alternating Direction Method of Multipliers (ADMM)
[42] leading to a higher complexity ADMM-GAMP, 2) exploiting part of the singular
value decomposition (SVD) of the measurement matrix in Vector AMP (VAMP) [19], [33]
or esp. Unitarily Transformed UT-AMP [43] (but which do not allow to handle n.i.i.d.
priors conveniently), 3) introducing damping [18], but with typically difficult to determine
damping requirements.

5.1.1 Contributions

‚ We propose a convergent version of GAMP, AMBGAMP, which applies alternating
minimization to an augmented Lagrangian of a large system limit of the Bethe free Energy
(BFE). AMBGAMP can be interpreted as applying a simplified ADMM to the BFE,
with a constrained Lagrange multiplier parameterization for the mean constraint, and a
quadratic optimization subproblem being solved by a gradient update with line search.
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The ADMM is complemented with a fixed point iteration for the variance constraint.
‚ We show that AMBGAMP converges to the LMMSE estimate in the Gaussian case.
‚ We provide a convergence analysis of the variance subsystem.
‚ We show that in the Gaussian case the variances converge to the optimal MSE values
in the large system limit.
‚ We provide a convergence analysis of the mean subsystem.

5.2 System Model
The data model considered in GAMP is essentially a linear mixing model represented by

z “ Ax , pxpxq , py|zpy|zq (5.1)

with n.i.i.d. prior pxpxq “
śN

i“1 pxi
pxiq and n.i.i.d. noisy measurements py|zpy|zq “

śM
k“1 pyk|zkpyk|zkq. In the case of Gaussian measurement noise, we have y “ z`v with in-

dependent zero-mean n.i.i.d. Gaussian noise v with variance vector σ2
v “ rσ2

v1, ¨ ¨ ¨ , σ2
vM sT .

We shall also consider the case of a zero mean Gaussian prior for x with variances de-
noted as σ2

xi. We represent the vector σ2
x “ rσ2

x1, ¨ ¨ ¨ σ2
xN sT . In Bayesian estimation, we

are interested in the posterior, which is given by

px,z|ypx, z|yq“
e

´
N
ř

i“1
fxi pxiq´

M
ř

k“1

fzk pzkq

Zpyq
1tz“Axu, (5.2)

with the negative log-likelihoods defined as fxi
pxiq“´ln pxi

pxiq, fzkpzkq “ ´ ln pyk|zkpyk|zkq,
where the equality in case of fzkpzkq is up to constants that may depend on y (and which
are absorbed in the normalization constant Zpyq). The problem in Bayesian estima-
tion is the computation of this constant Zpyq and of the posterior means and variances.
Belief propagation is a message passing technique that allows to compute the posterior
marginals. However, due to loops in the factor graph, loopy belief propagation may have
convergence issues and is furthermore still relatively complex. GAMP is an approximate
belief propagation technique which is motivated by asymptotic considerations in which
the rows and columns of the measurement matrix A are considered as random and inde-
pendent, in which case GAMP can actually produce the correct posterior marginals. In
any case, GAMP computes a separable approximate posterior of the form

qx,zpx, zq “ qxpxq qzpzq “

N
ź

i“1

qxi
pxiq

M
ź

k“1

qzkpzkq, (5.3)

in which the dependence on y has been omitted. The GAMP algorithm [16], [18] appears
in the table for Algorithm 1. We only consider here Sum-Product GAMP (for MMSE
estimation, as opposed to Max-Sum GAMP for MAP estimation).

5.3 Proposed AMBGAMP
The abbreviation AMB stands for ACM-LSL-BFE, which stands for Alternating Con-
strained Minimization of the LSL of the BFE. AMBGAMP employs most of the same
updates as GAMP, but GAMP does not apply a strict alternating minimization (block co-
ordinate descent) principle, particularly in the presence of constraints. Previous work [17]
has demonstrated that any fixed point of the GAMP algorithm is a critical point of the
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Algorithm 5.1 GAMP
Require: y, A, S “ A.A, fxpxq, fzpzq

1: Initialize: t “ 0, pxt, τ t
x, st´1 “ 0

2: repeat
3: [Output node update]
4: τ t

p “ S τ t
x

5: pt “ A pxt ´ st´1.τ t
p

6: pzt “ Epz|pt, τ t
pq

7: τ t
z “ Varpz|pt, τ t

pq

8: st “ ppzt ´ ptq.{τ t
p

9: τ t
s “ p1 ´ τ t

z .{τ
t
pq.{τ t

p

10: [Input node update]
11: τ t

r “ 1.{pSTτ t
sq

12: rt “ pxt ` τ t
r .A

Tst

13: pxt`1 “ Epx|rt, τ t
rq

14: τ t`1
x “ Varpx|rt, τ t

rq

15: until Convergence

following constrained minimization of a LSL of the BFE (see also [18] and references
therein): min

qx,qz ,τp
JLSL´BFEpqx, qz, τpq

s.t. Epz|qzq “ AEpx|qxq

τp “ SVarpx|qxq,

(5.4)

where the LSL BFE is given by

JLBFEpqx, qz, τpq“Dpqx||e´fxq`Dpqz||e´fzq

H̀Gpqz, τpq, with HGpqz, τpq “ 1
2

M
ÿ

k“1

„

Varpzk|qzkq

τpk
`lnp2πτpkq

ȷ

(5.5)

and where Dpq||pq“Eqplnp
q
p
qq is the KLD and HGpqz, τpq is a sum of a KLD and an entropy

of Gaussians with identical means but different variances. The LSL BFE optimization
problem (5.5) can be reformulated with the following augmented Lagrangian

min
qx,qz ,τp,u

max
s,τs

Lpqx, qz, τp,u, s, τsq with

L “ Dpqx||e´fxq`Dpqz||e´fzq`HGpqz, τpq

`sT pEpz|qzq ´ AEpx|qxqq ´
1

2
τ T
s pτp ´ S Varpx|qxqq

`
1

2
}Epx|qxq ´ u}

2
τr `

1

2
}Epz|qzq ´ Au}

2
τp ,

(5.6)

where s, τs are Lagrange multipliers, and τr “ 1.{pSTτsq is just a short-hand notation
for a quantity that depends on τs. We also use the notations: }u}2τ “

ř

i u
2
i {τi, element-

wise multiplication as in s.τ and element-wise division as in 1.{τ , and 1 is a vector of
ones. In [44], [45], a careful updating schedule was considered with partial optimization
steps on subsets of primal and dual variables. However, that approach is not guaranteed
to converge in general. In [46] we continued to consider an alternating optimization
approach in which the schedule is less critical and some of the optimizations are reduced to
gradient updates. The resulting algorithm can be considered an extended and generalized
version of the ADMM algorithm (extended: there are more than two primal variable
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groups, generalized: the quadratic augmentation term does not exactly correspond to the
linear (mean) constraint). However, there is an alternative point of view, based on [42],
where a double mean constraint was introduced leading to the ADMM-GAMP augmented
Lagrangian

min
qx,qz ,τp,u

max
q,s,τs

LApqx, qz, τp,u, q, s, τsq with

LA “Dpqx||e´fxq´ 1
2
τ T
s pτp´SVarpx|qxqq`Dpqz||e´fzq

H̀Gpqz, τpq `qT pEpx|qxq ´ uqq `sT pEpz|qzq ´ Auqq

`1
2
}Epx|qxq ´ u}2τr ` 1

2
}Epz|qzq ´ Au}2τp ,

(5.7)

For ADMM, the first two terms are the cost function for qx, the next two terms constitute
the cost function for qz. The two groups of primal variables are tqx, qzu and u (and the
optimization of LA is decoupled between qx, qz). The two linear constraints together
constitute a single extended set of linear constraints with extended Lagrange multiplier
rqTsT sT . The appropriately weighted quadratic augmentation terms correspond exactly to
the set of linear constraints. The optimization in [42] is organized with the usual ADMM
algorithm alternating between minimizations over the two groups of primal variables,
followed by the ADMM specific Lagrange multiplier update. The optimization over the
remaining variable τp, τs is then performed in an outer loop. We show here (by the variance
subsystem convergence analysis) that this organization in two levels is not necessary.
Furthermore, there is a redundancy between the linear and quadratic constraint terms in
(5.7). Indeed, if we impose the constrained Lagrange multiplier structure qT “ ´sTA,
then we obtain the proposed L in (5.6). This is constrained enough since the Lagrange
multiplier s will lead to Epz|qzq “ AEpx|qxq, in which case the quadratic augmentation
terms are minimized by u “ Epx|qxq and disappear. However, constraining qT “ ´sTA
leads to a deviation from the strict ADMM structure and requires separate convergence
analysis, which we provide here.
At iteration t we propose the following updating sequence

tut
u“ argmin

u
Lpqt´1

x , qt´1
z , τ t´1

p ,u, st´1, τ t´1
s q (5.8)

tqtxu“ argmin
qx

Lpqx, q
t´1
z , τ t´1

p ,ut, st´1, τ t´1
s q (5.9)

tqtzu“ argmin
qz

Lpqtx, qz, τ
t
p,u

t, st´1, τ t´1
s q (5.10)

tstu“ argmax
s

Lpqtx, q
t
z, τ

t
p,u

t, s, τ t´1
s q (5.11)

tτ t
p, τ

t
su“argmin

τp
max
τs

Lpqtx, q
t
z, τp,u

t, st, τsq (5.12)

The result appears in Algorithm 5.2.

5.3.1 Update of u
To update u, we use a gradient descent method with line search to optimize the step-size.
From (5.6), (5.8), we get

Lpqt´1
x , qt´1

z , τ t´1
p ,u, st´1, τ t´1

s q

“ 1
2
}pxt´1 ´ u}2

τ t´1
r

` 1
2
}pzt´1 ´ Au}2

τ t´1
p

` const.
(5.13)

where const. denotes constants w.r.t. u. The minimizing update can be obtained as
ut

“ ut´1
´ ηt gt (5.14)

with gradient gt “ gtput´1q where

gt
puq “ ∇uLpqt´1

x , qt´1
z , τ t´1

p ,u, st´1, τ t´1
s q

“ ´AT
pppzt´1

´ Auq.{τ t´1
p q ´ ppxt´1

´ uq.{τ t´1
r

“ gt
p0q ` Ht u, Ht

“ Dp1.{τ t´1
r q ` ATDp1.{τ t´1

p qA

(5.15)
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where Dpτ q denotes a diagonal matrix with diagonal elements τ . The step-size ηt gets
optimized for maximum descent :

BLpqt´1
x , qt´1

z , τ t´1
p ,ut, st´1, τ t´1

s q

Bηt
“ 0

ñ ηt “ }gt}2{gt THtgt .
(5.16)

5.3.2 Update of qx
For the update of qx, consider the relevant terms in the augmented Lagrangian (and
remember that 1.{τ t´1

r “ STτ t´1
s )

Lpqx, q
t´1
z , τ t´1

p ,ut, st´1, τ t´1
s q

“Dpqx||e´fxq ´ st´1TAEpx|qxq `
1

2
τ t´1T
s SVarpx|qxq `

1

2
}Epx|qxq´ut

}
2
τ t´1
r

` const.

“Dpqx||e´fxq `
1

2
p1.{τ t´1

r q
T Epx.x|qxq´st´1TAEpx|qxq ´ put.{τ t´1

r q
TEpx|qxq ` const.

“Dpqx||e´fxq `
1

2
p1.{τ t´1

r q
T Epx.x|qxq ´ put

` τ t´1
r .ATst´1

q
T

pEpx|qxq.{τ t´1
r q ` const.

“Dpqx||e´fxq `
1

2
Ep}x ´ rt

}
2
τ t
r
|qxq ` const.

(5.17)

where const. denotes constants w.r.t. x, and rt “ ut ` τ t´1
r .ATst´1 . The Lagrangian in

(5.17) is separable. We get per component

min
qxi

Dpqxi
||gtxi

{Zt
xi

q ñ qtxi
“ gtxi

{Zt
xi
, Zt

xi
“

ż

gtxi
pxiq dxi ,

´ ln gtxi
pxiq “ fxi

pxiq ` 1
2τ tri

rpxk ´ rtiq
2 ´ rt 2i s .

(5.18)

The partition function Zt
xi

acts as cumulant generating function:

τ tri
B lnZt

xi

Brti
“ Epxi|q

t
xi

q “ Epxi|r
t
i , τ

t
ri

q “ pxt
i

pτ triq
2

B2 lnZt
xi

Brt 2i
“ Varpxi|r

t
i , τ

t
ri

q “ τ txi
.

(5.19)

In the Gaussian prior case, we get a Gaussian posterior qtx with

1.{τ t
x “ 1.{τ t´1

r `1.{σ2
x, pxt

“τ t
x.pr

t.{τ t´1
r q . (5.20)

5.3.3 Update of tqzu

The relevant terms in the augmented Lagrangian are

Lpqtx, qz, τ
t´1
p ,ut, st´1, τ t´1

s q

“ Dpqz||e´fzq `
1

2
Varpz|qzq.{τ t´1

p

`st´1 TEpz|qzq `
1

2
}Epz|qzq ´ Aut

}
2
τ t´1
p

` const.

“ Dpqz||e´fzq `
1

2
EpzTz|qzq.{τ t´1

p

´pEpz|qzqq
T

ppAut
q.{τ t´1

p ´ st´1
q ` const.

“ Dpqz||e´fzq `
1

2
Ep}z ´ pt

}
2
τ t´1
p

|qzq ` const.

(5.21)
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where const. denotes constants w.r.t. z and pt “ Aut ´ st´1.τ t´1
p . The Lagrangian in

(5.21) is again separable. We get per component

min
qzk

Dpqzk ||gtzk{Zt
zk

q ñ qtzk “ gtzk{Zt
zk

Zt
zk

“
ş

gtzkpzkq dzk , ´ ln gtzkpzkq “

fzkpzkq ` 1
2τ t´1

pk

rpzk ´ ptkq2 ´ pptkq2s.

(5.22)

The partition function Zt
zk

acts again as cumulant generating function:

´
B lnZt

zk

Bst´1
k

“ Epzk|qtzkq “ Epzk|ptk, τ
t´1
pk

q “ pztk

B2 lnZt
zk

Bst´1 2
k

“ Varpzk|ptk, τ
t´1
pk

q “ τ tzk

´
B3 lnZt

zk

Bst´1 3
k

“ Eppzk ´ Ezkq
3
|qtzkq.

(5.23)

The case of Gaussian noise leads again to a Gaussian posterior qz with

1.{τ t
z “ 1.{τ t´1

p `1.{σ2
v , pzt

“τ t
z .py.{σ

2
v`pt.{τ t´1

p q . (5.24)

5.3.4 Update of tsu (ADMM style)
Although the quadratic augmentation terms in the Lagrangian do not correspond exactly
to a weighted quadratic version of the linear mean constraint, due to the introduction
of the auxiliary variable u which streamlines the derivation of the updates of qx and
qz, nevertheless an ADMM style update of the mean constraint Lagrange multiplier s is
possible. Indeed, the terms in (5.21) that contains s or pz are

pzT
pp
1

2
pz ´ pt

q.{τ t´1
p q “ pzT

pst´1
` p

1

2
pz ´ Aut

q.{τ t´1
p q (5.25)

Taking the gradient w.r.t. pz (as part of the optimization over qz) leads to the RHS of

st “ st´1
` ppzt

´ Aut
q.{τ t´1

p . (5.26)

Hence, if we use this update for s, then (5.25) reduces to pzTst, as if the quadratic augmen-
tation terms have disappeared! This is the main characteristic of the Lagrange multiplier
update in ADMM, which corresponds to a gradient ascent with a particular choice of
(diagonal) step-size.

5.3.5 Update of tτp, τsu
In [44], [45], the carefully chosen updating schedule made the quadratic augmentation
terms inactive when updating tτp, τsu. Here these terms only become inactive at conver-
gence. Nevertheless, these terms only play an active role for the means and not for the
variances. Hence, we shall ignore them here. Thus, the terms of interest in (5.6) for (5.12)
are

Lpqtx, q
t
z, τp,u

t, st, τsq

“ HGpqtz, τpq ´ 1
2
τ T
s pτp ´ S τ t

xq ` const. “ const.`

1
2

M
ÿ

k“1

„

τ tzk
τpk

` lnp2π τpkq

ȷ

´
1

2

M
ÿ

k“1

τskpτpk ´ Sk,: τ
t
xq

(5.27)

where const. denotes constants w.r.t. tτp, τsu. Deriving w.r.t. tτp, τsu yields the feasibility
conditions

52



BL

Bτsk
“ 0 ñ τ tpk “ Sk,: τ

t
x (5.28)

BL

Bτpk
“ 0 ñ τ tsk “

1

τ tpk
p1 ´

τ tzk
τ tpk

q. (5.29)

which we run as a fixed-point sub-algorithm. The position of these updates in the updating
schedule is less important. Nevertheless we shall update tτp, τsu as soon as the quantities
on which they depend have been updated.

Algorithm 5.2 AMBGAMP
Require: y, A, S “ A.A, fxpxq, fzpzq

1: Initialize: t “ 0, u0 “ 0, px0 “ 0, pz0 “ 0, s0 “ 0, τ 0
r “ 1, τ 0

p “ 1
2: repeat (t=1,2,. . . )
3: ut “ut´1 ´ ηt gt, with gt, ηt from (5.15), (5.16)
4: [Input node update]
5: rt “ ut ` τ t´1

r .pATst´1q

6: pxt “ Epx|rt, τ t´1
r q, Gaussian px : 1.{τ t

x “1.{τ t´1
r ` 1.{σ2

x

7: τ t
x“Varpx|rt, τ t´1

r q, Gaussian px : pxt “ τ t
x.pr

t.{τ t´1
r q

8: τ t
p “ S τ t

x

9: [Output node update]
10: pt “ Aut ´ st´1.τ t

p

11: pzt “ Epz|pt, τ t
pq, Gaussian py|z : 1.{τ t

z “ 1.{τ t
p ` 1.{σ2

v

12: τ t
z “Varpz|pt, τ t

pq, Gaussian py|z : pzt “τ t
z .py.{σ

2
v`pt.{τ t

pq

13: st “ st´1 ` ppzt ´ Autq.{τ t
p

14: τ t
s “ p1 ´ τ t

z .{τ
t
pq.{τ t

p, Gaussian py|z : τ t
s “ 1.{pσ2

v ` τ t
pq

15: τ t
r “ 1.{pSTτ t

sq

16: until Convergence

5.4 Convergence to LMMSE
In the case of Gaussian px, py|z, the cost function is quadratic in x etc., and we check
convergence to the LMMSE estimate. At convergence we have

st “ st´1 ñ pz “ Au
ñ u “ px from gpuq “ 0 “ gp0q ` Hu
pz “τz.py.{σ

2
v`pAuq.{τp ´ sq

ñ s “ y.{σ2
v`pA pxq.{τp´pA pxq.{τz “ py´A pxq.{σ2

v

px “ pτx.{τrq.pu ` τr.pA
Tsqq

ñ p1 ´ τx.{τrqpx “ τx.px.{σ
2
x “ τx.pA

Tsqq or
px “

“

ATD´1pσ2
vqA ` D´1pσ2

xq
‰´1

ATD´1pσ2
vqy.

(5.30)

Note that at convergence px does not depend on the various variance estimates that the
algorithm produces. One can also get the following convergence values

s “ R´1
yyy, px “ Dpσ2

xqATs, r “ Dpσ2
x ` τrqA

Ts (5.31)

where r corresponds to the componentwise conditionally unbiased MMSE estimate of
x [24], [47] if τr converges to its correct value.
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Below we shall analyze the convergence of the proposed AMBGAMP algorithm. Note
that the updates of qx, qz in (5.18), (5.22) imply that these approximate posteriors inherit
the higher order cumulants of their respective priors (cf. Edgeworth expansions around
a Gaussian). Only the means and variances are affected by the iterative algorithmn.
In the Gaussian case, the mean subsystem depends on the variances, but the variance
subsystem runs independently. Hence their convergence can be analyzed separately. In
the non-Gaussian case, their coupling may need to be reconsidered though.

5.5 Convergence of the Variance Subsystem
In the Gaussian priors case, the updates of the variances can be checked to result in the
following variance subsystem

1.{τ t
x “ 1.{σ2

x ` STτ t´1
s ,

1.{τ t
s “ σ2

v ` S τ t
x.

(5.32)

To analyze convergence, we investigate the contractiveness of the mappings via their
Jacobians Bτ t

x

Bτ t´1T
s

“ ´Dt, 2
x ST ,

Bτ t
s

Bτ t T
x

“ ´Dt, 2
s S (5.33)

where we introduced the notation Dt
x “ Dpτ t

xq etc., Dt, 2
x “ pDt

xq2 etc. By the chain rule,
we get

Bτ t
x

Bτ t´1T
x

“
Bτ t

x

Bτ t´1T
s

Bτ t´1
s

Bτ t´1T
x

Bτ t
x

Bτ 1T
x

“ Dt, 2
x STDt´1, 2

s SDt´1, 2
x STDt´2, 2

s S . . . .

(5.34)

Note that the cascade of Jacobians involves a cascade of the following matrices

Bt
“ Bt

x B
t´1
s “ pDt

x S
TDt´1

s q pDt´1
s SDt´1

x q (5.35)

We can investigate the contractivity of Bt using any norm since all valid norms are
commensurate. A judicious choice here is the infinity norm

}Bt
}8 “ max

x‰0

}Bt x}8

}x}8

“ max
}x}8“1

}Btx}8 “ }Bt1}8 (5.36)

where the last identity follows from the non-negativity of the elements of B (and Bx or
Bs) which implies that Btx ĺ Bt1 for any x with }x}8 “ 1 (where the relation x ĺ y
indicates that x is element-wise not larger than y). Now we have

Bt1 “ Bt
xB

t´1
s 1 ĺ }Bt´1

s }8 Bt
x 1 ĺ }Bt

x}8 }Bt´1
s }8 1

ñ }Bt}8 ď }Bt
x}8 }Bt´1

s }8 ă 1
(5.37)

where we assume that at least one of }Bt
x}8 ď 1, }Bt´1

s }8 ď 1 is strictly smaller than
one. So, (5.37) implies converges of the variance subsystem. The statements in (5.37)
hold in the general non-Gaussian case. In the Gaussian case, we get from (5.35), (5.32)

}Bt´1
s }8 “ }Bt´1

s 1}8 “ }Dt´1
s SDt´1

x 1}8

“ }Dt´1
s S τ t´1

x }8 “ maxk
Sk,:τ

t´1
x

σ2
v k`Sk,:τ

t´1
x

ď 1,

}Bt
x}8 “ }Bt

x1}8 “ }Dt
x S

TDt´1
s 1}8

“ }Dt
x S

Tτ t´1
s }8 “ maxi

ST
:,iτ

t´1
s

1{σ2
x i`ST

:,iτ
t´1
s

ď 1.

(5.38)
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5.6 Large System Analysis with n.i.i.d. A
To show that at convergence, the variance subsystem τx converges in the large system
limit to the optimal MSE in the Gaussian case. We use the following result from [48], [49]
:
Theorem 1. Let QN ,DN P RNˆN be deterministic symmetric matrices and YN “

XNDXH
N “

řM
i“1 dixix

H
i , with diagonal D and XN containing M independent columns

xi with covariance matrix Θi. Also, assume that QN , DN , Θi have uniformly bounded
spectral norms. Then, as M,N Ñ 8 at constant ratio

1

N
tr

“

QNpYN ` DNq
´1

‰

´
1

N
tr rQNTN s

a.s.
ÝÝÑ 0, with (5.39)

TN “

˜

M
ÿ

i“1

diΘi

1 ` ei
` DN

¸´1

, where the ei satisfy (5.40)

ek “ tr

»

–dkΘk

˜

M
ÿ

i“1

diΘi

1 ` ei
` DN

¸´1
fi

fl , k “ 1, . . . ,M. (5.41)

The convergence in (5.39) is the convergence of a scalar to its mean, by LLN. Note the
presence of the weights 1` ei in the denominator of the sum in TN in (5.40), which
reflect that the expected value of a matrix inverse is not the inverse of its expected value.
Note that the tr rΘis should be of order 1, which means that the sum in TN is implicitly
normalized. The ei satisfy the implicit equations (5.41), and can be obtained as the fixed
points of the RHS interpreted as a mapping (with global convergence).
We assume the columns of AT “

“

a1 . . .aM

‰

to be zero mean and independent with
diagonal covariance matrix E

`

aia
T
i

˘

“ Θi. The optimal MSE in the Gaussian case is
given by (with e.g. Dσ2

x
“ Dpσ2

xq)

MSE “
1

N
tr

"

”

ATD´1
σ2
v
A ` D´1

σ2
x

ı´1
*

a.s.
ÝÝÑ

1

N
tr

$

&

%

«

M
ÿ

i“1

Θi

σ2
v,ip1 ` eiq

` D´1
σ2
x

ff´1
,

.

-

, with (5.42)

ek “ tr

$

&

%

1

σ2
v,k

Θk

«

M
ÿ

i“1

Θi

σ2
v,ip1 ` eiq

` D´1
σ2
x

ff´1
,

.

-

. (5.43)

On the other hand the GAMP variance subsystem converges to (5.32), without iteration
indices. With large A, Sτx and STτs converge to their expected values

E rSτxsi “ E
“

ADxA
T

‰

ii
“ trtΘiDxu; (5.44)

ED
`

STτs
˘

“ E diag
`

ATDsA
˘

“

M
ÿ

k“1

τs,kΘk. (5.45)

Therefore, the empirical mean of the posterior variance τx becomes

1

N
trtDxu “

1

N
tr

$

&

%

«

D´1
σ2
x

`

M
ÿ

k“1

τs,kΘk

ff´1
,

.

-

. (5.46)
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From (5.32), (5.44), it follows that

τs,k “
1

σv,k ` trtΘkDxu
. (5.47)

Define e1
k “

trtΘkDxu

σ2
v,k

and substituting (5.47) into (5.46), we obtain

1

N
trtDpτxqu “

1

N
tr

$

&

%

«

D´1
σ2
x

`

M
ÿ

i“1

Θi

σv,ip1 ` e1
iqu

ff´1
,

.

-

;

e1
k “ tr

$

&

%

Θk

σ2
v,k

«

D´1
σ2
x

`

M
ÿ

i“1

Θi

σv,ip1 ` e1
iqu

ff´1
,

.

-

.

(5.48)

This shows that the system of equations defined by (5.48) is the same as the system defined
by (5.42), (5.43). Therefore, the empirical mean of τx converges to the optimal MSE in
the large system limit. Note that above we have applied the Theorem with QN “ IN
but the same results hold for any QN , corresponding to deterministic limits for variably
weighted MSEs trtQNDxu{trtQNu.

5.7 Convergence of the Mean Subsystem
We consider here the convergence proof for the case in which the update of u minimizes
its quadratic cost function, i.e. gtputq “ gtp0q ` Ht ut “ 0ñ ut “ ´pHtq´1gtp0q. We
shall investigate the convergence of the mean subsystem once the variance subsystem has
converged. Similar to the convergence proof in [42], we will derive the Jacobian of the
updating function and prove the convergence by showing that the Jacobian is contractive.
We define the short hand notations

τ “
“

τ T
r τ T

p

‰T
,D “ Dp1.{τ q,B “ D

1
2

“

I AT
‰T

,

C “ D´ 1
2

“

A ´I
‰T

,H “
“

0MˆN I
‰

D
1
2 ,

wt “ D
1
2

“

pxt T
pzt T

‰T
,P “ B

`

BTB
˘´1

BT .

(5.49)

Furthermore, we define the update function for
“

pxt T
pzt T

‰T as
„

pxt

pzt

ȷ

“ g

ˆ„

rt

pt

ȷ˙

“

„

gxprtq

gzpptq

ȷ

“

„

Epx|rt, τrq
Epz|pt, τpq

ȷ

. (5.50)

In the following we will show that the system θt “
“

wt,T st,T
‰T is converging. With

notations defined above, we can rewrite ut “ ´pHtq´1gtp0q as

ut
“

`

BTB
˘´1

BTwt´1. (5.51)

The vector wt is updated via

wt
“ g̃

`

Pwt´1
` Cst´1

˘

“ g̃
`“

P C
‰

θt´1
˘

, (5.52)

where g̃pvq “ D
1
2g

´

D´ 1
2v

¯

. The update of st can be written as

st “ st´1 ` H pwt ´ Butq

“ st´1 ` H
“

g̃
`“

P C
‰

θt´1
˘

´ Pwt´1
‰

.
(5.53)

Combining (5.52) and (5.53), we obtain the update equation for θt,
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θt
“ hpθt´1

q “

„

I
H

ȷ

g̃
`“

P C
‰

θt´1
˘

`

„

0 0
´HP I

ȷ

θt´1, (5.54)

where hpθt´1q denotes the update function. We get for the Jacobian g̃1t “ g̃1
`“

P C
‰

θt´1
˘

“

D
1
2 g1tD´ 1

2 “ g1t which is diagonal since gp.q is an elementwise function. As mentioned
in [42], g1t is a positive semi-definite diagonal matrix with all elements smaller than 1.
Furthermore, in the Gaussian case g1t is a constant matrix. The Jacobian of hpθt´1q is
given by

h1t “

„

I
H

ȷ

g1t
“

P C
‰

`

„

0 0
´HP I

ȷ

“

„

g1tP g1tC
Hpg1t ´ IqP Hg1tC ` I

ȷ

.
(5.55)

We calculate the terms Hg1tC and Hpg1t ´ Iq, which leads to
Hg1tC “ ´g1t

z , Hpg1t
´ Iq “ pg1t

z ´ IqH . (5.56)
Hence, the Jacobian h1t becomes

h1t
“

„

g1tP g1tC
pg1t

p ´ IqHP I ´ g1t
z

ȷ

“

„

g1t 0
0 I´g1t

z

ȷ„

P C
´HP I

ȷ

. (5.57)

Since all the elements of g1t range from 0 to 1,

0 ĺ

„

g1t 0
0 I ´ g1t

z

ȷ

ĺ maxt}g1t
}8, 1 ´ }g1t

z }8u I ă I. (5.58)

We calculate the eigenvalues of the second matrix at the right of (5.57) via

det

„

λI ´ P ´C
HP λI ´ I

ȷ

“ 0. (5.59)

For the determinant of block matrices, we have

det

„

λI ´ P ´C
HP λI ´ I

ȷ

“ detpλI ´ P q detrλI ´ I ` HP pλI ´ P q
´1Cs. (5.60)

By the matrix inverse lemma and the definition of P , we get

pλI ´ P q
´1

“
I

λ
´

P

λ ´ λ2
. (5.61)

Note that from the definition in (5.49), PC “ BpBTBq´1BTC “ 0. Hence (5.60)
becomes

det

„

λI ´ P ´C
HP λI ´ I

ȷ

“ detpλI ´ P q detpλI ´ Iq. (5.62)

Set this determinant to 0 and solve for λ, we find that the eigenvalues are 0 and 1.
Therefore, the update operation hpθq is contractive.

5.8 Simulation Results
For the simulations, we set the SNR to 20dB, and the system dimensions to M ˆ N “

512 ˆ 1024. We consider a Gaussian setting with white noise and x is drawn from an
n.i.i.d. Gaussian distribution with zero mean and variance profile σ2

xi
“ 0.991i´1, i “

1, . . . , N . For A, we follow the setup in [33]. Namely first A gets generated as i.i.d.
zero mean Gaussian, its SVD gets computed and the singular values ts1 ě ¨ ¨ ¨ ě sMu

are changed to a geometric series with a specific condition number s1
sM

. We compare the
results to the LMMSE estimator. Fig. 5.1 illustrates the difference between the pxt and the
LMMSE pxMMSE, whereas Fig. 5.2 compares the difference between τ t

x and τMMSE. The
"normalization" mentioned in the captions refers to division by N . These simulations
show that the AMBGAMP algorithm continues to work in unrealistically severe scenarios
(in which AMP diverges).
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Figure 5.1: Normalized l2 norm of pxt ´ pxMMSE
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Figure 5.2: Normalized l1 norm of τ t
x ´ τMMSE

5.9 Concluding Remarks
We propose a convergent version of GAMP, AMBGAMP, which applies alternating min-
imization to an augmented Lagrangian of a large system limit of the Bethe free Energy
(BFE). AMBGAMP can be interpreted as applying a simplified ADMM to the BFE,
with a constrained Lagrange multiplier parametrerization for the mean constraint, and a
quadratic optimization subproblem being solved by a gradient update with line search.
The ADMM is complemented with a fixed point iteration for the variance constraint.
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Part II

Bilinear Estimation
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Chapter 6

Bilinear Hybrid Expectation
Maximization and Expectation
Propagation for Semi-Blind Channel
Estimation

6.1 Introduction
One of the unique features of Cell-Free (CF) Massive MIMO (MaMIMO) networks is the
absence of traditional cellular boundaries, which introduces a critical challenge: the po-
tential for a high number of user terminals (UTs) in a given area to exceed the length of the
pilot sequence. This imbalance leads to what is known as pilot contamination.Addressing
this issue, Semi-Blind approaches have been explored as a viable solution to mitigate the
effects of pilot contamination, as detailed in the work of Gholami et al. [50].
In the context of Bayesian inference, the Semi-Blind approach is modeled as a bilinear
inference problem, where the Access Points (APs) must concurrently estimate both the
channel state information (CSI) and the user signals. [51] have demonstrated that transi-
tioning from the deterministic domain to the Bayesian domain results in significant gains.
The challenge in addressing the bilinear inference problem primarily arises from obtaining
the closed-form solution of the marginal likelihood of the observed data given the channel
coefficient. To circumvent this issue, researchers have been exploring iterative approxi-
mation techniques such as expectation maximization (EM) and expectation propagation
(EP).

6.1.1 Prior Works

Expectation-maximization

Expectation-maximization can be viewed as a special case of the Majorize-Minimization
(MM) algorithm. In [52], the authors contrasted two variants of the EM approach within
the context of semi-blind channel estimation: one incorporates prior information, while the
other disregards it. This is essentially a comparison between Bayesian and deterministic
approaches. The authors of [53] proposed a space-alternating generalized expectation
maximization (SAGE) algorithm to handle the lack of prior information. To tackle the
challenges posed by systems with a more generalized prior distribution for input signals,
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[54] explored the combination of EM-based on a Gaussian mixture prior.

Expectation-propagation

Message-passing algorithms play a critical role in the inference problems. Notably, one of
the most potent message-passing algorithms is Expectation Propagation (EP), proposed
by Minka [9]. Based on EP rules and further approximations, bilinear G-AMP (BiG-AMP)
was proposed in [23]. This algorithm is also capable of automatically estimating the prior
information by employing the EM technique to estimate the hyperparameters. In the
scenario of Cell-Free MaMIMO, the base station number is typically very high. Hence, to
distribute the computational load between the CPU and all Base Stations, a distributed
version of Expectation Propagation, termed "bilinear EP for joint channel estimation and
data detection (JCD)," was proposed in [2]. The close relation between EP and Bethe
Free Energy (BFE) was studied in [6], which shows that they share the same fixed points.
Given that the primary concern with EP is the uncertainty of convergence, a more robust
solution can be achieved by directly analyzing the optimization of the BFE. A loop-free
EP was proposed in [21] based on approximate BFE optimization.
In [20], the authors proposed variable level expectation propagation (VL-EP) for semi-
blind channel estimation. They further explored the relation between EM-based methods
and VL-EP and showed the close relation between VL-EP and EM-based algorithms in
semi-blind channel estimation.

6.1.2 Main Contribution
In our study, we employ the expression for EP as outlined by [10] to develop an ap-
proximate probabilistic model for the bilinear system. Leveraging this model, we have
identified that EM-based methods, as described in [20], can be improved by incorporat-
ing moment matching for the approximated posteriors of the per-user received signals.
Consequently, we propose a hybrid EM-EP algorithm designed to correctly manage the
posterior distribution of the per-user received signals. To demonstrate the effectiveness
of our method, we present simulation results comparing our proposed algorithm with the
VL-EP algorithm and the Gaussian input semi-blind Cramer-Rao Bound (CRB), thus
providing evidence of the superiority of our approach.

6.2 System Model
We examine an uplink semi-blind signal model described as follows:

Y “
“

Yp Yd

‰

“ H
“

XT
p XT

‰

`
“

Vp V
‰

P CMˆpP`T q, (6.1)

where H represents the channel matrix, unknown and modeled as an independent and
identically distributed (i.i.d.) random matrix of size M ˆ K. Each column follows the
distribution hk „ N p0,Ξhk

q. The input signal is composed of a pilot part Xp P CPˆK

and a data part X P CTˆK . It’s assumed that all data symbols in X are independently
drawn from a Gaussian distribution with power σ2

x

We define Vp and V as the Additive White Gaussian Noise (AWGN) at the APs. Each
element within these noise matrices is assumed to be independently drawn from a Gaussian
distribution with power σ2

v
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6.2.1 Orthogonal Pilot

When orthogonal pilot is used, we can correlate Yp with each pilot sequence x˚
p,g to obtain

an equivalent observation of the pilot yg such that

yp,g “ Ypx
˚
p,g “ Pσ2

x

ÿ

kPGg

hk ` vp,g, (6.2)

where vp,g “ Vpx
˚
p,g „ N pvp,g|0, σ2

xσ
2
vPIq and Gg denotes the group of users using the

g-th pilot sequence. Since one UT k can only send one pilot sequence, the user groups
Gg X Gg1 “ ϕ if g ‰ g1. Due to orthogonal pilots, we also have Eryp,gyp,g1s “ 0 if g ‰ g1.

6.3 EP Approximation
We treat the vectors hk and xk as atomic variables and utilize an EP-like algorithm to
infer their posterior means and covariances.
The joint probability of the underlying system model is

ppYp,Yd,htku,xtkuq “ ppyp,tgu,Yd,htku,xtkuq

“ ppYd|htku,xtkuq
ź

g

ppyp,g,Hgq
ź

k

ppxkq, (6.3)

where we use t¨u to iterate all the indeces, and the first equal sign is obtained because of
orthogonal pilot.
According to EP, we approximate the joint pdf (6.3) by bpH ,Xq

ppyp,tgu,Yd,htku,xd,tkuq » bpH ,Xq

: 9qH,Xphtku,xd,tkuq
ź

g

qHgphtkPGguq
ź

k

ppxkq

“ µqH,X ;hk
phkqµqH,X ;xk

pxkqµqH ;hk
phkqppxkq, (6.4)

where we further assume that qH,X and qHg can be factorized at variable level,

qH,XpH ,Xq “
ź

k

µqH,X ;hk
phkqµqH,X ;xk

pxkq

qHgpHgq “
ź

kPGg

µqH ;hk
phkq. (6.5)

From this point, we can see that refining each approximated factor qH,X and qHg is
equivalent to refining the variable level factors µqH,X ;hk

, µqH,X ;xk
and µqHg ;hk

of the target
factors in parallel.

6.4 EM-EP
In EP algorithm, we refine the approximated factors qH,X and qHg iteratively. We first
look at the refinement for the bilinear factor qH,X .
The KLD objective function for refining qH,X is

KLDrbqH,X
pH ,Xq}bpH ,Xqs, (6.6)
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where
bqH,X

pH ,Xq9ppYd|H ,Xq
ź

g

qHgphtkPGguq
ź

k

ppxd,kq (6.7)

is the belief at factor ppYd|H ,Xq. Substitute (6.4) and ignore the terms that are irrelevant
to qH,X , the KLD objective function becomes

KLDrbqH,X
pH ,Xq}bpH ,Xqs (6.8)

“´
ÿ

k

ż

bqH,X
pH ,Xq lnµqH,X ;hk

phkqµqH ;hk
phkqdHdX

´
ÿ

k

ż

bqH,X
pH ,Xq lnµqH,X ;xk

pxkqppxkqdHdX`lnZbH,X
,

where ZbH,X
is the normalization factor corresponding to (6.4), i.e., ZbH,X

“ Zbhk
Zbxk

with

Zbhk
“

ż

µqH,X ;hk
phkqµqH ;hk

phkqdhk

Zbxk
“

ż

µqH,X ;xk
pxkqppxkqdxk.

(6.9)

At this point, we observe that all the variable level factors µqH,X ;hk
phkq and µqH,X ;xk

pxkq

of qH,X can be decoupled. Therefore, refining the factor qH,X based on (6.8) is equivalent
to refining all the variable level factors µqH,X ;hk

phkq and µqH,X ;xk
pxkq in parallel. We look

at the refinement of µqH,X ;hk
phkq. We omit the terms that does not contain µqH,X ;hk

phkq

from (6.8), and the objective function for updating it is

KLDrbqH,X
pH ,Xq}bpH ,Xqs

“ KLD

«

bqH,X
phkq}

µqH,X ;hk
phkqµqH ;hk

phkq

Zbhk

ff

` c,
(6.10)

where marginalized belief is denoted as bqH,X
phkq “

ş

bqH,X
pH ,XqdhkdX, with the no-

tation hk denoting the set of channel coefficient vectors @i ‰ k,hi. The marginal belief
bqH,X

is computed as

bqH,X
phkq9

ż

µqH ;hi
phiqppxiqppYd|hkx

T
k `

ÿ

i‰k

hix
T
i q

¨
ź

i‰k

µqH ;hi
phiqppxiqdhkdX. (6.11)

Due to Central Limit Theory (CLT), we can approximate the interference term
ř

i‰k hix
T
i

to a Gaussian, where the component variables hi and xi follows hi „ µqH ;hi
phiq and

xi „ ppxiq. We define a Gaussian random matrix Zk »
ř

i‰k hix
T
i and define vector

zk “ vecpZkq to approximate the interference,

zk „ N pzk|mzk ,Czkq, (6.12)

where mzk and Czk equal to the mean and covariance matrix of the vectorized interference
vecp

ř

i‰k hix
T
i q,

mzk “ 0

Czk “ σ2
x

«

IT b
ÿ

i‰k

pCqH ;hi
` mqH ;hi

mH
qH ;hi

q

ff

(6.13)
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With this CLT approximation, (6.11) becomes

bqH,X
phkq »

ż

µqH ;hk
phkqppxkqppYd|hkx

T
k ,Czkqdxk

“ µqH ;hk
phkqppYd|hk,Czkq

(6.14)

where ppYd|hkx
T
k ,Czkq is defined as

ppYd|hkx
T
k ,Czkq“

ż

ppYd|hkx
T
k ` ZkqN pzk|mzk ,Czkqdzk

“ N
`

yd|vecphkx
T
k q, IT b C

rvk

˘

,

with the notation yd “ vecpYdq and noise plus interference covariance matrix

C
rvk

“ σ2
vI ` σ2

x

ÿ

i‰k

pCqH ;hi
` mqH ;hi

mH
qH ;hi

q

To obtain the posterior mean and covariance of bqH,X
, we consider an Expectation Max-

imization approach and approximate by a surrogate majorization function. The negated
log-likelihood of ppYd|hk,Crvk

q is

lhk
phkq “ ´ ln ppYd|hk,Crvk

q. (6.15)

Since we have ppxkq “ N pxk|0, σ2
xIq and the sum vd `zk has a block diagonal covariance

matrix, the marginalized log-likelihood function is circular symmetric, i.e. @φ, lhk
phkq “

lhk
phke

jφq. We construct a surrogate function,

uhk
phk|phkq

“lhk
pphkq´Exk|Yd,phk,Crvk

«

ln

˜

ppYd,xk|hk,Crvk
q

ppYd,xk|phk,Crvk
q

¸ff

,

where phk is the posterior estimate from previous iteration. One can verify by Jensen’s
inequality that uhk

phk|phkq ě lhk
phkq, where equality is reached at hk “ phk. This implies

that following relation of the log belief pdf ´ lnpbqH,X
q ď uhk

phk|phkq ´ lnpµqH ;hk
phkqq.

We approximate the belief bqH,X
phkq by the minorization function expr´uhk

phk|phkq `

lnpµqH ;hk
phkqqs which we will show to be a Gaussian. Since µqH ;hk

phkq is already Gaussian,
we focus on the term uhk

phk|phkq. By omitting constant terms that do not involve hk, we
derive an effective surrogate function of lhk

phkq

uhk
phk|phkq“ Éxk|Yd,phk,Crvk

rln pppYd|xk,hk,Crvk
qqs

“}yd´ppxkbIMqhk}
2
pIT bC

rvk
q´1` trrC

pxs}hk}
2
C´1

rvk

,

where pxk and C
px are the mean and covariance matrix of the posterior ppxk|Yk, phk,Czkq.

These statistics can be obtained via LMMSE as

τxk
“

´

phH
k C

´1
rvk

phk ` σ´2
x

¯´1

C
pxk

“τxk
IT

pxT
k “ τxk

phH
k C

´1
rvk
Yd. (6.16)
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By combining uphk|phkq with the non-constant terms in ´ lnpµqH ;hk
phkqq, we obtain an

effective surrogate function for approximating ´ lnpbqH,X
phkqq,

´ lnpbqH,X
phkqq ď uphk|phkq ´ lnpµqH ;hk

phkqq ` c

“}yd´ppxkbIMqhk}
2
pIT bC

rvk
q´1` trrC

pxs}hk}
2
C´1

rvk

` }hk ´ mqH ;hk
}
2
C´1

qH ;hk

. (6.17)

It can be identified as an Gaussian with mean and covariance

Chk
“

”

ppxH
k pxk ` Tτ

pxk
qC´1

rvk
` C´1

qH ;hk

ı´1

mhk
“ Chk

´

C´1
rvk
Ydpx˚

k ` C´1
qH ;hk

mqH ;hk

¯

(6.18)

Optimizing the KLD (6.10) and substituting bqH,Xphkq “ N phk|mhk
,Chk

q, we obtain the
update µqH,X ;hk

phkq “
N phk|mhk

,Chk
q

µqH ;hk
phkq

, where the quotient is a Gaussian with mean and
covariance matrix given by

CqH,X ;hk
“

C
rvk

pxH
k pxk ` Tτ

pxk

mqH,X ;hk
“

Ydpx˚
k

pxH
k pxk ` Tτ

pxk

. (6.19)

To refine the approximate qHgpHgq “
ś

kPGg
µqH ;hk

phkq, we optimize the KLD objective
function

KLDrbqHg
pH ,Xq}bpH ,Xqs, (6.20)

where the belief

bqHg
pH ,Xq“ppyp,g,HgqqH,XpH ,Xq

ź

j‰g

qHj
pHjq

ź

k

ppxkq.

Substituting qH,X , qHj
with (6.5), we observe that optimizing qHg in (6.20) is equivalent

to updating the all the variable level factors @k P Gg, µqH ;hk
in parallel, i.e.

KLDrbqHg
pH ,Xq}bpH ,Xqs (6.21)

“
ÿ

kPGg

KLD

«

bqHg
pHgq}

µqH,X ;hk
phkqµqH ;hk

phkq

Zbhk

ff

` c,

where bqHg
pHgq denotes the marginalized belief bqHg

pH ,Xq and is calculated by

bqHg
pHgq9

ż

bqHg
pH ,XqdXdHg

“ ppyp,g|Hgq
ź

kPGg

pphkqµqH,X ;hk
phkq. (6.22)

Since the right argument of (6.21) contains the k-th channel coefficient only, we further
marginalize (6.22) to bqHg

phkq “
ş

bqHg
pHgqdhk. According to the property of KLD, the
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Algorithm 6.1 Hybrid EM-EP
Require: Yp, Yd, Xp, Ξhk

, σ2
x, σ2

v

1: Initialize: phk0:wk0,m0
, Chk0

:wk0,m0
,

2: phk0:zk0,n0
, Chk0

:zk0,n0
, phk0 ,Chk0

3: repeat
4: [Update based on Pilot Observation @k “ 1 : K]
5: Compute mqH ;hk

and CqH ;hk
based on (6.23)

6: [Update based on Data Observation @k “ 1 : K]
7: C

rvk
“ σ2

vI ` σ2
x

ř

i‰kpCqH ;hi
` mqH ;hi

mH
qH ;hi

q

8: τxk
“

´

phH
k C

´1
rvk

phk ` σ´2
x

¯´1

9: pxT
k “ τxk

phH
k C

´1
rvk
Yd

10: CqH,X ;hk
“

C
rvk

pxH
k pxk`Tτ

pxk

11: mqH,X ;hk
“

Yd px˚
k

pxH
k pxk`Tτ

pxk

12: [Posterior Update @k “ 1 : K]
13: C

phk
“ pC´1

qH ;hk
` C´1

qH,X
q´1

14: m
phk

“ C
phk

pC´1
qH ;hk

mqH ;hk
` C´1

qH,X
mqH,X

q

15: until Convergence

variable level factor is finally updated by µqH ;hk
phkq “

bqHg
phkq

µqH,X ;hk
phkq

9N phk|mqH ;hk
,CqH ;hk

q

where

CqH ;hk
“

»

–

¨

˝

ÿ

iPGg{tku

pC´1
qH,X ;hì

Ξ´1
hi

q
´1

`
σ2
v

σ2
xP

I

˛

‚

´1

` Ξ´1
hk

fi

fl

´1

mqH ;hk
“ Ξhk

»

–Ξhk
`

σ2
v

σ2
xP

I `
ÿ

iPGg{tku

pC´1
qH,X ;hì

Ξ´1
hi

q
´1

fi

fl

´1

¨

»

–

yp,g

Pσ2
x

´
ÿ

iPGg{tku

Ξhi
pΞhi

` CqH,X ;hi
q

´1mqH,X ;hi

fi

fl . (6.23)

The approximated belief of hk is obtained by integrating (6.4),

bphkq “

ż

bpH ,XqdhkdX “ µqH ;hk
phkqµqH,X ;hk

phkq

“ N phk|m
phk
,C

phk
q,

where

C
phk

“ pC´1
qH ;hk

` C´1
qH,X

q
´1

m
phk

“ C
phk

pC´1
qH ;hk

mqH ;hk
` C´1

qH,X
mqH,X

q. (6.24)

A suggested update order is proposed in Algorithm 6.1

6.5 Loop Free Expectation Propagation
The above discussed method is derived from a loopy factorization scheme. To improve
the convergence property, we treat Hg and Xg as the atomic variables. The resulting
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factorization is obtained by

ppYd,yp,g,H ,Xq “ ppYd|H ,Xq
ź

g

ppyp,g,HgqppXgq.

Due to the new factorization, we don’t need to approximate ppyp,g,Hgq at the level of hk.
We can rewrite (6.2)

yp,g “ Pσ2
xp1T

Kg
b IMqhGg ` vp,g, (6.25)

where Kg denotes the number of users using the g-th pilot, 1Kg denotes an all-one col-
umn vector with Kg entries, and hGg “ vecpHgq. For simplicity, we exploit the nota-
tions and define the block prior covariance matrix ΞGg “ diagpΞhk1

, . . . ,XhkKg
q, where

k1, . . . , kKg are the users using the g-th pilot sequence. We calculate the equivalent prior
ppyp,g,Hgq9N phGg |mhGg

,ChGg
q, where the mean and covariance matrix are obtained by

ChGg
“ ΞhGg

´ ΞhGg
p1Kg b IMq

«

σ2
vIM
σ2
xP

`
ÿ

kPGg

Ξhk

ff´1

¨ p1T
Kg

b IMqΞhGg

mhGg
“ ChGg

p1Kg b IMq
yp,g

σ2
v

. (6.26)

We will use the equivalent prior ppyp,g,Hgq and ppXgq to derive an EM algorithm for
estimating H .
The observed data symbols can be represented as

Yd “ HgX
T
g `

ÿ

j‰g

HjX
T
j ` V . (6.27)

As in the vector EM-EP, we treat HjX
T
j as interference. Due to CLT, we approximate

the sum of interference
ř

j‰g vecpHjX
T
j q as Gaussian. We observe

ÿ

j‰g

vecpHjX
T
j q “

ÿ

iRGg

vecphix
T
i q “

ÿ

iRGg

pxi b 1Mqp1 b hiq

“
ÿ

iRGg

pxi b hiq. (6.28)

We define the approximated sum of interference as ZGg and its vectorization zGg “

vecpZGgq such that
ř

j‰g vecpHjX
T
j q » zGg “ N pzGg |0,CzGg

q where CzGg
is the covari-

ance matrix of (6.28),

CzGg
“ IT b

«

σ2
x

ÿ

iRGg

pChi
` mhi

mH
hi

q

ff

. (6.29)

The noise and interference terms can be combined and interpreted as an equivalent noise.
Define rVGg “ V ` ZGg , and its vectorization rvGg “ vecp rVGgq can be verified to be a
Gaussian rvGg „ N prvGg |0, IT b C

rvGg
q, where

C
rvGg

“ σ2
x

ÿ

iRGg

pChi
` mhi

mH
hi

q ` σ2
vIM . (6.30)
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Following the same steps from (6.15) to (6.17) we have

´ lnppppYd,yp,g,Hgqq ď uHgpHg|xHgq ´ lnpppyp,g,Hgqq ` c, (6.31)

where xHg is the posterior mean of Hg from previous iteration, and the approximate
marginalized pdf pppYd,yp,g,Hgq »

ş

ppYd,yp,g,H ,XqdXdHg is exact when the CLT
approximation ZGg is exact, i.e., when K Ñ `8. The term uHgpHg|xHgq is the effective
surrogate function of the negative log-likelihood ´ lnrppYd|Hg,CrvGg

qs, and is defined as

uHgpHg|xHgq“´EXg |Yd,xHg ,C
rvGg

rlnpppYd|Xg,Hg,CrvGg
qqs

“ }yd ´ pxXg b IMqhGg}
2
IT bC´1

rvGg

` }hGg}TC
pxGg

bC´1
rvGg

.

where pxGg and C
pxGg

are the LMMSE results from the model

yd “ pIT b xHgqxGg ` rvGg , (6.32)

with xGg “ vecpXT
g q such that ppXg|Yd, xHg,CrvGg

q “ N pxGg |pxGg , IT b C
pxGg

q,

C
pxGg

“ pxHH
g C´1

rvGg

xHg ` σ´2
x IKgq

´1

pxGg “ rIT b pC
pxGg

xHH
g C´1

rvGg
qsyd (6.33)

The matrix mean xXg is obtained from EXg |Yd,xHg ,C
rvGg

rXgs and can be viewed as a reshaped

version of pxGg .
Finally, the surrogate function of the negative log-joint pdf (6.31) is

´ lnppppYd,yp,g,Hgqq ď c ` }hGg ´ mhGg
}
2
C´1

hGg

` }yd ´ pxXg b IMqhGg}
2
IT bC´1

rvGg

` }hGg}TC˚
pxGg

bC´1
rvGg

.

Optimizing the surrogate function, and we obtain the posterior mean and covariance
matrix

C
phGg

“

”

pxXH
g

xXg ` TC˚
pxGg

q b C´1
rvGg

` C´1
hGg

ı´1

m
phGg

“ C
phGg

”

pxXH
g b C´1

rvGg
qyd ` C´1

hGg
mhGg

ı

. (6.34)

We propose a possible update order in Algorithm 6.2.

6.6 Simulation Results
In this section, we will verify the algorithm using numerical simulations. We consider a
400 ˆ 400m2 area with M “ 16 APs and K “ 8 UTs. The APs are located at the coor-
dinates p400

3
i, 400

3
jq, where i, j P t0, . . . , 3u. The UTs are uniformly randomly distributed

over this area. We use the same expression for the large-scale fading model as in [2],

σ2
Hik

rdBs “ ´30.5 ´ 36.7 log10pdikq, (6.35)
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Algorithm 6.2 MM-algorithm
Require: Yp, Yd, Xp, Ξhk

, σ2
x, σ2

v

1: Initialize: phk0:wk0,m0
, Chk0

:wk0,m0
,

2: phk0:zk0,n0
, Chk0

:zk0,n0
, phk0

3: [Update based on Pilot Observation @g “ 1 : P ]
4: Compute mhGg

and ChGg
based on (6.26)

5: repeat
6: [Update based on Data Observation @g “ 1 : P ]
7: C

rvGg
“ σ2

x

ř

iRGg
pChi

` mhi
mH

hi
q ` σ2

vIM

8: C
pxGg

“ pxHH
g C´1

rvGg

xHg ` σ´2
x IKgq´1

9: pxGg “ rIT b pC
pxGg

xHH
g C´1

rvGg
qsyd

10: xXT
g “ vec´1

KgˆT ppxGgq

11: C
phGg

“

”

pxXH
g

xXg ` TC˚
pxGg

q b C´1
rvGg

`C´1
hGg

ı´1

12: m
phGg

“C
phGg

”

pxXH
g b C´1

rvGg
qyd ` C´1

hGg
mhGg

ı

13: until Convergence

where dmk is the distance between AP i and UT k. To induce pilot contamination, the
default pilot sequence length is P “ 4, with the entire transmitted sequence spanning a
length of L “ 16. The four distinct pilot sequences are designed to be mutually orthogonal.
Transmission power is set at σ2

x “ 14pdBmq for each UT. We modify the noise power to
ensure the SNR “

EtrrHXdX
H
d HH s

EtrrVdV
H
d s

varies between 10pdBq and 31pdBq.
For each SNR level, we maintain consistent positions for all APs and UTs, and con-
duct simulations across 50 unique scenarios with varying H , Vd, Vp, Vd, and Xd. The
metric for evaluating performance is the normalized mean squared error (NMSE) of
the channel estimation. It is calculated as

ř trpĂH ĂHHq
ř trpHHHq

, where ĂH represents the esti-
mation error, and the summation extends over all 50 distinct realizations. The simu-
lation results are concluded in Fig. 6.1. For comparison, we also plot the results of
VL-EP algorithm [20]. The VL-EP algorithm iteratively minimizes the majorizer of
pphk0 |pk,m, rk,nq9

ś

m pppk0,m|hk0q
ś

n pprk0,n|hk0qpphk0q, functioning similarly to a MAP
algorithm. In subsequent iterations, it directly utilizes the posterior of hk0 to estimate the
channel corresponding to other users. However, based on Bayes rule, we should use the
partial-posteriors (prior and likelihood from pilot based estimation). We compare these
two methods with the normalized approximated CRB [51] which is defined as trrCRBs

EtrrHHH s
.

The convergence speed of the two algorithms is compared, where we use the default setting
and fix the SNR to 20 dB.

6.7 Conclusions
In this chapter, we focus on the joint estimation of the channel and data during uplink
transmission in CF MaMIMO systems. To handle the posterior distributions of the per-
user received signals correctly, we examine an approximated probabilistic model derived
from EP. A hybrid EM EP algorithm aiming to handle the posterior distributions of the
per-user received signals correctly is proposed. Whereas, in EM-based algorithm [20] the
authors treated the posteriors of different user channels as if they are independent.The
effectiveness of the proposed algorithm is demonstrated through numerical simulations.
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Figure 6.1: NMSE [dB] versus SNR [dB]
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Chapter 7

Decentralized Expectation Propagation
for Semi-
Blind Channel Estimation in Cell-Free
Networks

7.1 Introduction
One of the unique features of Cell-Free (CF) Massive MIMO (MaMIMO) networks is user
terminals (UTs) in a given area are served by all the access points (APs) in the same
area. This leads to the problem of pilot contamination. Addressing this issue, Semi-
Blind approaches [50] have been explored to mitigate the effects of pilot contamination.
In [50], the authors consider a deterministic approach treating the channel coefficients as
deterministic unknown parameters and delve into the analysis of the Cramer-Rao bound
and identifiability.
In the context of Bayesian inference, the Semi-Blind approach is modeled as a bilinear
inference problem, where the APs must jointly estimate both the channel coefficients and
the user signals. Message-passing algorithms play a critical role here. (Loopy) Belief Prop-
agation (BP) [5] is a widely used method in Bayesian inference. It is an iterative method
exploiting the structure for a given factorization scheme (e.g., joint/posterior distribution)
to lower the computational loads. One of the most potent message-passing algorithms
is Expectation Propagation (EP) [9]. Besides exploiting the factorization scheme, EP
also projects the beliefs (marginal posterior) to a family of simple distributions. We can
consider BP a special case of EP, in which we assume the projection destination set to be
the set of all distributions.
A centralized iterative algorithm has been explored based on variable level EP (VL-EP)
[20] in which the authors assume Gaussian input and combine VL-EP with Expectation
Maximization (EM). A more recent development is the distributed method proposed in [2].
This approach distributes the computational load at the Central Process Unit (CPU) by
enabling each Access Point (AP) to carry out part of the computation.
In [27], the author introduces Decentralized Generalized Approximate Message Passing
(D-GAMP). This method is a hybrid of Consensus Propagation [26] and Approximate
Message Passing (AMP), effectively eliminating the need for CPU.
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7.1.1 Main Contributions

This chapter presents a simplified, decentralized, EP-based method designed to address
the Semi-Blind estimation problem in communication systems. By utilizing orthogonal
pilots, we are able to decouple the channels for different users into mutually exclusive
groups, which reduces computational complexity. To further decrease computational de-
mands, we integrate Expectation Propagation (EP) with Central Limit Theory (CLT),
treating the interference as noise. Drawing inspiration from [23], we introduce further
simplifications through scale analysis. Additionally, to lessen the load on the central
processing unit (CPU), we explore a decentralized scheme.

7.2 System Model
We consider a semi-blind signal model containing L APs. At the l-th AP,

“

Yp,l Yl

‰

“ Hl

“

Xp X
‰

`
“

Vp,l Vl

‰

. (7.1)
The received signals are composed of pilot part Yp,l P CNˆP and data part Yl P CNˆT .
The channels between different users are considered independent Gaussian i.e. vecpHlq „

CN p0,Ξlq where Ξl P CNKˆNK is a block diagonal matrix of K blocks Ξhlk
P CNˆN . The

transmitted symbols can be decomposed as pilot symbols Xp P SKˆP and data symbols
X P SKˆT , where S is the constellation set. We assume that the elements xkt in X
follow the categorical distribution ppxktq. The signal power is denoted as σ2

x. The noise
is considered as i.i.d. Gaussian distribution, and thus, vecp

“

Vp,l Vl

‰

q „ CN p0, σ2
vIq.

7.2.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by
right multiplying it with x˚

p,g which is the conjugated g-th pilot sequence. This results in
an equivalent observation yp,lg

yp,lg “ Yp,lx
˚
p,g “

ÿ

kPGg

Pσ2
xhlk ` vp,lg (7.2)

where vp,lg “ Vp,lx
˚
p,g „ N pvp,lg|0, Pσ2

xσ
2
vIq, Gg denote the set of users using the g-th pilot

sequence. We observe that every hlk occurs only in one group Gg, and the cross-correlation
Ervp,lgv

H
p,lg1s is an all-zero matrix for all g ‰ g1. Therefore, the observations yp,lg and yp,lg1

are independent. With orthogonal pilots, the factorization scheme is derived as

pptyp,lgu, tYlu, tHlu,X, tVluq (7.3)

“
ź

k,t

ppxktq
ź

l

T
ź

t1“1

ppylt1 |Hl,x:t1q
ź

g

ppyp,lg,Hlgq

where Hlg is a matrix collecting all k P Gg,hlk as its column vectors, and x:t1 denotes
the t1-th column of X. We will base our EP (BP) algorithm based on this factorization
scheme.

7.2.2 Expectation Propagation on Semi-Blind structure

For simplicity, we denote the factors in the factorization scheme (7.3) as

Ψ1,kt “ ppxktq; Ψ2,lt “ ppylt|Hl, x:tq; Ψ3,lg“ ppyp,lg,Hlgq.

The factor graph for (7.3) is illustrated in Fig. 7.1.
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AP:
AP:

Figure 7.1: Partial factor graph
7.3 Message Passing Derivations
In this chapter, we use EP to estimate channel coefficients hlk and BP to estimate the
data symbols xkt. Furthermore, we specify the projection family of EP in this chapter to
be Gaussian distributions with diagonal covariance matrices. Now, we will examine each
factor and derive its outbound message.
The message from Ψ1,kt to xkt can be computed directly since no projection is needed,
i.e., µΨ1,kt;xkt

pxktq “ ppxktq.

7.3.1 Message from Ψ2,lt to xkt

Following the EP rule for computing the feedback message, we first need to compute the
belief. The extrinsic node Ψ2,lt, which is updated by

µxkt;Ψ2,lt
pxktq9ppxktq

ź

l1‰l

µΨ2,l1t;xkt
pxktq

µhlk;Ψ2,lt
phlkq9µΨ3,lg ;hlk

phlkq
ź

t1‰t

µΨ2,lt1 ;hlk
phlkq, (7.4)

where the extrinsic of hlk is Gaussian µhlk;Ψ2,lt
phlkq “ CN phlk|mhlk;Ψ2,lt

,Chlk;Ψ2,lt
q with

Chlk;Ψ2,lt
“

˜

C´1
Ψ3,lg ;hlk

`
ÿ

t1‰t

C´1
Ψ2,lt1 ;hlk

¸´1

mhlk;Ψ2,lt
“ Chlk;Ψ2,lt

´

C´1
Ψ3,lg ;hlk

mΨ3,lg ;hlk

`
ÿ

t1‰t

C´1
Ψ2,lt1 ;hlk

mΨ2,lt1 ;hlk

¸

According to the EP rule, the message from Ψ2,lt to xkt is

µΨ2,lt;xkt
pxktq9

projrbΨ2,lt;xkt
pxktqs

µxkt;Ψ2,lt
pxktq

, (7.5)

where the belief (approximated posterior) at Ψ2,lt is defined as bΨ2,lt;xkt
pxktq with
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bΨ2,lt;xkt
pxktq9µxkt;Ψ2,lt

pxktq
ÿ

xkt

ż

ppylt|xkthlk `
ÿ

i‰k

xithliq

¨ µhlk;Ψ2,lt
phlkq

ź

i‰k

µhli;Ψ2,lt
phliqµxit;Ψ2,lt

pxitqdHl. (7.6)

We use the notation xkt to denote all the elements in x:t except the k-th element. The
integral (and summation) in (7.6) can be considered as a marginalization operation. Fur-
thermore, we can view the extrinsic messages as hypothetical priors. Due to CLT, we
approximate

ř

i‰k xithli to a Gaussian where xit „ µxit;Ψ2,lt
pxitq, hli „ µhli;Ψ2,lt

phliq [15].
Therefore, (7.6) becomes

bΨ2,lt;xkt
pxktq9µxkt;Ψ2,lt

pxktq (7.7)

¨

żż

ppylt|xkthlk ` zlktqµzlktpzlktqdzlkt ¨µhlk;Ψ2,lt
phlkqdhlk,

where µzlktpzlktq “ CN pzlkt|mzlkt ,Czlktq with

mzlkt “
ÿ

i‰k

mxit;Ψ2,lt
mhli;Ψ2,lt

(7.8)

Czlkt “
ÿ

i‰k

rxit;Ψ2,lt
Chli;Ψ2,lt

`τxit;Ψ2,lt
mhit;Ψ2,lt

mH
hit;Ψ2,lt

where mxit;Ψ2,lt
, τxit;Ψ2,lt

and rxit;Ψ2,lt
are the mean, variance and second-order moment of

the normalized message µxit;Ψ2,lt
. By applying the Gaussian reproduction lemma [15] and

the fact that Gaussian distribution integrates to one, the belief (7.7) becomes
bΨ2,lt;xkt

pxktq9CN p0|ylt´mzlkt´xktmhlk;Ψ2,lt
,

Cv`Czlkt`|xkt|
2Chlk;Ψ2,lt

q ¨ µxkt;Ψ2,ltpxktq.
(7.9)

Therefore, by BP rules, the outbound message is
µΨ2,lt;xkt

pxktq9CN p0|ylt´mzlkt´xktmhlk;Ψ2,lt
,

Cv`Czlkt`|xkt|
2Chlk;Ψ2,lt

q
(7.10)

7.3.2 Message from Ψ2,lt to hlk

Based on EP feedback message rules, the message to hlk is

µΨ2,lt;hlk
phlkq9

projrbΨ2,lt;hlk
phlkqs

µhlk;Ψ2,lt
phlkq

, (7.11)

where the belief is defined as

bΨ2,lt;hlk
phlkq9

ÿ

x:t

ż

ppylt|
ÿ

i

xithliq

¨
ź

i

µhli;Ψ2,lt
phliqµxit;Ψ2,lt

pxitqdhlk

(7.12)

We use hlk to denote all the column vectors in Hl except the k-th column. By using the
same approach from (7.6) to (7.9), and separating the terms that contains only xkt [15] [2],
the belief (7.12) becomes

bΨ2,lt;hlk
phlkq

“EbΨ2,lt;xkt
tCN rhlk|m

phlk|xkt
pxktq,Cphlk|xkt

pxktqsu
(7.13)
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where m
phlk|xkt

p¨q and C
phlk|xkt

p¨q are defined as

C
phlk|xkt

pxq “ r|x|
2
pCv ` Czlktq

´1
` C´1

hlk;Ψ2,lt
s

´1

m
phlk|xkt

pxq “ C
phlk|xkt

pxq

”

C´1
hlk;Ψ2,lt

mhlk;Ψ2,lt

`|x|
2
pCv ` Czlktq

´1ylt ´ mzlkt

x

ı

,

(7.14)

where Cv “ σ2
vI. The mean m

ph2
lk

and covariance C
ph2
lk

of the belief distribution (7.13) are

m
ph2
lk

“ EbΨ2,lt;xkt
rm

phlk|xkt
pxktqs

C 1
ph2
lk

“ EbΨ2,lt;xkt
rC

phlk|xkt
pxktq

` m
phlk|xkt

pxktqmphlk|xkt
pxktq

H
s ´ m

ph2
lk
mH

ph2
lk

.

(7.15)

Project the belief at Ψ2,lt to Gaussian with diagonal covariance matrix projrbΨ2,lt;hlk
phlkqs “

CN phlk|m
ph2
lk
,C

ph2
lk

q, where C
ph2
lk

is a digonal matrix with the same diagonal elements as
C 1

ph2
lk

. Finally, the message from Ψ2,lt to hlk is

µΨ2,lt;hlk
phlkq “ CN phlk|mΨ2,lt;hlk

,CΨ2,lt;hlk
q

9
CN phlk|m

ph2
lk
,C

ph2
lk

q

CN phlk|mhlk;Ψ2,lt
,Chlk;Ψ2,lt

q
.

(7.16)

7.3.3 Message form Ψ3,lg to hlk

We assume k P Gg. The extrinsic at Ψ3,lg is updated by

µhlk;Ψ3,lg
phlkq9

ź

t

µΨ2,lt;hlk
phlkq. (7.17)

We denote this extrinsic message as µhlk;Ψ3,lg
phlkq “ CN phlk|mhlk;Ψ3,lg

,Chlk;Ψ3,lg
q with

Chlk;Ψ3,lg
“

˜

ÿ

t

C´1
Ψ2,lt;hlk

¸´1

mhlk;Ψ3,lg
“ Chlk;Ψ3,lg

˜

ÿ

t

C´1
Ψ2,lt;hlk

mΨ2,lt;hlk

¸

.

The belief of hlg at the Ψ3,lg is

bΨ3,lg
phlgq9ppyp,lg,hlgq

ź

kPGg

pphlkqµhlk;Ψ3,lg
phlkq. (7.18)

All the factors appearing in (7.18) are Gaussian pdfs with diagonal covariance matri-
ces. Therefore, the projection of bΨ3,lg

phlkq results to itself. For simplicity, we define a
hypothetical prior qhlk|Yd

for hlk in (7.18) as

qhlk|Yd
phlkq “ N phlk|mhlk|Yd

,Chlk|Yd
q

9pphlkqµhlk;Ψ3,lg
phlkq,

(7.19)

where
Chlk|Yd

“ pΞ´1
hlk

` C´1
hlk;Ψ3,lg

q
´1

mhlk|Yd
“ Chlk|Yd

C´1
hlk;Ψ3,lg

mhlk;Ψ3,lg

(7.20)
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The message from factor node Ψ3,lg to hlk can be derived as

µΨ3,lg ;hlk
phlkq9

ş

bΨ3,lg
phlgqdhlk

µhlk;Ψ3,lg
phlkq

9pphlkq

ş

ppyp,lg,hlgq
ś

kPGg
qhlk|Yd

phlkqdhlk

qhlk|Yd
phlkq

(7.21)

The fraction operation in the second line of (7.21) can be interpreted as component-wise
conditionally-unbiased LMMSE estimation [34]. Therefore, the message from Ψ3,lg to hlk

is
µΨ3,lg ;hlk

phlkq “ CN phlk|mΨ3,lg ;hlk
,CΨ3,lg ;hlk

q, (7.22)

where

CΨ3,lg ;hlk
“

»

–Ξ´1
hlk

`

¨

˝

σ2
v

σ2
xP

I `
ÿ

k1PGg{tku

Chlk1 |Yd

˛

‚

´1fi

fl

´1

mΨ3,lg ;hlk
“Ξhlk

¨

˝

σ2
v

σ2
xP

I `
ÿ

k1PGg{tku

Chlk1 |Yd
` Ξhlk

˛

‚

´1

¨

¨

˝

1

σ2
xP

yp,lg ´
ÿ

k1PGg{tku

mhlk1 |Yd

˛

‚. (7.23)

7.4 Asymptotic Behaviors in Large Systems
For scalable systems, L Ñ 8 while K “ c1L, P “ c2L, T “ c3L, where c1, c2, c3 are
some positive constants, we assume the channel coefficients @l, n, k,Er|hlnk|2s “ Op 1

L
q data

constellation symbols @s P S, s “ Op1q, 1{s “ Op1q. Furthermore, we assume the noise
power scales as σ2

v “ Op1q, σ´2
v “ Op1q. For simplicity, we define big-O-notations with

matrix parameters to represent the element-wise asymptotic behavior, i.e., for matrices
A, B of the same size, we have A “ OpBq ô @i, j, rAsij “ OprBsijq.

Assumption 1. We assume that Epmhlk;Ψ2,lt
q “ 0, Ermxit;Ψ2,lt

mhli;Ψ2,lt
s “ 0, and @i ‰

j,Eprmhlk;Ψ2,lt
mH

hlk;Ψ2,lt
sijq “ 0.

Property 1. For invertible matrices A,B, we have pA´1 ` B´1q´1 “ ApA ` Bq´1B “

BpA ` Bq´1A.

Lemma 4. With proper initialization and Assumption 1, in each iteration, the updates
satisfy mz,lkt “ Op1q, Czlkt “ OpIq`Op1¨1H

?
L

q, m
phlk|xkt

pxq “ Op 1?
L

q, C
phlk|xkt

pxq “ Op I
L

q`

Op1¨1H

L2 q, mΨ2,lt;hlk
“ Op 1?

L
q, CΨ2,lt;hlk

“ OpIq, mΨ3,lg ;hlk
“ Op 1?

L
q, CΨ3,lg ;hlk

“ Op I
L

q,
mhlk;Ψ2,lt

“ Op 1?
L

q, Chlk;Ψ2,lt
“ Op I

L
q. Furthermore, C´1

Ψ2,lt;hlk
“ OpIq.

Proof. We prove this lemma by mathematical induction. Due to a proper initialization,
we can assume the messages mhlk;Ψ2,lt

, Chlk;Ψ2,lt
, mΨ2,lt;hlk

, CΨ2,lt;hlk
, mΨ3,lg ;hlk

, CΨ3,lg ;hlk

are initialized with the above-mentioned scales.
Then, we assume the lemma holds for the previous iterations and investigate the updates
in the next iteration.
We first look at the update of mz,lkt, Czlkt , which are updated according to (7.8). Sim-
ilar to [13], we assume that @i,mxit;Ψ2,lt

are weakly independent of mhli;Ψ2,lt
. Since the
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elements in the constellation set scale with Op1q, we know mxit;Ψ2,lt
“ Op1q. According

to induction assumptions, the extrinsic mean mhli;Ψ2,lt
“ Op 1?

L
q. Due to Assumption 1,

we use the results from [13, Lemma 1] to obtain mzlkt “
ř

i‰k mxit;Ψ2,lt
mhli;Ψ2,lt

“ Op1q

and the covariance matrix Czlkt “ OpIq ` Op1¨1H
?
L

q. For simplicity, we denote the di-
agonal terms of Czlkt in (7.8) as Dzlkt “

ř

i‰k rxit;Ψ2,lt
Chli;Ψ2,lt

, and denote Bzlkt “
ř

i‰k τxit;Ψ2,lt
mhit;Ψ2,lt

mH
hit;Ψ2,lt

“ OpIq ` Op1¨1H
?
L

q. Thus, with these notations, Czlkt “

Dzlkt ` Bzlkt .
Now we investigate the update of m

phlk|xkt
pxq, C

phlk|xkt
pxq in (7.14). By matrix inversion

lemma,

C
phlk|xkt

pxq “ Chlk;Ψ2,lt

´Chlk;Ψ2,lt
Q

´H
2

lkt WlktpΛlkt`Iq
´1WH

lktQ
´ 1

2
lkt Chlk;Ψ2,lt

,
(7.24)

where we define the positive semi-definite diagonal matrix Qlkt “ Chlk;Ψ2,lt
` 1

|x|2
pCv `

Dzlktq “ OpIq and Q
1
2
lktQ

H
2
lkt “ Qlkt. By eigendecomposition, we define 1

|x|2
Q

´ 1
2

lkt BzlktQ
´H

2
lkt “

WlktΛlktW
H
lkt, I “ WlktW

H
lkt. Therefore, C

phlk|xkt
pxq “ Op I

L
q ` Op1¨1H

L2 q. We find the up-
date of m

phlk|xkt
in (7.14) is dominated by the first term C

phlk|xkt
pxqC´1

hlk;Ψ2,lt
mhlk;Ψ2,lt

. By
neglecting higher order infinitesimal terms, we have

m
phlk|xkt

» C
phlk|xkt

pxqC´1
hlk;Ψ2,lt

mhlk;Ψ2,lt
“ rI ` C

1
2
hlk;Ψ2,lt

¨ pC
H
2
hlk;Ψ2,lt

C´1
in,lktC

1
2
hlk;Ψ2,lt̀

Iq
´1C

´H
2

hlk;Ψ2,lt
C´1

in,lktsmhlk;Ψ2,lt

» mhlk;Ψ2,lt
“ Op

1
?
L

q.

To study the messages mΨ2,lt;hlk
, CΨ2,lt;hlk

, we first investigate the approximated (pro-
jected) belief of hlk at Ψ2,lt. From the previous discussion, C 1

ph2
lk

» EbΨ2,lt;xkt
rC

phlk|xkt
pxktqs,

and thus,

C 1
ph2
lk

» Chlk;Ψ2,lt
´ Chlk;Ψ2,lt

¨ F ¨ Chlk;Ψ2,lt
, (7.25)

where F “
ř

xPS bΨ2,lt;xkt
pxq

”

1
|x|2

Bzlkt ` Qlkt

ı´1

. Thanks to the projection in EP, we are
only interested in the diagonal elements of C 1

ph2
lk

. With the approximation m
phlk|xkt

»

mhlk;Ψ2,lt
, the n-th diagonal term reads

rC 1
ph2
lk

snn “ rC
ph2
lk

snn » τhlnk;Ψ2,lt
´ τ 2hlnk;Ψ2,lt

rF snn

“ rprF s
´1
nn ´ τhlnk;Ψ2,lt

q
´1

` τ´1
hlnk;Ψ2,lt

s
´1 (7.26)

From the same analysis in (7.24), we know Qlkt is asymptotic upper and lower bounded.
Since Bzlkt is positive semi-definite, we have rF snn “ Op1q and rF s´1

nn “ Op1q. Substitute
(7.26) into (7.16), and we obtain rCΨ2,lt;hlk

snn » rF s´1
nn ´τhlnk;Ψ2,lt

. Thus, CΨ2,lt;hlk
“ OpIq

and C´1
Ψ2,lt;hlk

“ OpIq. Since m
phlk|xkt

» mhlk;Ψ2,lt
, it is straightforward to see mΨ2,lt;hlk

“

Op 1?
L

q.
The message covariance matrices CΨ3,lg ;hlk

and Chlk;Ψ2,lt
are both diagonal matrices. Due

to the scalable-system assumption T “ OpLq and the elements in CΨ2,lt;hlk
being asymp-

totically upper and lower bounded, one can show CΨ3,lg ;hlk
“ Op I

L
q is upper bounded, and

mΨ3,lg ;hlk
“ Op 1?

L
q according to (7.20)-(7.23). We can then show Chlk;Ψ2,lt

“ Op I
L

q and
mhlk;Ψ2,lt

“ Op 1?
L

q according to (7.4).
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7.5 Simplication of the Messages
We define beliefs at the variable nodes as

bxkt
pxktq9ppxktq

ź

l

µΨ2,lt;xkt
pxktq

bhlk
phlkq9µΨ3,lg ;hlk

phlkq
ź

t

µΨ2,lt;hlk
phlkq.

(7.27)

Compared to the extrinsic messages in (7.4), the beliefs in (7.27) only differ by one factor.
Since Loopy BP is used for estimating xkt, it has been shown in [23] that we can assume
bxkt

pxktq » µxkt;Ψ2,lt
pxktq.

This work estimates the channel coefficients hlk using EP. Therefore, a separate analysis
from [23] is needed. We investigate the mean and covariance matrix difference between
bhlk

phlkq and µhlk;Ψ2,lt
based on the Lemma 2.

Substitute (7.4) into (7.27), and we obtain the belief at hlk as

bhlk
phlkq9µhlk;Ψ2,lt

phlkqµΨ2,lt;hlk
phlkq. (7.28)

Denote m
phlk

and C
phlk

as the mean and covariance matrix of bhlk
phlkq. From Lemma 2,

we have

Chlk;Ψ2,lt́
C

phlk
“C2

hlk;Ψ2,lt
pChlk;Ψ2,lt̀

CΨ2,lt;hlk
q

´1

mhlk;Ψ2,lt
´ m

phlk
“ Chlk;Ψ2,lt

pChlk;Ψ2,lt
` CΨ2,lt;hlk

q
´1

¨ pmhlk;Ψ2,lt
´ mΨ2,lt;hlk

q. (7.29)

It has been shown in the proof of Lemma 2 that the difference mhlk;Ψ2,lt
´ mΨ2,lt;hlk

is a higher order infinitesimal relative to mhlk;Ψ2,lt
. Thus, the quotients pChlk;Ψ2,lt́

C
phlk

qC´1
hlk;Ψ2,lt

and pmhlk;Ψ2,lt
´ m

phlk
q.{mhlk;Ψ2,lt

tend to zero as the system grows larger.
Therefore, the difference in (7.29) are higher order infinitesimals relative to Chlk;Ψ2,lt

and
mhlk;Ψ2,lt

, respectively. Therefore, we have bhlk
phlkq » µhlk;Ψ2,lt

phlkq. Based on the above
discussion, we propose to replace the extrinsic (7.4) at Ψ2,lt by (7.30) and (7.31) to reduce
complexity further,

µ1
hlk;Ψ2,lt

phlkq “ bhlk
phlkq; (7.30)

µ1
xkt;Ψ2,lt

pxktq “ bxkt
pxktq. (7.31)

7.6 Decentralized Method
To obtain the belief of xkt, we need to combine the message from all the AP. We consider
the case where all the L AP are connected, and the AP network has a tree structure. A
decentralized message-passing method can be used based on the consensus propagation
framework [26]. Define the normalized message from AP l to AP l1:

νlÑl1pxktq9µΨ2,lt;xkt
pxktq

ź

l1PNplq{tl1u

νl1Ñlpxktq,

where Nplq denotes the set of connected neighbors of AP l. At convergence, the belief in
(7.27) can be obtained by any AP l as

b1
xkt

pxktq9ppxktqµΨ2,lt;xkt
pxktq

ź

l1PNplq

νl1Ñlpxktq. (7.32)
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Algorithm 7.1: One Iteration of Decentralized EP

Require: Ξhlk
, yp,lg , ylt, ppxktq, σ2

x, σ2
v , Gg

1: Initialize µΨ3,lg ;hlk
, µΨ2,lt;xkt

, µΨ2,lt;hlk
, νlÑl1pxktq

2: At all the APs, @k, t, update bxkt
according to (7.32)

3: for l=1:L do
4: @k, update µhlk;Ψ3,lg

based on (7.17)
5: @k, t, update µ1

hlk;Ψ2,lt
based on (7.27) and (7.31)

6: @k, t, update µ1
xkt;Ψ2,lt

based on (7.30)
7: @k, update µΨ3,lg ;hlk

based on (7.22)-(7.23)
8: @k, t, update µΨ2,lt;xkt

based on (7.8)-(7.10)
9: @k, t, update µΨ2,lt;hlk

based on (7.14)-(7.16)
10: @l1 P Nplq, k, t, update νlÑl1pxktq based on (7.33)
11: end for
Therefore, for a decentralized algorithm, we can replace the update of belief bxkt

in (7.27)
by b1

xkt
in (7.32). After updating the message µΨ2,lt;xkt

, we update the shared message by

νnew
lÑl1pxktq9µnew

Ψ2,lt;xkt
pxktq

ź

l1PNplq{tl1u

νold
l1Ñl

pxktq, (7.33)

where we use new and old to distinguish the message of different iterations. One possible
ordering method is suggested in Algorithm 7.1.

7.7 Simulation Results
Our study simulates an environment within a 400ˆ400 square meter area, equipped with
16 APs and 8 User Terminals (UTs). Each AP features N “ 2 antennas and is positioned
at coordinates p400

3
i, 400

3
jq, i, j P t0, 1, 2, 3u. The UTs are uniformly distributed throughout

the area. We denote the distance between each UT k and AP l as dlk. Channel covariances
for each user k at AP l are modeled using N ˆN diagonal matrices, represented as σ2

hlk
I,

where 10 log10pσ2
hlk

q “ ´30 ´ 36.7 log10pdlkq.
All the neighboring APs within 400

3
meters are connected and can exchange information of

the estimated data symbols. Furthermore, as illustrated in Algorithm 7.1, a synchronized
message-exchanging scheme is used.
The length of the orthogonal pilot sequences is set to P “ 6 to introduce pilot contami-
nation.
We employ a 4QAM constellation of length T “ 10 for signal transmission and assume
a noise power of ´96 dBm. The signal-to-noise ratio (SNR) is adjusted by varying the
transmitted power. We base our results on 100 different realizations, which are illustrated
in Figure 7.2. The normalized mean squared error (NMSE) of the channel estimates is
defined as NMSE “

trr|pxH´Hq|2s

trr|H|2s
, where xH are synthesized from the mean of bhlk

phlkq

defined in (7.27) and the operation | ¨ |2 is defined as |H |2 “ HHH .
In the VL-EP scenario, we generate data symbols drawn from i.i.d. Gaussian distribution
and apply the VL-EP algorithm [20] for channel estimation. In the Genie-Aided scenario,
we implement the proposed algorithm as if the data symbols are known. In the MMSE
Genie-Aided scenario, all the APs estimate the channel coefficients using the MMSE
estimator with known channel coefficients.
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Figure 7.2: NMSE vs SNR
7.8 Conclusions
This chapter introduces a simplified, decentralized EP-based algorithm for bilinear joint
estimation. To simplify the factorization scheme, we leverage orthogonal pilots and the
CLT. Through asymptotic analysis, we further refine the message update scheme within
the algorithm. Although originally developed for an acyclic network of APs, our simula-
tion results confirm the algorithm’s effectiveness even when the APs are interconnected
in a cyclic network. *
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Chapter 8

Decentralized Message-Passing for
Semi-Blind Channel Estimation in
Cell-Free Systems Based on Bethe Free
Energy Optimization

8.1 Introduction
We examine the uplink cell-free semi-blind network containing K single-antenna user
terminals (UTs) and L access points (APs). Each AP is equipped with M antennas.
The received signals of the l-th AP is

“

Yp,l Yl

‰

“ Hl

“

XT
p XT

‰

`
“

Vp,l Vl

‰

P CMˆpP`T q,

where the channel matrix Hl P CMˆK comprises of independent columns. We use hlk

to denote the k-th column which follows CN phlk|0,Ξhlk
q. The matrix Xp represents the

transmitted pilots. We assume that orthogonal pilots are used, i.e., difference columns of
Xp are either the same or orthogonal. We further assume that each pilot sequence has
length P and a total power of Pσ2

x. Similarly, X represents the data sequence. We denote
the data sequence sent by the k-th UT as xk, which is the k-th column of X. Moreover,
we assume that each element of X follows an i.i.d. discrete distribution, i.e., the symbols
in X are drawn from a constellation set S with power σ2

x. We define xk „ pxk
pxkq. We

also assume additive white Gaussian noise Vp,l and Vl, where each entry has a power of
σ2
v . For simplicity, we define Cv “ σ2

vI.
Since the channels of different APs are independent and all the noise symbols are inde-
pendent, the received signals Yp,l and Yl of different APs are conditionally independent
given X. This chapter aims to estimate X and @l,Hl jointly.

8.1.1 Orthogonal Pilots

When orthogonal pilots are used, we correlate the received pilot signals Yp,l with the g-th
pilot sequence rxp,g (not to confuse with the pilot sequence of the g-th user) to obtain the
correlated version of the received pilot signals ryp,lg:

ryp,lg “ Yp,lrx
˚
p,g “ Pσ2

xHlGg1|Gg | ` rvp,lg, (8.1)
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where we use Gg to denote the UTs groups using the g-th pilot sequence. The columns of
HlGg are composed of the channel coefficients corresponding to the users using the g-th
pilot, i.e., hl,k is a column of Hl,g if xp,k “ xp,g. We denote rvp,lg “ Vlrx

˚
p,g which is the

transformed noise following a distribution CN p0, σ2
xσ

2
vPIMq.

8.1.2 Factored Joint Distribution

We introduce an auxiliary variable Zlk “ hlkx
T
k and its vectorization zlk “ vecpZlkq.

Therefore, the likelihood of Zlk is captured by Dirac function ppZlk|hlk,xkq “ δpZlk ´

hlkx
T
k q. The joint probability density function (PDF) can be derived as

ppYp,Y ,Z11, . . . ,ZLK ,H1, . . .HL,Xq

“
ź

l

ppYl|Zl1, . . . ,ZlKq
ź

l

ź

k

ppZlk|hlk,xkq

ź

l

ź

g

ppryp,lg,Hlgq
ź

k

ppxkq.

(8.2)

For simplicity, we define

fzlpzl1, . . . ,zlKq “ ppYl|Zl1, . . . ,ZlKq

fhlGg
phlGgq “ ppryp,lg,Hlgq

fxk
pxkq “ ppxkq

fδlkpzlk,hlk,xkq “ ppZlk|hlk,xkq.

(8.3)

The factorization given by (8.2) admits a factor graph [5]. In this chapter, we denote
F “ tfzl , fhlGg

, fxk
, δlku as the set of all factor nodes and V “ tzlk,hlk,xku as the set of

all variable nodes.

8.1.3 Notations

Throughout the context, we will use bold uppercase letters to denote matrices and bold
lowercase letters to denote vectors. Furthermore, we use lowercase letters to denote the
vectorization of uppercase letters. For example, zlk “ vecpZlkq.

8.1.4 Prior Work

Bayesian estimation in semi-blind structures holds great potential [50], but it also presents
challenges due to the high-dimensional, intractable integrals involved. Message-passing
algorithms, especially expectation propagation (EP) [9], have been widely used in the field
of Bayesian estimation. To enhance performance, variable-level EP (VL-EP) was proposed
by combining expectation-maximization (EM) and EP [20]. To improve the convergence
properties of VL-EP, hybrid EM-EP and loop-free EM-EP were introduced [55]. However,
these algorithms are not equipped to handle user symbols from a finite alphabet.
To address this limitation, a distributed bilinear-EP algorithm was proposed in [2], which
uses a brute-force approach to tackle the inference problem involving a finite alphabet.
Inspired by [2] and [23], the authors of [56] proposed a simplified decentralized bilinear-EP
algorithm.
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Additionally, it has been shown [6] that various message-passing algorithms can be derived
by optimizing Bethe free energy (BFE) under different assumptions. Hybrid vector mes-
sage passing (HVMP) [21] was proposed based on BFE optimization, but its complexity
is high, and it is unable to handle inputs from a finite alphabet.

8.1.5 Main Contributions

We propose a low-complexity algorithm for semi-blind channel and data estimation, based
on the framework of BFE-constrained optimization. To effectively handle interference
terms, we introduce an auxiliary variable. Furthermore, we make specific assumptions
in the BFE formulation to avoid non-analytical integrals, simplifying the derivation and
reducing computational complexity. Our method also integrates seamlessly with the de-
centralization scheme presented in [56].
In summary, the proposed algorithm blends key elements from belief propagation, expec-
tation propagation (EP), and variational Bayes, offering a more efficient and practical
solution.

8.2 Bethe Free Energy Optimization Framework
Bethe free energy is the approximated variational free energy between the true probability
(8.2) and a constrained Bethe approximation trial function.

8.2.1 Bethe Approximation with Constraints

Following [6], the BFE of (8.2) is:

BFE “
ÿ

l

Drbfzl pzl1, . . . ,zlKq}ppYl|zl1, . . . ,zlKqs

`
ÿ

l,g

DrbfhlGg
phlGgq}ppryp,lg,hlGgqs̀

ÿ

k

Drbfxk
pxkq}ppxkqs

`
ÿ

l,k

Drbδlkpzlk,hlk,xkq}δpZlk ´ hlkx
T
k qs̀

ÿ

l,k

Hrbzlkpzlkqs

`
ÿ

l,k

Hrbhlk
phlkqs `

ÿ

k

L ¨ Hrbxk
pxkqs. (8.4)

where all the factor-level beliefs bfzl , bδzlk , bfhlGg
, bfxk

, and variable-level beliefs bhlk
, bzlk ,

bxk
are proper distributions normalized to one. Furthermore, to make all these factors

consistent, the variable-level beliefs must be the marginal distribution of the factor-level
beliefs. For all l P r1, Ls, k P r1, Ks, the constraints for the xk are

ż

bδlkpzlk,hlk,xkqdzlkdhlk “ bxk
pxkq (8.5)

bfxk
pxkq “ bxk

pxkq. (8.6)

However, satisfying the strict constraints of hlk and zlk will lead to an intractable problem.
Therefore, we relax the strict constraints to first and second-order moment constraints
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(specifically, mean and covariance constraints). W.l.o.g., we denote those sufficient statis-
tics as ϕhlk

phlkq, ϕzlkpzlkq

Ebfzl
rϕzlkpzlkqs “ Ebzlk

rϕzlkpzlkqs (8.7)

Eδlkrϕzlkpzlkqs “ Ebzlk
rϕzlkpzlkqs (8.8)

EbfhlGg

rϕhlk
phlkqs “ Ebhlk

rϕhlk
phlkqs (8.9)

Ebδlk
rϕhlk

phlkqs “ Ebhlk
rϕhlk

phlkqs (8.10)

Moreover, to make the further derivation tractable with finite input X, we only consider
the covariance constraints of elements within every size-M block @t P r1, T s, rzlkspt´1qM`1:tM .

8.2.2 Bethe Free Energy Optimization

The optimization criteria can be concluded by

min
b

BFE

s.t. (8.5) „ (8.10).
(8.11)

We observe the term Drbδlkpzlk,hlk,xkq}δpZlk ´ hlkx
T
k qs in (8.4). Since we need to min-

imize the BFE, the posterior factor bδlk must contain the factor δpZlk ´ hlkx
T
k q to avoid

infinity BFE value. In order to have an analytical algorithm, we further assume the
following form for the distribution factor bδlk :

bδlkpzlk,hlk,xkq“bδh,lk
phlkqbδx,lk

pxkqδpZlk´hlkx
T
k q, (8.12)

where the belief bδh,lk
and bδx,lk

are beliefs normalized to one. By using Lagrangian meth-
ods, we can obtain the following message-passing style system of equations along with
(8.12):

bfzl pzl1, . . . ,zlKq“ppYl|zl1, . . . ,zlKq
ź

k

µzlk;fzl
pzlkq (8.13)

bfhlGg
phlGgq “ ppryp,lg,hlGgq

ź

kPGg

µhlk;fhlGg
phlkq (8.14)

bfxk
pxkq “ ppxkqµxk;fxk

pxkq (8.15)

bδh,lk
phlkq“µhlk;δlkphlkqe

ş

bδx,lk
pxkqlnµzlk;δlk

pvecphlkx
T
kqqdxk (8.16)

bδx,lk
pxkq“µxk;δlkpxkqe

ş

bδh,lk
phlkq lnµzlk;δlk

pvecphlkx
T
kqqdhlk (8.17)

bzlkpzlkq “ µzlk;fzl
pzlkqµzlk;δlkpzlkq (8.18)

bhlk
phlkq “ µhlk;fhlGg

phlkqµhlk;δlkphlkq (8.19)

bxk
pxkq “ rµxk;fxk

pxkq
ź

l

µxk;δlkpxkqs
1{L, (8.20)

The equations (8.12)„ (8.17) describes the factor level beliefs while (8.18)„(8.20) are
variable level beliefs. For all f P F, θ P V, we interpret µθ;f as the variable to factor mes-
sage. Furthermore, we can define the factor to variable messages such that the following
relation holds [11]

@f P Npθq, µθ;f pθq “
ź

f 1PNpθq{tfu

µf 1;θpθq, (8.21)
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where Npθq denotes the neighborhood around θ in the corresponding factor graph. Thus,
(8.20) can be rewritten into the message passing form

bxk
pxkq “ µfxk

;xk
pxkq

ź

l

µδlk;xk
pxkq (8.22)

Since the sufficient statistics we consider here are first and second-order moments, the
messages µfhlGg

;hlk
, µδlk;hlk

, µfzl ;zlk
and µδlk;zlk are all (unnormalized) Gaussian distribu-

tions. Therefore, in the following, for all f P F,θ P V, we use mf ;θ, Cf ;θ to denote the
mean and covariance of the factor-to-variable (normalized) message distributions µf ;θ.
For convenience, we also denote the mean and covariance of the variable-to-factor (nor-
malized) message µθ;f as mθ;f and Cθ;f . We should note here that the factor-to-variable
messages fully determine those variable-to-factor messages and beliefs.
Furthermore, since the second-order sufficient statistics of zlk only include the covariance
between the elements within each block sub-vector @t P r1, T s, rzlkspt´1qM`1:tM , the co-
variance matrices Cδlk;zlk P CMTˆMT and Cfzl ;zlk

P CMTˆMT are block diagonal matrix
with block size equals to M . For simplicity, for all block matrix C, we use the notations
tCutt,M to denote the t-th M ˆ M block matrix on the diagonal of C. Analogously, we
use the notation tmut,M to denote the t-th block vector of size M ˆ 1 in m, i.e., the
subvector rmspt´1qM`1:tM .
The computation of factor-level beliefs (8.13)„(8.15), are composed of two types of factors,
the true factors given by the joint pdf model, e.g., ppryp,lg,hlGgq, and variable-to-factor
messages, e.g., µhlk;fhlGg

. We will use the term "intrinsic" to denote the true factors
and use "extrinsic" to denote the variable-to-factor messages. Those messages can be
understood as the "rest" part of the approximated posteriors besides the true intrinsic.
For example, if we look at (8.14), the extrinsic

ś

kPGg
µhlk;fhlGg

can be interpreted as an
approximation of ppYp,Y ,hlGgq{ppryp,lg,hlGgq, where ppYp,Y ,hlGgq is the marginalization
result of (8.2).
Since the optimal point of the BFE can be purely represented by those factor-to-variable
messages, we will focus on deriving the update of the factors-to-variable messages in the
following context. Meanwhile, the update of all the variable-to-factor messages follows
(8.21).

8.3 Detailed Derivations
The messages are updated iteratively (update one message a time while considering the
other messages to be known) by satisfying the constraints (8.5)„(8.10), which describe
the consistencies between the factor-level beliefs @f P F, bf and variable-level beliefs
@θ P V, bθ. Each pair of the (marginalized) factor-level belief and variable-level belief
constrained by (8.5)„(8.10) always has one message different. We will update that dif-
ferent message by considering the consistency constraints. Note, in this chapter, we base
our discussion on the factor-to-variable messages since the variable-to-factor message is
entirely determined by the definition (8.21). We can consider the variable-to-factor mes-
sages as aliases of the corresponding factor-to-variable messages. For example, µzlk;δlk is
considered as the same message as µfzl ;zlk

.
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8.3.1 Update of µfzl ;zlk

We first investigate the constraint between the beliefs bfzl and bzlk given by (8.13) and
(8.18). According to the constraint given by (8.7), we need to match the marginal mean
and covariance matrix of zlk. Since the pdf ppy|zl1, . . . ,zlKq is a Gaussian pdf with
block-diagonal covariance matrix, the belief bfzl is also a Gaussian with block-diagonal
covariance matrix. Because Gaussian pdf is fully determined by mean and covariance
matrix, matching the moment of zlk between (8.13) and (8.18) is equivalent to matching
the entire distribution between the marginalized version of (8.13) bfzl pzlkq and the belief
bzlkpzlkq given by (8.18). Therefore, by forcing the equality bfzl pzlkq “ bzlkpzlkq, the update
equation for the message µfzl ;zlk

can be obtained by Gaussian reproduction lemma [15]:

µfzl ;zlk
pzlkq “ CN pzlk|yl ´

ÿ

k1‰k

mzlk1 ;fzl
,Cv`

ÿ

k1‰k

Czlk1 ;fzl
q.

8.3.2 Update of µfhlGg
;hlk

The consistency constraint between (8.14) and (8.19) is given by (8.9). A detailed deriva-
tion of the update equation can be found in [56]. The mean and covariance matrices of
µfhlGg

;hlk
phlkq are given by

CfhlGg
;hlk

“

´

Ξ´1
hlk

` C´1
v`hlk|y

¯´1

(8.23)

mfhlGg
;hlk

“ CfhlGg
;hlk

C´1
v`hlk|ymv`hlk|y, (8.24)

where Cv`hlk|y can be interpreted as the covariance matrix of the interference (estimated
from observations y and prior knowledge) plus noise, and mv`hlk|y can be interpreted as
the new observation with interference terms removed, i.e.,

Cv`hlk|y “
σ2
v

σ2
xP

I `
ÿ

k1PGg{tku

Chlk1 |Y (8.25)

mv`hlk|y “
1

σ2
xP

yp,lg ´
ÿ

k1PGg{tku

mhlk1 |Yd
, (8.26)

where

Chlk|Yd
“ pΞ´1

hlk
` C´1

hlk;fhlGg

q
´1

mhlk|Yd
“ Chlk|Yd

C´1
hlk;fhlGg

mhlk;fhlGg
.

(8.27)

8.3.3 Update of µfxk ;xk

The consistency constraint between (8.15) and (8.22) is given by (8.6). Thus, we can
immediately get

µfxk
;xk

pxkq “ ppxkq. (8.28)

8.3.4 Update of µδlk;xk

The update of the message µδlk;xk
is obtained by satisfying the consistency constraint (8.5)

between the beliefs (8.17) and (8.22). Following the definition of bδlk in (8.12), we can
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immediately obtain µδlk;xk
pxkq “ bδx,lk

pxkq{µxk;δlkpxkq. It can be seen from (8.16) that
the belief bδh,lk

is Gaussian (more details in section 8.3.5. In fact, we can see bδh,lk
“ bhlk

.).
Thus, the message µδlk;xk

can be derived as

µδlk;xk
pxkq9

ź

t

CN pxkt| pmδlk;xkt
, pτδlk;xkt

q, (8.29)

with

pτδlk;xkt
“ tr

”

tCzlk;δlku
´1
tt,MRbδh,lk

ı´1

(8.30)

pmδlk;xkt
“ pτδlk;xkt

mH
bδh,lk

tCzlk;δlku
´1
tt,Mtmzlk;δlkut,M , (8.31)

where mbδh,lk
and Rbδh,lk

“ Cbδh,lk
`mbδh,lk

mH
bδh,lk

denote the mean and correlation matrix
of the Gaussian pdf bδh,lk

calculated in section 8.3.5. Note here that the (normalized)
message µδlk;xk

pxkq is a categorical distribution, and thus, the variables pmδlk;xkt
, pτδlk;xkt

are just parameters for computing the message, they do not correspond to the mean and
variance of the elements in xk „ µδlk;xk

pxkq. From this point, we can also update the
belief by

bδx,lk
pxkq “ µδlk;xk

pxkqµxk;δlkpxkq. (8.32)

8.3.5 Update of µδlk;hlk

The beliefs given by (8.16) and (8.19) should satisfy the consistency constraint (8.10). The
exponential factor in (8.16) can be verified as an (unnormalized) Gaussian. Therefore,
the belief bδh,lk

is Gaussian, and the outbound message is computed by µδlk;hlk
phlkq “

bδh,lk
phlkq{µhlk;δlkphlkq. The mean and covariance matrix of the Gaussian message µδlk;hlk

are

Cδlk;hlk
“

˜

ÿ

t

rrbδx,lk
sttCzlk;δlku

´1
tt,M

¸´1

mδlk;hlk
“Cδlk;hlk

˜

ÿ

t

rmbδx,lk
s

˚
t tCzlk;δlkutt,Mtmzlk;δlkut,M

¸

where rbδx,lk
“ Ebδx,lk

rxk.x
˚
ks, mbδx,lk

“ Ebδx,lk
rxks and "." denotes element-wise product.

Thus, we update the belief by

bδh,lk
phlkq “ CN phlk|mbδh,lk

,Cbδh,lk
q

“ µδlk;hlk
phlkqµhlk;δlkphlkq.

(8.33)

8.3.6 Update of µδlk;zlk

We examine the moments consistency between (8.12) and (8.18) based on (8.8). Note
here the message µzlk;δlk is implicitly included in bδlk due to the definition (8.16) and
(8.16). Therefore, we will update µδlk;zlk to make (8.12) and (8.18) consistent. The
update equation of µδlk;zlk can be derived to be

µδlk;zlkpzlkq “
projrbδlkpzlkqs

µzlk;δlkpzlkq
, (8.34)
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where the operation qpzlkq “ projrppzlkqs projects the distribution p to Gaussian family q
with block covariance matrices, such that the sufficient statistics ϕzlkpzlkq of p and q are
the same. Thus, the message µδlk;zlk is updated by

µδlk;zlkpzlkq “
CN pzlk|mbδz,lk

,Cbδz,lk
q

CN pzlk|mzlk;δlk ,Czlk;δlkq
, (8.35)

with

mbδz,lk
“ mbδx,lk

b mbδh,lk

Cbδz,lk
“ diagprbδx,lk

q b Cbδh,lk
` Cbδx,lk

b mbδh,lk
mH

bδh,lk
,

where Cbδx,lk
“ Ebδx,lk

rxkx
H
k s. According to (8.32), the belief bδx,lk

is entirely determined
by the messages µfxk

;xk
and @l, µδlk,xk

, which are all independent according to (8.28) and
(8.29). Therefore, the covariance matrix Cbδx,lk

is a diagonal matrix.
Note that the belief distribution bδlkpzlkq is a Gaussian mixture model. Thus, the resulting
covariance matrix Cδlk;zlk may not be positive semi-definite. We propose the following
correction: whenever the eigenvalue of Cδlk;zlk is negative, we reset it to a large value to
indicate that the estimation during the current iteration step is not correct. Since we are
using the iterative algorithm to find the fixed point of the BFE, resetting the value will
not change the final result.

8.4 Decentralization Method
Until this point, we have developed a distributed BFE-based message-passing algorithm
since a CPU is needed to compute the messages µxk;δlk . These messages are only used to
compute the beliefs bδx,lk

which are then used to update the messages µδlk;hlk
and µδlk;zlk .

Based on this observation, we use the backhaul message-passing scheme (physical message
passed from AP to AP) proposed in [56] to decentralize the computing of bδx,lk

. We define
the update rule of the backhaul message from AP l to AP l1 to be

νlÑl1pxkq “ µδlk;xk
pxkq

ź

l2PNplq{tl1u

νl2Ñlpxkq, (8.36)

where we exploit the notations and use Nplq to denote the neighborhood of AP l in the
AP network. At each AP, the approximated version of belief bδx,lk

pxkq is recovered by

pbδx,lk
pxkq “ ppxkqµδlk;xk

pxkq
ź

l1PNplq

νl1Ñlpxkq. (8.37)

This approximated belief is exact when the two conditions hold: 1q, the backhaul messages
converge to the steady point; 2q, the AP network is acyclic. Nevertheless, we will use (8.37)
to replace the exact update in (8.32). A suggested update order is concluded in Algorithm
8.1. As we can see, at each AP, our algorithm has a complexity of OrpM3 ` |S|qKT s,
where |S| denotes the size of the S.
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Algorithm 8.1: Proposed Method in one iteration

Require: @l, g, k, yl,pg, yl, ppxkq, pphlkq, ppyl|zl1, . . . ,zlKq

1: Initialize: All the factor-to-variable messages and bδh,lk
s.t.: 1), If Gaussian, then zero

mean and unit covariance matrices. 2), If categorical distribution, then uniform.
2: [@l, At AP l, execute the following loop]
3: repeat [@l1 P Nplqk, g]
4: µzlk;fzl

pzlkq “ µδlk;zlkpzlkq

5: Update µfzl ;zlk
based on Section 8.3.1

6: µhlk;fhlGg
phlkq “ µδlk;hlk

phlkq

7: Update µfhlGg
;hlk

based on Section 8.3.2
8: µfxk

;xk
pxq “ ppxkq due to Section 8.3.3

9: µzlk;δlkpzlkq “ µfzl ;zlk
pzlkq

10: Update µδlk;xk
based on Section 8.3.4

11: νlÑl1pxkq “ µδlk;xk
pxkq

ś

l2PNplq{tl1uνl2Ñlpxkq

12: bδx,lk
pxkq “ ppxkqµδlk;xk

pxkq
ś

l1PNplqνl1Ñlpxkq

13: µhlk;δlkphlkq “ µfhlGg
;hlk

phlkq

14: Update µδlk;hlk
based on Section 8.3.5

15: bδh,lk
phlkq “ µδlk;hlk

phlkqµhlk;δlkphlkq based on (8.33)
16: Update µδlk;zlk based on Section 8.3.6
17: until Convergence
8.5 Simulation Results
In this section, we will verify the algorithm using numerical simulations. We consider
a 400m ˆ 400m area with M “ 16 APs and K “ 8 UTs. The APs are located at
the coordinates p400

3
i, 400

3
jq, where i, j P t0, . . . , 3u. The UTs are uniformly randomly

distributed over this area. The fading model we use is [2],

σ2
l,krdBs “ ´30.5 ´ 36.7 log10pdlkq, (8.38)

where dlk is the distance between AP l and UT k. All the neighboring APs within
400
3

meters are connected and can exchange information of the estimated data symbols.
Furthermore, as illustrated in Algorithm 8.1, a synchronized message-exchanging scheme
is used. To induce pilot contamination, the default pilot sequence length is P “ 6. The
transmitted data sequence spans a length of L “ 10. We use 4-QAM constellation to
generate the i.i.d. input symbols XT .
We maintain consistent positions for all APs and UTs for different realizations and con-
duct simulations across 50 unique scenarios with varying H , V , and user data. The
metric for evaluating performance is channel normalized mean squared error (NMSE).
It is calculated as

ř trpĂH ĂHHq
ř trpHHHq

, where ĂH represents the estimation error. The simulation
results are concluded in Fig. 8.1. For comparison, we also plot the results of the VL-EP
algorithm [20], which assumes Gaussian inputs, and the EP-based decentralized algo-
rithm [56], which assumes discrete inputs. In the Genie-Aided scenario, we assume the
data to be known. The performance curve of our proposed method coincides with the EP-
based decentralized method. However, EP-based decentralized has a higher complexity,
i.e., Orp|A|M3 ` |S|qKT s at each AP, where A “ tx2|x P Su.
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Figure 8.1: Channel NMSE (dB) versus SNR (dB)
8.6 Conclusions
In this chapter, we begin with constrained BFE optimization. To avoid non-analytical
integrals, such as Gaussian mixtures, we introduce a key assumption (8.12) for the BFE.
By iteratively enforcing consistency constraints, we derive the proposed low-complexity
message-passing algorithm for semi-blind estimations. Since the message updates depend
only on the belief bδx,lk

, our algorithm integrates seamlessly into the decentralized scheme
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Chapter 9

Hierarchical Expectation Propagation
for Semi-
Blind Channel Estimation in Cell-Free
Networks

9.1 Introduction
Unlike conventional mobile networks, Cell-Free (CF) networks no longer have the cellular
topology. As a result, all the user terminals (UTs) will be served by all the access points
(APs) in an area. A huge gain throughput gain can be obtained by transforming into
the new CF network topology [57]. One of the challenges introduced by CF network is
pilot contamination, which occurs when the number of UTs exceeds the length of pilot
sequence. As a result, multiple UTs may use the same pilot sequence.
Semi-Blind approaches [50] have been explored to mitigate the effects of pilot contami-
nation. In Semi-Blind approaches, the channel and data are jointly estimated with the
presence of pilot contamination. The authors have also shown a performance gain by
transforming from deterministic estimation to Bayesian estimation [50, 51]. However,
Bayesian inference is intractable due to the high dimensional integrals.
A variety of Message Passing based algorithms has been proposed to simplify the high
dimensional Bayesian inference problem into local low dimensional inference problems
[34,37,58–60].

9.1.1 Continous Input

Variable Level Expectation Propagation (VL-EP) [20] is a variant of Expectation Propa-
gation (EP) that assumes Gaussian input from UTs and combines EP with Expectation
Maximization (EM) for joint bilinear estimation. In VL-EP, posterior distributions (re-
ferred to as beliefs in EP terminology) are used as extrinsic messages to reduce complexity.
In [55], the authors investigated the differences between VL-EP and EP algorithms and
proposed a block coordinate descent method based on the Majorization-Minimization
(MM) algorithm. However, in more realistic scenarios, UT inputs typically follow a dis-
crete distribution, such as Quadrature Amplitude Modulation (QAM). Unfortunately, the
aforementioned methods do not perform well for discrete input cases.
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9.1.2 Discrete Input

In [2], the authors proposed an EP-based distributed algorithm for bilinear estimation
with discrete UT inputs. However, the complexity of this approach scales linearly with
the size of the constellation set. In [61], the authors exploited the relationship between
Bethe Free Energy (BFE) [58] and message-passing algorithms. By incorporating mean-
field constraints into the BFE, the resulting low-complexity algorithm, proposed in [61],
can be interpreted as a combination of Variational Bayes (VB) and EP.

9.1.3 Main Contributions

In this chapter, we propose an algorithm to mitigate the high complexity associated with
large constellation sets. As observed in [56] and [2], differences in the amplitudes of con-
stellation symbols further contribute to this complexity. Additionally, in decentralized or
distributed algorithms, access points (APs) need to share information about data symbols
through backhaul connections. This information is represented as a list of probabilities
corresponding to each element in the constellation set, and its size grows linearly with the
size of the constellation set. While the approach in [61] ensures that backhaul information
exchanged between APs is independent of the constellation size, it still requires traversing
the entire constellation set to determine the transmitted symbol.
To address these challenges, we exploit the hierarchical structure of the constellation set.
Specifically, we assume that the original constellation set can be decomposed into multiple
sub-constellation sets, each with identical amplitudes. A commonly used example is 4M -
QAM, which can be decomposed into M 4-QAM sub-constellation sets. By leveraging
this decomposition, backhaul messages become Gaussian, requiring only the first and
second-order moments to be shared between APs. Furthermore, this approach reduces
the complexity of symbol determination from 4M to 4M possible values per data symbol.

9.2 System Model
We consider a semi-blind signal model containing L APs and K UTs. At the l-th AP, it
is represented by

“

Yp,l Yl

‰

“ Hl

“

Xp X
‰

`
“

Vp,l Vl

‰

. (9.1)
The received signals are composed of pilot part Yp,l P CMˆP and data part Yl P CNˆT .
The channels between different users are considered independent Gaussian i.e. vecpHlq „

CN p0,Ξlq where Ξl P CNKˆNK is a block diagonal matrix of K blocks Ξhlk
P CNˆN . The

transmitted symbols can be decomposed as pilot symbols Xp P SKˆP and data symbols
X P SKˆT , where S is the constellation set. The signal power is denoted as σ2

x. The noise
is considered as i.i.d. Gaussian distribution, and thus, vecp

“

Vp,l Vl

‰

q „ CN p0,Cvq with
Cv “ σ2

vI.

9.2.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by
right multiplying it with rx˚

p,g which is the conjugated g-th pilot sequence. This results in
an equivalent observation ryp,lg

ryp,lg “
1

Pσ2
x

Yp,lrx
˚
p,g “

ÿ

kPGg

hlk ` rvp,lg (9.2)
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where rvp,lg “ 1
Pσ2

x
Vp,lrx

˚
p,g „ N pvp,lg|0,C

rvq, C
rv “

σ2
vI

Pσ2
x
, and Gg denotes the set of users

using the g-th pilot sequence. We observe that every hlk occurs only in one group Gg,
and the cross-correlation Errvp,lgrvH

p,lg1s is an all-zero matrix for all g ‰ g1. Therefore, the
observations ryp,lg and ryp,lg1 are independent.

9.2.2 Hierarchical Data Symbol

In this chapter, we assume that the data symbols can be decomposed into

xkt “

M
ÿ

m“1

xm,kt, (9.3)

where |xm,kt|
2 “ σ2

xm. A common example of this constellation scheme is 4M -QAM. If we
assume the transmission power of 4M -QAM to be σ2

x, then we have

σ2
xm “

3 σ2
x

1
4

m´1

4
´

1 ´ 1
4

M
¯ . (9.4)

We define an auxiliary variable

zm,lt “
ÿ

k

hlkxm,kt. (9.5)

The joint pdf can be factored as

pptyp,lgu, tYlu, tzm,ltu, tHlu,X, tVluq (9.6)

“
ź

l

ź

t

fylt
pztmu,ltq

ź

m

ź

l

ź

t

δm,ltpzm,lt,hltku,xm,tkutq

¨
ź

l

ź

g

fHlGg
pHlGgq

ź

m

ź

k

ź

t

fxm,kt
pxm,ktq

where

fylt
pztmu,ltq “ p

˜

ylt|
ÿ

m

zm,lt

¸

;

δm,ltpzm,lt,hltku,xm,tkutq “ p

˜

zm,lt|
ÿ

k

hlkxm,kt

¸

;

fHlGg
pHlGgq “ ppyp,lg,HlGgq;

fxm,kt
pxm,ktq “ ppxm,ktq

(9.7)

where the curly bracket in the subscript θtnu denotes all θ1, . . . , θN , and HlGg denotes
a matrix collecting all k P Gg,hlk as its column vectors. We will base our EP (BP)
algorithm based on this factorization scheme.

9.2.3 Notations

The variable-to-factor messages are fully determined by the factor-to-variable messages.
Therefore, in the following discussion, we will focus on deriving the factor-to-variable
messages. In the EP procedure, we denote the mean and covariance of the variable-to-
factor message µΨ;θi as mΨ;θi and CΨ;θi , and those of the factor-to-variable message µθi;Ψ

as mθi;Ψ and Cθi;Ψ.
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Neighborhood of Variable Nodes

Neighborhood of Factor Nodes

Figure 9.1: Factor Graph with Neighborhoods of both Factor (above) and Variable (below)
Nodes. For simplicity, @ symbol is used to indicate that there are multiple nodes.
9.3 Message Passing Derivations
We first look at the factor node δm,lt. The (partially) marginalized belief at δm,lt is

bδm,lt
pzm,lt,hlk, xm,ktq

“

ż

δpzm,lt ´
ÿ

k

hlkxm,ktqµzm,lt;δm,lt
pzm,ltq

¨
ź

k

µhlk;δm,lt
phlkq

ź

k

µxm,kt;δm,lt
pxm,ktqdhlkdxm,lkt

“ µzm,lt;δm,lt
pzm,ltqµhlk;δm,lt

phlkqµxm,kt;δm,lt
pxm,ktq

¨

ż

dwm,lktδpzm,lt´wm,lkt ´ hlkxm,ktq

¨

ż

dhlkdxm,lktδpwm,lkt´
ÿ

k1‰k

hlk1xm,k1tq

¨
ź

k1‰k

µhlk1 ;δm,lt
phlk1q

ź

k1‰k

µxm,k1t;δm,lt
pxm,k1tq,

(9.8)

where we define wm,lkt “
ř

k1‰k hlk1xm,k1t as the interference in (9.8). If we look at
the second integral after the second equal sign in (9.8), this interference wm,lkt can be
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approximated as Gaussian by Central Limit Theory, with mean and covariance matrix

mwm,lkt
“

ÿ

k1‰k

mhlk1 ;δm,lt
mxm,k1t;δm,lt

Cwm,lkt
“

ÿ

k1‰k

Chlk1;δm,lt
σ2
xm

` mhlk1 ;δm,lt
mH

hlk1 ;δm,lt
τxm,k1t;δm,lt

.

(9.9)

With the above CLT approximation, the term zm,lt ´wm,lkt in (9.8) can be verified to be
a Gaussian with mean and covariance matrix:

mum,lkt
“ mzm,lt;δm,lt

´ mwm,lkt

Cum,lkt
“ Czm,lt;δm,lt

` Cwm,lkt

(9.10)

9.3.1 Message from δm,lt to xm,kt

From the derivation in [56] and the above CLT approximations, the feedback message
µδm,lt;xm,kt

can be identified as Gaussian with mean and variance

τδm,lt;xm,kt
“

”

mH
hlk;δm,lt

`

Cum,lkt
` σ2

xmChlk;δm,lt

˘´1
¨ mhlk;δm,lt

ı´1

mδm,lt;xm,kt
“ τδm,lt;xm,kt

mH
hlk;δm,lt

¨
`

Cum,lkt
` σ2

xmChlk;δm,lt

˘´1
mum,lkt

.
(9.11)

The belief of xm,kt at δm,lt factor node is

bδm,lt;xm,kt
pxm,ktq “ µxm,kt;δm,lt

pxm,ktqµδm,lt;xm,kt
pxm,ktq

Since BP is used for xm,kt, we have

bxm,kt
pxm,ktq “ bδm,lt;xm,kt

pxm,ktq (9.12)

In most cases, 4M -QAM is used. To obtain the belief, we first look at the message
δm,lt Ñ xm,kt,

τxm,kt|y “

˜

ÿ

l

τ´1
δm,lt;xm,kt

¸´1

mxm,kt|y “ τxm,kt|y

˜

ÿ

l

τ´1
δm,lt;xm,kt

mδm,lt;xm,kt

¸

.

(9.13)

Therefore,

bxm,kt
pxm,ktq “

ppxm,ktqCN pxm,kt|mxm,kt|y, τxm,kt|yq

Zxm,kt

, (9.14)

where
Zxm,kt

“
ÿ

xm,ktPSm

ppxm,ktqCN pxm,kt|mxm,kt|y, τxm,kt|yq. (9.15)

In the following, we denote the mean and variance of bxm,kt
as mbxm,kt

and τbxm,kt
.
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9.3.2 Message from δm,lt to hlk

With the CLT approximation, the joint belief pdf (9.8) can be written as

bδm,lt
phlk, xm,ktq “ CN phlk|mhlk|xm,kt

,Chlk|σ2
xm

qbδm,lt;xm,kt
pxm,ktq, (9.16)

where

Chlk|σ2
xm

“ pσ2
xmC

´1
um,lkt

` C´1
hlk;δm,lt

q
´1

mhlk|xm,kt
“ Chlk|σ2

xm

´

x˚
m,ktC

´1
um,lkt

mum,lkt
` C´1

hlk;δm,lt
mhlk;δm,lt

¯ (9.17)

The mean and covariance matrix of belief bδm,lt;hlk
for hlk at δm,lt can be obtained as [56]:

mbδm,lt;hlk
“ Chlk|σ2

xm

´

m˚
bxm,kt

C´1
um,lkt

mum,lkt
` C´1

hlk;δm,lt
mhlk;δm,lt

¯

C´1
bδm,lt;hlk

“ C´1
hlk|σ2

xm
´ τbxm,kt

C´1
um,lkt

mum,lkt

¨

´

1̀ τbxm,kt
mH

um,lkt
C´1

um,lkt
Chlk|σ2

xm
C´1

um,lkt
mum,lkt

¯´1

mH
um,lkt

C´1
um,lkt

.

(9.18)

The feedback message can be obtained by
projrbδm,lt;hlk

s

µhlk;δm,lt

:

Cδm,lt;hlk
“

Cum,lkt

σ2
xm

´ τbxm,kt
mum,lkt

¨

”

τbxm,kt
γauxm,lkt

´ σ4
xm

ı´1

mH
um,lkt

mδm,lt;hlk
“ Cδm,lt;hlk

C´1
bδm,lt;hlk

mbδm,lt;hlk

´ C´1
hlk;δm,lt

mhlk;δm,lt
,

(9.19)

where

γauxm,lkt
“ mH

um,lkt

ˆ

Cum,lkt

σ2
xm

` Chlk;δm,lt

˙´1

mum,lkt
(9.20)

9.3.3 Message from δm,lt to zm,lt

Similar to the computation of wm,lkt in (9.9), we approximate the marginalization over
@k, hlk and xm,lkt by CLT. Therefore, from (9.8), we have

bδm,lt
pzm,ltq “ µzm,lt;δm,lt

pzm,ltq

¨

ż

δpzm,lt ´
ÿ

k

hlkxm,ktq
ź

k

µhlk;δm,lt
phlkq

¨
ź

k

µxm,kt;δm,lt
pxm,ktqdhlkdxm,kt

(9.21)

According to CLT, the integral in (9.21) can be approximated as Gaussian. Following
feedback message rule, we can verify that the integral part is the feedback message, and
thus,

mδm,lt;zm,lt
“

1

K ´ 1

ÿ

k

mwm,l,k,t

Cδm,lt;zm,lt
“

1

K ´ 1

ÿ

k

Cwm,l,k,t
.

(9.22)
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9.3.4 Message from fHlGg
to hlk

Since fHlGg
is already Gaussian, the belief at fHlGg

must be Gaussian,

bfHlGg
“ fHlGg

pHlGgq
ź

kPGg

µhlk;fHlGg
phlkq. (9.23)

Following [56], we get

µfHlGg
;hlk

phlkq

“ CN

¨

˝hlk|ryp,lg ´
ÿ

k1PGg{tku

mhlk1|y
,C

rv `
ÿ

k1PGg{tku

Chlk1|y

˛

‚

¨ CN phlk|0,Ξhlk
q,

(9.24)

where

Chlk|y “

´

C´1
hlk;fHlGg

` Ξ´1
hlk

¯´1

mhlk|y “ Chlk|yC
´1
hlk;fHlGg

mhlk;fHlGg
.

(9.25)

9.3.5 Message from fylt
to zm,lt

Since belief at fylt
is

bfylt “ ppylt|
ÿ

m

zm,ltq
ź

m

µzm,lt;fylt
pzm,ltq, (9.26)

which is already a Gaussian, we can immediately derive the feedback message by Gaussian
Reproduction Lemma [15]:

Cfylt ;zm,lt
“ Cv `

ÿ

m1‰m

Czm,lt;fylt

mfylt ;zm,lt
“ ylt ´

ÿ

m1‰m

mzm,lt;fylt

(9.27)

9.4 Simulation Results
We simulate an environment within a 400ˆ400 square meter area, equipped with 16 APs
and 8 User Terminals. Each AP features N “ 2 antennas and is positioned at coordinates
p400

3
i, 400

3
jq, i, j P t0, 1, 2, 3u. The UTs are uniformly distributed throughout the area. We

denote the distance between each UT k and AP l as dlk. Channel covariances for each
user k at AP l are modeled using N ˆ N diagonal matrices, represented as σ2

hlk
I, where

10 log10pσ
2
hlk

q “ ´30 ´ 36.7 log10pdlkq.
The length of the orthogonal pilot sequences is set to P “ 6 to introduce pilot contami-
nation.
We employ 4M QAM constellation of length T “ 16 for signal transmission where M P

t1, 2u. Following [57], we employed power control to ensure the total received power at
the APs is the same. We base our results on 50 different realizations, which are illustrated
in Figure 9.2. In the Genie-Aided scenario, we implement the proposed algorithm as if
the data symbols are known. In the MMSE Genie-Aided scenario, all the APs estimate
the channel coefficients using the MMSE estimator with known data sequences, which is
the theoretical lower bound for all channel estimation methods.
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Algorithm 9.1: One Iteration of Decentralized EP

Require: Ξhlk
, ryp,lg , ylt, σ2

x, σ2
v , Gg, S

1: Initialize µδm,lt;hlk
, µδm,lt;zm,lt

, µδm,lt;xm,kt
,

2: CfHlGg
;hlk

and mfHlGg
;hlk

via (9.25) Ñ (9.24)
3: Cfylt ;zm,lt

and mfylt ;zm,lt
via (9.27)

4: Cum,lkt
and mum,lkt

via (9.10)
5: τδm,lt;xm,kt

and mδm,lt;xm,kt
via (9.11)

6: bxm,kt
pxm,ktq via (9.13) Ñ (9.15) Ñ (9.14)

7: Chlk|σ2
xm

via (9.17)
8: C´1

bδm,lt;hlk
and mbδm,lt;hlk

via (9.18)
9: γauxm,lkt

via (9.20)
10: C´1

δm,lt;hlk
mδm,lt;hlk

and Pδm,lt;hlk
via (9.19)

11: Cδm,lt;zm,lt
and mδm,lt;zm,lt

via (9.22)
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Figure 9.2: NMSE vs SNR
9.5 Conclusions
This chapter introduces a simplified, distributed EP-BP-based algorithm for bilinear joint
estimation. By leveraging the structure of the data symbols, we reduce the complexity
associated with the constellation size. The proposed algorithm is compatible with 4M -
QAM data symbols. At each AP, the computational complexity is OpMKT ¨ N3q , while
the CPU handles the computation of data symbol beliefs with a complexity of OpMLKT q

.
This approach can be extended to other message-passing algorithms to further reduce
complexity. For example, the hybrid VB-EP algorithm in [61] treats the entire data
sequence as an atomic variable. In contrast, our method considers each individual data
symbol as an atomic variable.
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Chapter 10

Distributed Iterative ML and Message
Passing for Grant-Free Cell-Free
Massive MIMO Systems

10.1 Introduction
Cell-Free (CF) Massive Multiple-Input Multiple-Output (MaMIMO) has attracted signif-
icant attention due to its ability to leverage the benefits of both MaMIMO and distributed
antenna systems [1,20]. In CF MaMIMO systems, a large number of Access Points (APs)
are geographically distributed over a wide area. Although a Central Processing Unit
(CPU) coordinates the system, the information exchange between APs and the CPU is
limited. Consequently, APs are unable to share their Channel State Information (CSI),
which necessitates the development of distributed algorithms for data detection and chan-
nel estimation [1, 2, 62].
With the sporadic traffic patterns introduced by the Internet of Things (IoT), the Grant-
Free (GF) access scheme has been proposed as a reliable, low-latency solution [4]. More-
over, it has been shown that MaMIMO systems are well-suited to support GF access.
Due to the large coverage area of CF MaMIMO systems and the absence of cellular
boundaries, the number of User Terminals (UTs) often exceeds the number of available
orthogonal pilot sequences. This results in the well-known issue of pilot contamination,
which prevents the accurate acquisition of Channel State Information (CSI) [20]. To
address this challenge, semi-blind approaches—where Access Points (APs) jointly estimate
the channel and detect user symbols—have been investigated in [51]. However, the joint
estimation of CSI and data leads to an intractable high-dimensional inference problem,
necessitating the use of approximate inference techniques.

10.1.1 Prior Works

In [61], a hybrid Variational Bayes and Expectation Propagation (VB-EP) algorithm
was proposed for semi-blind estimation by minimizing the Bethe Free Energy (BFE)
[6]. However, this method is sensitive to initialization and may diverge away from the
stable point with bad initializations, particularly when user data are drawn from a finite
alphabet. Moreover, it is not suitable for GF access schemes.
The Variable-Level EP (VL-EP) algorithm [20] offers improved robustness when user data
follow a Gaussian distribution. It can be interpreted as an approximate maximum a pos-
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teriori (MAP) estimator for the channel coefficients, due to its Expectation-Maximization
(EM) update mechanism. However, VL-EP still suffers from divergence when finite alpha-
bet data are used. Another limitation is that only a centralized version of this algorithm
was proposed in [20]. In contrast to VB-EP, VL-EP treats multiuser interference as zero-
mean noise when estimating a user’s channel based on the data likelihood, which results
in performance saturation in the high signal-to-noise ratio (SNR) regime.
To improve convergence, the concept of introducing a pseudo prior into message-passing
(MP)-based algorithms has been proposed in [63]. A pseudo prior is essentially an ap-
proximate posterior, typically obtained from a simpler algorithm. In MP algorithms, it
is incorporated by multiplying the pseudo prior with the true prior (or 1, if the parame-
ter is deterministic) to form an enhanced prior. From this perspective, the pseudo prior
does not introduce new information; rather, it serves as a regularization term that helps
prevent the algorithm from diverging.

10.1.2 Main Contributions

In this chapter, we propose a distributed algorithm for activity detection, channel estima-
tion, and data detection. We observe that when pilot sequences are mutually orthogonal
and the data symbols have zero mean, the Central Limit Theorem (CLT) can be applied
to enable an approximate ML algorithm for distributed activity detection. After the ac-
tivity detection, we treat the activity indicator as given and perform the bilinear channel
estimation and data detection jointly. During the bilinear estimation, we leverage the
concept of a pseudo prior to combine the strengths of VL-EP and VB-EP. We use the
results in VL-EP as psedo prior for VB-EP to prevent VB-EP from drifting away from
the critical point.

10.2 System Model
We consider a semi-blind uplink signal model comprising L APs and K single-antenna
UTs. Each AP contains N antennas. The local system model at the l-th AP is given by

“

Yp,l Yl

‰

“ H lU
“

Xp X
‰

`
“

Vp,l Vl

‰

. (10.1)
The received signals at the the l-th AP consists of a pilot part Yp,l P CNˆP and a data
part Yl P CNˆT . Each column hlk of H l represents the uplink channel from UT k to AP
l. The channel hlk is modeled as a zero mean Gaussian random vector with covariance
matrix Ξhlk

P CNˆN . The activity indicator matrix is denoted by U “ diagru1, . . . , uKs,
which is an unknown deterministic diagonal matrix with binary entries. Its diagonal
elements form a vector u “ vecpUq. The transmitted signal matrix is composed of pilot
symbols Xp P CKˆP and data symbols X P SKˆT , where S denotes the constellation
set. We denote xT

k
as the k-th row of X, and it represents the data sequence transmitted

by user k. The signal power is denoted as σ2
x. The noise is considered as i.i.d. Gaussian

distribution, and thus, vecp
“

Vp,l Vl

‰

q „ CN p0,Cvq with Cv “ σ2
vI. We denote Yp, Y ,

H , Vp and V as global system paramenter.

10.2.1 Orthogonal Pilot sequences

If orthogonal pilot sequences are used, we can first preprocess the pilot observation by
right multiplying it with rx˚

p,g which is the conjugated g-th pilot sequence from the pilot
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codebook. This results in an equivalent observation ryp,lg

ryp,lg “
1

Pσ2
x

Yp,lrx
˚
p,g “

ÿ

kPGg

hlkuk ` rvp,lg (10.2)

where rvp,lg “ 1
Pσ2

x
Vp,lrx

˚
p,g „ N pvp,lg|0,C

rvq, C
rv “

σ2
vI

Pσ2
x
, and Gg denotes the set of users

using the g-th pilot sequence. We observe that every hlkuk occurs only in one group
Gg, and the cross-correlation Errvp,lgrvH

p,lg1s is an all-zero matrix for all g ‰ g1. Therefore,
the observations ryp,lg and ryp,lg1 are independent. Denote H lGg

as the matrix stacking
@k P Gg,hlk as columns.

10.3 Iterative ML for User Activity Detection
The method we use for activity detection is based on maximum likelihood. Denote the
estimated activity indicator as pu “ Diagr pU s. The likelihood of pu is

ppY ,Yp| pUq “

ż

ppY |H , pU ,XqppXq

¨
ź

l

ppH lq
ź

g

ppryp,lg|H lGg
, pUqdHdX

(10.3)

Before investigating (10.3), we introduce a useful relation

CN pm1|Ax,C1qCN px|m2,C2q

“ CN px|m3,C3qCN pm1|Am2,C1 ` AC2A
H

q
(10.4)

where

C3 “ pAHC´1
1 A ` C´1

2 q
´1

m3 “ C3pA
HC´1

1 m1 ` C´1
2 m2q.

(10.5)

This relation can be verified by noticing

DpA ` BCDq
´1

“ C´1
pDA´1B ` C´1

q
´1DA´1;

detpA ` BCDq “ detpAq detpBq detpC´1
` DA´1Bq.

We combine pilot observation and channel prior to get a pilot based prior rppH lGg
|puq (even

though it is a posterior given Yp, we can still understand it as prior information as if we
have a blind estimation problem)

rppH lGg
|puq “ ppH lGg

|Yp, puq9ppryp,lg,hlGg
|puq

“ CN pryp,lg|
ÿ

kPGgXUppuq

hlk,CrvqCN phlGg
|0,ΞhlGg

q (10.6)

Assume k P Gg, and in later context, we will use the marginal pilot-based prior rpphlkq

which is computed from
ż

ppryp,lg,hlGg
|puqdh

ltk
1
‰ku

“CN pryp,lg|0,C
ryp,lg |puqrpphlk|puq
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where
C

ryp,lg |pu “ C
rv `

ÿ

kPGgXUppuq

Ξhlk
;

rpphlk|puq “ ppphlk|pu,Ypq “ CN phlk|mhlk|pu,Chlk|puq

(10.7)

and

CYp|hlk,pu
“ C

ryp,lg |pu ´ Ξhlk
;

Chlk|pu “ pC´1

Yp|hlk,pu
` Ξ´1

hlk

q
´1

mhlk|pu “ Chlk|puC
´1

Yp|hlk

ryp,lg.

(10.8)

Now we take data observation into consideration. Rewrite (10.3),

ppY ,Yp| pUq “

«

ź

l,g

CN pryp,lg|0,C
ryp,lg |puq

ff

¨

ż

ppY |
ÿ

kPUppuq

xk b hkqppXq ¨
ź

l,g

rppH lGg
| pUqdHdX

(10.9)

where we use CLT to approximate the summation. Suppose that k P Uppuq, and we stack
the results from (10.8) to form

Chk|pu :“ covrhks ñ rChk|pus
pNq

ll1 “ δll1Chlk|pu

mhk|pu :“ Erhks ñ rmhk|pus
pNq

l “ mhlk|pu

(10.10)

The cross correlation between different zk is not important, since @k ‰ k
1
.Erxkx

H

k
1 s “ 0.

Denote zk “ xk b hk which has zero mean and covariance

Czk
“ Erzkz

H
k

s “ σ2
xrIT b pChk|pu ` mhk|pum

H
hk|pu

qs (10.11)

Therefore, the likelihood can be represented by

ppY ,Yp| pUq “ ppY |Yp, pUqppYp| pUq

» CN py|0,CY |Yp,puq
ź

l,g

CN pryp,lg|0,C
ryp,lg |puq (10.12)

where

CY |Yp,pu “ Cv `
ÿ

kPUppuq

Czk
. (10.13)

The log-likelihood of pu is ln ppY ,Yp| pUq » Lpppuq ` Ldppuq, where

Lpppuq “
ÿ

l,g

ln CN pryp,lg|0,C
ryp,lg |puq

“
ÿ

l,g

´ lnrdetpC
ryp,lg |puqs ´ ryH

p,lgC
´1
ryp,lg |puryp,lg (10.14)

Ldppuq “ ln CN py|0,CY |Yp,puq

“ ´ lnrdetpCY |Yp,puqs ´ yHC´1
Y |Yp,pu

y.

102



Algorithm 10.1: Iterative ML

1: Initialize: i “ 1, pu “ 0
2: repeat
3: k “ rpi ´ 1q mod Ks ` 1
4: puk “ argmaxθPt0,1u LtotppI ´ Ekqpu ` ekθq

5: until Convergence
Now we try to simplify Ld. Consider the large system limit, i.e., L,K, P, T Ñ 8 with
fixed ratio between every pair. To have a realistic system, rY sn,t and Et|rXsk,t|

2u scale
with Op1q. Therefore, trrΞhlk

s scales with Op1{Kq. This indicates that the off diagonal
blocks of Chk|pu`mhk|pum

H
hk|pu

are higher-order perturbations of the blocks on the diagonal.
We neglect the off diagonal blocks by approximating

@l ‰ l1.
ÿ

kPUppuq

mhlk|pum
H
hl1k|pu

“ 0 (10.15)

After that, Chk|pu ` mhk|pum
H
hk|pu

is approximated as a block diagonal matrix with block

size N ˆ N . This entails pLd » Ld where

pLdppuq»
ÿ

l

$

&

%

´T ln

¨

˝det

»

–Cv`
ÿ

kPUppuq

σ2
xpChlk|pu`mhlk

mH
hlk

q

fi

fl

˛

‚

´
ÿ

t

yH
lt rCv`

ÿ

kPUppuq

σ2
xpChlk|pu ` mhlk|pum

H
hlk|pu

qs
´1ylt

,

.

-

(10.16)

where ylt is the t-th column of Yl. After the approximation, compared to Ldppuq, pLdppuq

not only lowers the complexity, but also allows a distributed computation.
Combine both Lp and approximated pLd and the likelihood pu can be finally approximated
as

Ltotppuq “ ln ppY ,Yp| pUq » Lpppuq ` pLdppuq. (10.17)

The constrained ML is NP-hard. Therefore, we present here an iterative method as a
compromise. During the i-th iteration, we update the uk where k “ rpi ´ 1q mod Ks ` 1
to maximize (10.17). We repeat this procedure until convergence. The complete procedure
is outlined in Algorithm 10.1, where ek denotes a vector with a one in the k-th position
and zeros elsewhere, and Ek “ Diagpekq is its corresponding diagonal matrix.

10.4 Distributed VL-EP for Pseudo-Prior
With estimated pu from previous section, we prune the estimated non-active users

H “ H pU ; Hl “ H l
pU ; X “ pUX; K “ puH

pu (10.18)

with hk, hlk, xT
k as the k-th column of H , Hl and the k-th row of X respectively.

Furthermore, we use Ξhlk
, Gg to denote a pruned version of Ξhlk

and Gg.
Distributed VL-EP can be used for pseudo-prior of VB-EP. To estimate the k-th user
channel, we consider other channels as interference and alternating estimate all the chan-
nels, i.e., minimize the negative log pdf ´ ln ppY , ryp,lg,hkq while treat @k1 ‰ k.hk1 as
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interference with distribution CN ph1
k|m

qhk1
,C

qhk1
q. At each AP, the noise plus interference

of received data yl “ vecpYlq has zero mean and covariance matrix

C
qvlk

“σ2
vINT `

ÿ

k1‰k

σ2
xIT b pC

qhlk1̀
m

qhlk
mH

qhlk
q“IT b C

qvlkt

where
C

qvlkt
“ σ2

vIN `
ÿ

k1‰k

σ2
xpC

qhlk1
` m

qhlk
mH

qhlk
q (10.19)

is constant in time since the noise power is constant in time and we define C
qvlk0

“ C
qvlkt

.
On the other hand, if we look at the pilot part. The noise plus interference of the received
pilot at each AP ryp,lGg relative to user k can be modeled as Gaussian with the following
mean and covariance matrix

m
qvp,lk

“
ÿ

k1PGg{tku

m
qhlk1

; C
qvp,lk

“ C
rv `

ÿ

k1PGg{tku

C
qhlk1 (10.20)

In order to construct a majorization function, we first look at the approximated marginal
joint pdf (with interference approximated as Gaussian noise)

ppY , ryp,lg,hk,xkq “ ppY |hk,xkqppryp,lg|hkqpphkqppxkq

“ ppxkq
ź

l

ppYl|hlk,xkqppryp,lg|hlkqpphlkq (10.21)

The effect term of the majorization function at hk “ qhk is [20]

emphk||Hq “ ´Exk|Y ,m
qhk

rln ppY , ryp,lg,hk,xkqs. (10.22)

The channel hk is estimated by argminhk
emphk||Hq iteratively.

10.4.1 Expectation Step

To minimize the majorization function (10.22), we need to get the posterior ppxk|Y ,m
qhk

q.
Rewrite it into the product of prior and likelihood

ppxk|Y ,m
qhk

q9ppxkq
ź

l

ppYl|xk,mqhlk
q (10.23)

We observe that the likelihood of the observation at the l-th AP, which is proportional to
Gaussian distribution:

ppYl|xk,mqhlk
q9CN pxk|m 9xlk

,C 9xlk
q, (10.24)

where

C 9xlk
“ τ i9xlk

IT ; m 9xlkt
“ τ i9xlk

mH
qhlk

C´1
qvlk0

ylt;

τ 9xlk
“

´

m
pi´1qH
phlk

C´1
vlk

m
pi´1q

phlk

¯´1 (10.25)

Since C 9xlk
is a diagonal matrix, we can compute the posterior statistics of xkt by one-

dimensional integrals. We denote marginalized version of (10.23)

qppxktq “

ż

ppxk|Yl,mqhlk
qdxtk1‰kutt1‰tu

“ ppxktq
ź

l

CN pxkt|m 9xlkt
, τ 9xlk

q
(10.26)
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Algorithm 10.2: VL-EP For Pseudo Prior

1: Initialize: τ
qxkt

“ 1, m
qxkt

“ 0
2: repeat
3: C

qhlk
, m

qhlk
by (10.29)

4: C
qvlk0

, m
qvp,lk

, C
qvp,lk

by (10.19), (10.20)
5: τ

qxkt
, m

qxkt
by (10.25), (10.27)

6: until Converge
without the pseudo-prior, using discrete ppxktq may lead to convergence problem. There-
fore, we approximate ppxktq by Gaussian CN pxkt|0, σ

2
xq. As a result, the approximated

mean and variance are

τ
qxkt

“ pσ´2
x `

ÿ

l

τ´1
9xlk

q
´1; m

qxkt
“ τ

qxkt

ÿ

l

τ´1
9xlk
m 9xlkt (10.27)

To estimate the posterior m
qxkt

, We denote the posterior mean, variance and second-order
moment as m

qxkt
, τ

qxkt
and r

qxkt
.

10.4.2 Maximization Step

Investigate the log pdf inside the expectation in (10.22). By neglecting terms that do not
contain hlk

´ ln ppY , ryp,lg,hk,xkq

“
ÿ

l

rpxk b INqhlk ´ yls
H C´1

pvlk
rpxk b INqhlk ´ yls

` phlk ´ ryp,lg ` m
pvp,lk

q
HC´1

pvp,lk
phlk ´ ryp,lg ` m

pvp,lk
q

` hH
lkΞ

´1
hlk

hlk ` const.

(10.28)

Therefore, argminhlk
emphlk||Hq leads to the updates

C
qhlk

“

˜

C´1
qvp,lk

` C´1
qvlk0

ÿ

t

r
qxkt

` Ξ´1
hlk

¸´1

m
qhlk

“ C
qhlk

«

ÿ

t

m˚
qxkt

C´1
qvlk0

ylt ` C´1
qvp,lk

pryp,lg ´ m
qvp,lk

q

ff (10.29)

The above procedure is illustrated in Algorithm 10.2. To make the algorithm robust, we
change the order of maximization step and expectation step.

10.5 Bilinear VB-EP
Inspired by [63], we then integrate the pseudo prior from VL-EP to the prior distribution
of hlk and xk to form a enhanced prior

p̆phlkq “ CN phlk|mh̆lk
,Ch̆lk

q

:“ CN phlk|m
qhlk

,C
qhlk

qCN phlk|0,Ξhlk
q

p̆pxktq “ qppxktqppxktq

(10.30)
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The additional potentials do not contribute additional information, they only serve as
regularization to prevent VB-EP from drifting away from optimal solution. Furthermore,
we can define the pilot-based enhanced prior as r̆pphlGgq9ppryp,lg|hlGgqp̆phlGgq. If we intro-
duce @k.Zlk “ hlkx

T
k and zlk “ vecpZlkq, we can verify that our current system model has

exactly the same form of [61]. The VB-EP algorithm aims to find local approximation of
the marginal posterior (also called belief, denoted by b¨p¨q) with messages µ¨;¨p¨q of their
neighboring variables. From [61], these approximations can be written as

bfzl pzltkuq“ppYl|zltkuq
ź

k

µzlk;fzl
pzlkq

bfhlGg
phlGgq “ r̆pphlGgq

ź

kPGg

µhlk;fhlGg
phlkq

bfxk
pxkq “ p̆pxkqµxk;fxk

pxkq (10.31)

bδh,lk
phlkq“µhlk;δlkphlkqe

ş

bδx,lk
pxkqlnµzlk;δlk

pvecphlkx
T
kqqdxk

bδx,lk
pxkq“µxk;δlkpxkqe

ş

bδh,lk
phlkq lnµzlk;δlk

pvecphlkx
T
kqqdhlk

bzlkpzlkq “ µzlk;fzl
pzlkqµzlk;δlkpzlkq

bhlk
phlkq “ µhlk;fhlGg

phlkqµhlk;δlkphlkq

bxk
pxkq “ rµxk;fxk

pxkq
ź

l

µxk;δlkpxkqs
1{L,

where we use fzl , fxk
fhlGg

to denote the likelihood of ppyl|zltkuq, the enhanced prior p̆pxkq

and the pilot based enhanced prior r̆pphlGgq. Due to the definition of Zlk, the likelihood
of Zlk given hlkx

T
k is a Dirac delta function. Therefore, in the equations above, we use

δlk to denote ppZlk|hlkx
T
k q. The messages are the solution system of equations consisting

of the following moments constraints

Ebfzl
rϕzlkpzlkqs “ Ebzlk

rϕzlkpzlkqs (10.32)

Eδlkrϕzlkpzlkqs “ Ebzlk
rϕzlkpzlkqs (10.33)

EbfhlGg

rϕhlk
phlkqs “ Ebhlk

rϕhlk
phlkqs (10.34)

Ebδlk
rϕhlk

phlkqs “ Ebhlk
rϕhlk

phlkqs (10.35)

and the following marginal constraints
ż

bδlkpzlk,hlk,xkqdzlkdhlk “ bxk
pxkq (10.36)

bfxk
pxkq “ bxk

pxkq. (10.37)

bδlkpzlk,hlk,xkq“bδh,lk
phlkqbδx,lk

pxkqδpZlk´hlkx
T
k q. (10.38)

where ϕ¨p¨q denotes the first and second order moments. For all the factors f and variables
θ, we say they are neighboring to each other if θ is an argument of f . The messages
describing the beliefs in (10.31) are all of the form µθ;f which can be interpreted as
messages from variable to factor. However, to make the derivation easier, we define factor
to variable messages µf ;θ such that

@f P Npθq, µθ;f pθq “
ź

f 1PNpθq{tfu

µf 1;θpθq, (10.39)
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where Npθq denotes the neighborhood around θ. As we can see, group of factor-to-
variable messages is isomorphic to the group of varible-to-factor messages. Therefore, in
the following context, we only describe the iterative update of factor-to-variable messages
which can also be understood as the feedback messages from the factors.

10.6 Iterative Solution to VB-EP
By considering (10.37), we get µfxk

“ p̆pxkq. Following a similar approach, we can get
the following non-trivial updates.

10.6.1 Update of µfzl ;zlk

By making (10.32) consistent while keeping all the message except for µfzl ;zlk
“ µzlk;δzl

fixed, we can obtain the update for µfzl ;zlk
.

µfzl ;zlk
pzlkq “ CN pzlk|yl ´

ÿ

k1‰k

mzlk1 ;fzl
,Cv`

ÿ

k1‰k

Czlk1 ;fzl
q. (10.40)

10.6.2 Update of µfHlGg
;hlk

The consistency of (10.34) result to the update of µfHlGg
;hlk

“ µhlk;δlk by considering all
the other messages fixed.

bfHlGg
pHlGgq “ ppryp,lg|

ÿ

kPGg

hlk,Crvq

¨
ź

kPGg

p̆phlkqµhlk;fHlGg
phlkq; and

µfHlGg
;hlk

phlkq “

ş

bfHlGg
phlGgqdhltk1‰ku

µhlk;fHlGg
phlkq

(10.41)

Based on Gaussian reproduction lemma, we have

µfHlGg
;hlk

phlkq “ CN
`

hlk|mYp|hlk
,CYp|hlk

˘

qpphlkq (10.42)

where the approximated likelihood is captured by

CYp|hlk
“ C

rv `
ÿ

k1PGg{tku

C
rhlk1

mYp|hlk
“ ryp,lg ´

ÿ

k1PGg{tku

m
rhlk1

C
rhlk

“

´

C´1
hlk;fHlGg

` C´1

h̆lk

¯´1

m
rhlk

“ C
rhlk

´

C´1
hlk;fHlGg

mhlk;fHlGg
` C´1

h̆lk
mh̆lk

¯

(10.43)

The message mean and covariance is obtained as

CfHlGg
;hlk

“

´

C´1
Yp|hlk

` C´1

h̆lk

¯´1

(10.44)

mfHlGg
;hlk

“CfHlGg
;hlk

´

C´1
Yp|hlk

mYp|hlk̀
C´1

h̆lk
mh̆lk

¯
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10.6.3 Update of µδlk;xk

According to (10.36), the feedback message is

µδlk;xk
pxkq9

ź

t

CN pxkt| pmδlk;xkt
, pτδlk;xkt

q, (10.45)

with

τδlk;xkt
“ tr

”

tCzlk;δlku
´1
tt,NRbδh,lk

ı´1

mδlk;xkt
“ pτδlk;xkt

mH
bδh,lk

tCzlk;δlku
´1
tt,Ntmzlk;δlkut,N ,

(10.46)

where mbδh,lk
and Rbδh,lk

“ Cbδh,lk
`mbδh,lk

mH
bδh,lk

denote the mean and correlation matrix
of the Gaussian pdf bδh,lk

and the notation t¨ut1t2,N denotes the block entry of size N ˆN
located in the t1-th block row and t2-th block column. From this point, we can also update
the belief by

bδx,lk
pxkq “ µδlk;xk

pxkqµxk;δlkpxkq. (10.47)

10.6.4 Update of µδlk;hlk

Satisfying the consistency constraint (10.35) by treating µδlk;hlk
“ µhlk;fHlGg

as the only
variable and we can obtain the update equation for it. The belief bδh,lk

in (10.31) can
be verified as Gaussian since the exponential term is quadratic. Therefore, the outbound
message is computed by µδlk;hlk

phlkq “ bδh,lk
phlkq{µhlk;δlkphlkq. The mean and covariance

matrix of the Gaussian message µδlk;hlk
are

Cδlk;hlk
“

˜

ÿ

t

rrbδx,lk
sttCzlk;δlku

´1
tt,N

¸´1

(10.48)

mδlk;hlk
“Cδlk;hlk

˜

ÿ

t

rmbδx,lk
s

˚
t tCzlk;δlkutt,Ntmzlk;δlkut,N

¸

,

where rbδx,lk
“ Ebδx,lk

rxk.x
˚
ks, mbδx,lk

“ Ebδx,lk
rxks with "." denoting element-wise prod-

uct. We update the belief by

bδh,lk
phlkq “ CN phlk|mbδh,lk

,Cbδh,lk
q

“ µδlk;hlk
phlkqµhlk;δlkphlkq.

(10.49)

10.6.5 Update of µδlk;zlk

We examine the moments constraint given by (10.33). Based on the additional constraint
(10.38), the update equation of µδlk;zlk can be derived as

µδlk;zlkpzlkq “
projrbδlkpzlkqs

µzlk;δlkpzlkq
, (10.50)

where the operation qpzlkq “ projrppzlkqs projects the distribution p to Gaussian family
q of block covariance matrices, such that the sufficient statistics ϕzlkpzlkq of p and q are
the same. Thus, the message µδlk;zlk is updated by

µδlk;zlkpzlkq “ CN pzlk|mδlk;zlk ,Cδlk;zlkq

“
CN pzlk|mbδz,lk

,Cbδz,lk
q

CN pzlk|mzlk;δlk ,Czlk;δlkq
,

(10.51)
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Algorithm 10.3: VB-EP [61]

1: Initialize: all factor-to-variable messages
2: repeat
3: Cfzl ;zlk

, mfzl ;zlk
by (10.40)

4: CfHlGg
;hlk

, mfHlGg
;hlk

by (10.43)-(10.44)
5: bδh,lk

phlkq “ µhlk;δlkphlkqµδlk;hlk
phlkq

6: τδlk;xkt
, mδlk;xkt

by (10.46)
7: µxk;δlkpxkq “ qppxkq

ś

l1‰l µδl1k;xk
pxkq

8: bδx,lk
pxkq “ µxk;δlkpxkqµδlk;xk

pxkq

9: Cδlk;hlk
, mδlk;hlk

by (10.48)
10: bδh,lk

phlkq “ µhlk;δlkphlkqµδlk;hlk
phlkq

11: Cδlk;zlk , mδlk;zlk by (10.51)
12: until Converge

Algorithm 10.4: Proposed Method

1: [Initialize U ]ñAlgorithm 10.1
2: pK,Gg,Ξhlk

q “ prunepK,Gg,Ξhlk
q

3: [Pseudo Prior]ñAlgorithm 10.2
4: [VB-EP]ñAlgorithm 10.3

with

mbδz,lk
“ mbδx,lk

b mbδh,lk

Cbδz,lk
“ diagprbδx,lk

q b Cbδh,lk
` Cbδx,lk

b mbδh,lk
mH

bδh,lk
,

where Cbδx,lk
“ Ebδx,lk

rpxk ´ mbδx,lk
qpxk ´ mbδx,lk

qHs is the covariance of the belief bδx,lk
.

The above procedure is concluded in Algorithm 10.3. Finally, by combining all the
previous section together, we sum up the whole algorithm in Algorithm 10.4.

10.7 Simulation Results
We consider a CF MaMIMO system covering a 400 ˆ 400m2 area. A total of 16 APs are
located at coordinates t400i

3
`

400j
3

|i, j P r0, 3su with a height of 10m. The K “ 16 UTs
are uniformly distributed in the area. To evaluate the performance of the algorithm, we
generate 50 UT location setups. Following the settings in [2, 62], the data symbol power
is set to σ2

x “ 14dbm, the noise power to σ2
v “ ´96dbm the uk are generated by uniform

distribution. The channel fading model is defined based on the distance dlk between AP
l and UT k as σ2

hlk
“ ´30.5 ´ 36.7 log10

`

dlk
1m

˘

dB. We set P “ 8 with orthogonal pilot
sequence randomly assigned to two users. The data sequence contains 4QAM symbols
and has length T “ 20. For each UT position setup, we generate 50 iterations. Consider
three performance metrics, Channel Normalized Mean Squared Error(CNMSE), Activity
Detection Error Rate (DER) and Symbol Error Rate (SER), For each metric, we compute
the empirical cumulative distribution function (CDF) across the different position setups.
We compare the proposed PP-VB-EP with the "Joint Activity Detection, Channel Es-
timation, and Data Detection based on expectation propagation" (JACD-EP) presented
in [62]. The results of our proposed method is ploted with solid curved while the ones
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Figure 10.1: Comparison between PP-VB-EP and JACD-EP
from JACD-EP are plotted with dotted curves. The Algorithm 1 is able to give a better
result compared to previous work, which verifies the correctness of our approximated log-
likelihood (10.17). However, since we neglect the estimation error of U , the estimation of
H and X performs slightly worse than the previous algorithm.

10.8 Conclusions
We propose an iterative distributed Maximum Likelihood (ML) algorithm for activity
detection, which simplifies the joint probability density function ppY ,Ypq by leveraging
the CLT and large-system approximations. Building on the concept of pseudo priors,
we introduce PP-VB-EP, which incorporates a distributed version of the VL-EP algo-
rithm. Simulation results demonstrate that our proposed classical iterative distributed
ML algorithm outperforms the EP-based approach in activity detection. However, due
to the neglecting of detection errors of user activity, some performance degradation is
observed in channel estimation and data detection. Nevertheless, VB-EP allows us to
handle continuous data, and notably, its computational complexity does not scale with
the constellation size.
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Chapter 11

Approximating Univariate Factored
Distributions via Message-Passing
Algorithms

11.1 Introduction
The Gaussian Mixture Model (GMM) commonly appears in communication problems. In
bilinear joint channel estimation and data detection problems, the channel likelihood can
be characterized as a GMM [2]. If the data sequence length is greater than one, this GMM
becomes the product of multiple simple GMM factors. As the data length increases, the
number of simple GMM factors composing the product GMM grows linearly. As a result,
the number of components in the product GMM grows exponentially with the number of
factors.
Although the moments of a single simple GMM with a limited number of components
are easy to obtain, the moments of the product GMM in the bilinear estimation and
detection problems become intractable as the number of factors increases. In [23, 56, 64],
the authors attempt to avoid GMMs in bilinear joint estimation and detection using
various methods. Distributions in the form of a product of GMMs can be generalized as
univariate factored distributions. This paper investigates iterative message-passing-based
algorithms to approximate the statistics of univariate factored distributions.

11.1.1 Prior Works

Given a univariate factored distribution, message-passing algorithms can be used to ob-
tain the marginal distributions, which is equivalent to finding a stationary point of a
constrained Bethe Free Energy (BFE) minimization [11].

Belief Propagation

Belief Propagation (BP) was introduced by Pearl as an approximate inference tool [65].
Within the BFE framework, BP aims to find a stationary point of the BFE under strict
marginal consistency constraints. BP is defined on the basis of a factored probability
density function (PDF). A corresponding factor graph can be constructed by represent-
ing all factors and variables as nodes, and connecting a factor node to a variable node
whenever the variable appears as an argument of that factor. By iteratively applying the
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sum–product rules, BP approximates the marginal distributions via auxiliary functions,
called messages [5, 66].
From the constrained BFE optimization perspective, BP seeks a stationary point of the
BFE under strict marginal consistency constraints. This requirement often results in
intractable functional forms for the messages. Consequently, even though BP reduces
the dimensionality of the inference problem, its computational complexity may still be
prohibitive when the messages are intractable—for example, when the factored pdf is a
product of GMMs. [67,68]
Gaussian BP (GaBP) [64, 69] is a variant of BP that projects messages to Gaussian
distributions based on the Central Limit Theorem (CLT).

Expectation Propagation

Expectation Propagation (EP) [7] was proposed to handle intractable messages by intro-
ducing a projection step that approximates messages within a chosen family of distribu-
tions. In the constrained BFE minimization framework, this corresponds to relaxing the
strict marginal consistency constraints to moment constraints [11].
Compared to BP, a major problem with EP is that the factor-level beliefs (i.e., approxi-
mated marginals involving the arguments of a factor) may be non-integrable. This pre-
vents EP from proceeding, since the computation of means and variances of such beliefs
is required. In [70], the authors investigated this problem and proposed several methods
to address it.

11.1.2 Main Contribution

This paper investigates both BP- and EP-based approaches for estimating the mean and
variance of a univariate factored distribution.
BP cannot be directly applied to approximate these statistics when every factor is, for
example, a GMM. To address this issue, we propose Variable Duplication Gaussian Belief
Propagation (VDBP) to avoid intractable computations. In multivariate inference prob-
lems, BP provides marginal distributions for individual variables, as well as joint marginals
for variables appearing together in a factor. Leveraging this property, we construct a mul-
tivariate linear measurement model whose underlying marginal posterior (or joint PDF
with all but one variable marginalized) is equivalent to the given univariate factored dis-
tribution up to a constant factor. We then apply GaBP to iteratively approximate the
marginal posterior of the multivariate linear measurement model.
As the name suggests, VDBP converts a univariate factored PDF into a multivariate
factored PDF by duplicating one variable for each factor, treating the univariate factored
distribution as a multivariate joint PDF in which each factor is proportional to the PDF of
an independent random variable. The resulting multivariate factored PDF is interpreted
as prior information. The measurement channel and measurement outcome are designed
such that the measurement likelihood enforces equality among all duplicated variables.
Based on the properties of Dirac delta functions, VDBP constructs the measurement
matrix as the transpose of the orthogonal complement of the all-ones vector (i.e., each
row of the measurement matrix is orthogonal to the all-ones vector). The measurement
outcome and noise are both constructed as all-zero vectors. We show analytically that
the marginal posterior of the constructed measurement model is equivalent to the original
univariate factored PDF.

112



To overcome the problem of non-integrable beliefs when EP is used to approximate the
statistics of univariate factored distributions, we adopt ideas from recent work [70]. We
investigated a persistent sequential EP algorithm for estimating the univariate factored
PDF, in which updates associated with non-integrable beliefs are skipped.
Furthermore, inspired by [70], we propose Analytic Continuation EP (ACEP), in which
Gaussian distributions are represented using natural parameters. The technique of ana-
lytic continuation allows us to exploit discontinuities in Gaussian functions expressed in
natural-parameter form. The key idea of ACEP is to dynamically shrink the projection
family in EP to ensure that the belief associated with the next factor is integrable.
Both EP-based algorithms proposed in this paper operate in a sequential manner. We
show that the variable-level beliefs produced by both EP based algorithms are guaranteed
to be integrable.

11.2 Problem Formulation
Consider a univariate factored PDF with non-negative integrable factors fnpθq

ppθq9

N
ź

n“1

fnpθq, (11.1)

where the objective of this paper is to develop a low-complexity method for estimating
the statistics of θ. The direct computation of integrals involving ppθq becomes intractable
when each factor fn is a mixture model.

11.3 VDBP-Based Approximation for Univariate Fac-
tored PDFs

11.3.1 Outline of the VDBP

Inspired by [19], we duplicate the variable θ into N new variables tθnuNn“1, one for each
factor fn, to construct a multivariate joint PDF. To describe the equality relationships
among these newly constructed variables, we define a matrix A P RMˆN with M “ N ´1,
such that A¨1 “ 0. This matrix can be constructed by first generating a full-rank random
matrix B P RMˆN and then setting

A “ B ´ diag
ˆ

B ¨ 1N

N

˙

1N´11
T
N . (11.2)

A simple choice for such a matrix is a trimmed Hadamard matrix with the all-ones row
removed.
We define the multivariate factored joint PDF as

ppθq9δpAθq
ź

n

fnpθnq9
ź

m

δpAm,: θq
ź

n

fnpθnq, (11.3)

where Am,: denotes the m-th row of the matrix A.

Lemma 5. @A P RpN´1qˆN and @n P t1, . . . , Nu, let An denote the matrix obtained by
removing the n-th column of A. If rankpAq “ N´1 and A¨1 “ 0, then rankpAnq “ N´1.
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Proof. We prove the lemma by contradiction. Assume that rankpAnq ă N ´ 1, then
Dk P t1, . . . , N ´ 1u and DbT P R1ˆpN´2q, such that

“

An

‰

k,:
“ bTCkn, (11.4)

where Ckn P RpN´2qˆpN´1q is defined as

Ckn “

«

“

An

‰

1:pk´1q,:
“

An

‰

pk`1q:pN´1q,:

ff

. (11.5)

The above two equations indicate that the k-th row of An can be written as a linear
combination of the remaining rows in An.
On the other hand, due to the assumption A ¨ 1 “ 0, we have

An ¨ 1 “ ´an, (11.6)

where an denotes the n-th column of A. We can remove the k-th rows on both sides of
(11.6):

Ckn ¨ 1 “ ´dkn, (11.7)

where dkn is a trimmed version of an, with the k-th entry removed. Similarly, by extracting
the k-th row in (11.6) and we have

“

An

‰

k,:
1 “ ´rAsk,n. (11.8)

Right-multiplying both sides of (11.4) by the all-ones vector and using (11.7) and (11.8),
we obtain

“

An

‰

k,:
¨ 1 “ bTCkn ¨ 1

ñ rAsk,n “ bTdkn.
(11.9)

Combining (11.4) and (11.9), we have
”

rAsk,n
“

An

‰

k,:

ı

“ bT
“

dkn Ckn

‰

ñ

”

rAsk,n
“

An

‰

k,:

ı

P “ bT
“

dkn Ckn

‰

P ,
(11.10)

where P is a N ˆ N permutation matrix:

P “

»

–

0T
n´1 1 0T

N´n

In´1 0n´1 Opn´1qˆpN´nq

OpN´nqˆpn´1q 0N´n IN´n

fi

fl . (11.11)

One can verify that
”

rAsk,n
“

An

‰

k,:

ı

P is the k-th row of A and that
“

dkn Ckn

‰

P

is the matrix obtained from A by removing its k-th row. Therefore, (11.10) indicates
rankpAq ă N ´ 1, which contradicts the assumption that rankpAq “ N ´ 1.

Theorem 2. @A P RMˆN , where M “ N ´ 1, if rankpAq “ M and A ¨ 1 “ 0, then

@n :

ż

δpAθq
ź

n1‰n

fn1pθn1qdθn19

N
ź

n1“1

fn1pθnq. (11.12)

114



Proof. Consider the term inside the Dirac delta function

δpAθq “ δpAnθn ` anθnq, (11.13)

where An denotes the M ˆ M matrix obtained from A by removing its n-th column.
Similarly, θn is the vector obtained from θ by removing its n-th entry. Furthermore, an

denotes the n-th column of A and θn denotes the n-th entry of θ.
By Lemma 5, An is an invertible matrix. Define η “ Anθn, and thus, dθn “

ˇ

ˇ

ˇ
det

´

A
´1

n

¯
ˇ

ˇ

ˇ
dη.

Therefore, the integral in the theorem can be rewritten as
ż

δpAθq
ź

n1‰n

fn1pθn1qdθn1

“
1

ˇ

ˇdet
`

An

˘ˇ

ˇ

ż

dη δpη ` anθnq
ź

n1‰n

fn1

ˆ

”

A
´1

n

ı

kpn1q,:
η

˙

“
1

ˇ

ˇdet
`

An

˘
ˇ

ˇ

ź

n1‰n

fn1

ˆ

´

”

A
´1

n

ı

kpn1q,:
anθn

˙

,

(11.14)

where kpn1q : t1, . . . , n ´ 1, n ` 1, . . . , Nu Ñ t1, . . . , N ´ 1u is an index transformation
defined as

kpn1
q “

#

n1 if 1 ď n1 ă n

n1 ´ 1 if n ă n1 ď N
. (11.15)

On the other hand, from the assumption A ¨ 1 “ 0, we have

A ¨ 1 “ 0

ñ An ¨ 1 “ ´an

ñ 1 “ ´A
´1

n an

ñ @j P t1, . . . , N ´ 1u :
”

A
´1

n

ı

j,:
an “ ´1.

(11.16)

Substitute (11.16) into the last line of (11.14) yields

ż

δpAθq
ź

n1‰n

fn1pθn1qdθn1 “
1

ˇ

ˇdet
`

An

˘
ˇ

ˇ

N
ź

n1“1

fn1pθnq. (11.17)

Based on Theorem 2, we can view (11.1) as the marginalized version of (11.3), i.e.,

@i P N X r1, N s :
ź

n

fnpθiq9

ż

δpAθq
ź

n

fnpθnqdθi, (11.18)

where θi denotes an pN ´ 1q ˆ 1 vector obtained by removing the i-th entry from θ.
The delta distribution δpAθq can be interpreted as a noiseless linear measurement model:

y “ Aθ ` v, (11.19)

where y “ 0 and v „ N p0, diagp
“

ϵ1 . . . ϵN
‰

qq, with infinitesimal ϵn for all n. The
auxiliary noise variance ϵn can serve as a regularization term to prevent zero denominators
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Figure 11.1: Factor Graph for VDBP
that may occur due to poor initialization. In our simulations, we set ϵn “ 0. The
corresponding factor graph for (11.3) and (11.19) is illustrated in Figure 11.1.
Since each factor node fipθiq is connected to only one variable θi, the message from factor
fi to θi is always fipθiq. A tractable BP-based algorithm for estimating the statistics can
be obtained by deriving the message update equations for ∆yÑθ

m,n and ∆yÐθ
m,n . These mes-

sages can also be interpreted as approximate probabilities: the factor-to-variable message
∆yÑθ

m,n is proportional to the approximate likelihood ppym|θnq, while the variable-to-factor
message ∆yÐθ

m,n is proportional to the approximate posterior ppθn|ymq, where ym denotes
all entries of y except the m-th one.
In the following, we apply the BP update rules, together with the CLT, to derive these
messages.

11.3.2 Derivation of the VDBP

We first derive the factor-to-variable message ∆yÑθ
m,n pθnq. Since BP is an iterative method,

we assume that the mean and variance of the variable-to-factor message ∆yÐθ
m,n pθnq are

given by µθ
m,n “ E∆yÐθ

m,n
rθns and τ θm,n “ Var∆yÐθ

m,n
rθns, respectively.

Define zm “
ř

n amnθn. Then the conditional PDF ppzm|θn, t∆yÐθ
m,n uNn“1q can be approxi-

mated as Gaussian according to the CLT

ppzm|θn, t∆yÐθ
m,n u

N
n“1q

“

ż

δpzm ´ amnθn ´
ÿ

n1‰n

amn1θn1q
ź

n1‰n

∆yÐθ
m,n1pθn1qdθn1

» N pzm|amnθn ` µp
n,m, τ

p
n,mq, (11.20)

where t∆yÐθ
m,n uNn“1 denotes the collection of all variable-to-factor messages. In the last

line of (11.20), the CLT is applied to approximate the interference term
ř

n1‰n amn1θn1 as
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Gaussian with mean and variance µp
n,m, τ pn,m:

µp
n,m “

ÿ

n1‰n

amn1µθ
m,n1

τ pn,m “
ÿ

n1‰n

|amn1 |
2τ θm,n1 .

(11.21)

Based on BP rules for the feedback messages, we combine ppzm|θn, t∆yÐθ
m,n uNn“1q with the

measurement model ppym|zmq “ N pym|zm, ϵmq and integrate over zm to obtain the factor-
to-variable message ∆yÑθ

m,n pθnq, which corresponds to the approximate likelihood ppym|θnq

∆yÑθ
m,n pθnq9N

ˆ

θn

ˇ

ˇ

ˇ

ˇ

ym ´ µp
n,m

amn

,
τ pn,m ` ϵm

|amn|2

˙

. (11.22)

We now derive the variable-to-factor message ∆yÐθ
m,n :

∆yÐθ
m,n pθnq9fnpθnq

ź

j‰m

ppyj|θnq

“ fnpθnqN pθn|µr
m,n, τ

r
m,nq,

(11.23)

where µr
m,n and τ rm,n follow from the Gaussian reproduction property [15]:

τ rm,n “

˜

ÿ

j‰m

|ajn|2

τ pn,j ` ϵj

¸´1

µr
m,n “ τ rm,n

˜

ÿ

j‰m

ajn
`

yj ´ µp
n,j

˘

τ pn,j ` ϵj

¸

.

(11.24)

From (11.20)–(11.21), we observe that under the CLT approximation only the first two
moments of ∆yÐθ

m,n are required:

µθ
m,n “ E∆yÐθ

m,n
rθns

τ θm,n “ Var∆yÐθ
m,n

rθns,
(11.25)

where ∆yÐθ
m,n is defined in (11.23). This concludes our discussion for a general factor fn in

(11.1). Next, we consider a representative case in which fn follows a GMM that arises in
bilinear joint estimation and detection problems.

GMM Factors

Assume that the factors in (11.1) have the following structure:

fnpθnq9
ÿ

sn

psnN pθn|µsn , τsnq. (11.26)

The only part of VDBP that depends on the factor structure is the update of the mean and
variance of ∆yÐθ

m,n in (11.25). Substituting (11.26) into (11.23) and applying the Gaussian
Reproduction Lemma [15], we obtain

∆yÐθ
m,n pθnq9

ÿ

sn

πnpsn|µr
m,n, τ

r
m,nq

¨ N pθn|µx|s
m,npsnq, τx|s

m,npsnqq,

(11.27)
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where πnpsn|µr
m,n, τ

r
m,nq is the normalized categorical distribution defined as

πnpsn|µr
m,n, τ

r
m,nq9psnN p0|µsn ´ µr

m,n, τ
r
m,n ` τsnq. (11.28)

The corresponding conditional mean and variance are given by

µx|s
m,npsnq “

τ rm,nµsn ` τsnµ
r
m,n

τ rm,n ` τsn

τx|s
m,npsnq “

τ rm,nτsn
τ rm,n ` τsn

.

(11.29)

Therefore, the message ∆yÐθ
m,n pθnq in (11.27) is itself a GMM with the same number of

components as the factor fn. By exchanging the order of integration and summation, the
mean of ∆yÐθ

m,n pθnq can be computed as

µθ
m,n “ Eπnpsn|µr

m,n,τ
r
m,nq

“

µx|s
m,npsnq

‰

, (11.30)

while its variance is given by

τ θm,n “ Eπnpsn|µr
m,n,τ

r
m,nq

“

τx|s
m,npsnq ` µx|s

m,npsnq
2
‰

´ pµθ
m,nq

2. (11.31)

11.3.3 Approximated Statistics

Recall the relation in (11.18), which indicates that the univariate factorized PDF in (11.1)
can be approximated by the marginal distribution of (11.3). According to the BP rule
for variable level belief, the marginal distribution of a variable can be approximated as
the product of all incoming messages to that variable. Since the message ∆yÑθ

m,n in (11.22)
follows a Gaussian distribution, we define the extrinsic mean and variance µr

n and τ rn such
that

N pθn|µr
n, τ

r
nq : 9

ź

m

∆yÑθ
m,n pθnq. (11.32)

As a result, the extrinsic mean and variance are

τ rn “

˜

ÿ

m

|amn|2

τ pn,m ` ϵm

¸´1

µr
n “ τ rn

˜

ÿ

m

amn

`

ym ´ µp
n,m

˘

τ pn,m ` ϵm

¸

.

(11.33)

By combining the extrinsic distribution in (11.32) with the factor fnpθnq, we obtain the
approximate marginal of (11.3) as

bθnpθnq : 9fnpθnqN pθn|µr
n, τ

r
nq. (11.34)

According to (11.18), (11.34) can be regarded as an approximate form of (11.1). Without
loss of generality, we restrict our attention to the approximate mean and variance.
Each θn yields its own belief of the marginal mean and variance, denoted by µθ

n and τ θn:

µθ
n “ Ebθn

rθns

τ θn “ Varbθn rθns.
(11.35)
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Algorithm 11.1: VDBP for GMM Factors

1: Initialize @m,n : µθ
m,n “ 0, τ θm,n “ 1

2: repeat
3: @m : µp

m “
ř

n amnµ
θ
m,n

4: @m : τ pm “
ř

n |amn|2τ θm,n

5: @n,m : µp
n,m “ µp

m ´ amnµ
θ
m,n

6: @n,m : τ pn,m “ τ pm ´ |amn|2τ θm,n

7: @n : τ rn “

´

ř

m
|amn|2

τpn,m`ϵm

¯´1

8: @n : µr
n “ τ rn

ˆ

ř

m

a˚
mnpym´µp

n,mq
τpn,m`ϵm

˙

9: @m,n : τ rm,n “

´

τ r ´1
n ´

|amn|2

τpn,m`ϵm

¯´1

10: @m,n : µr
m,n “ τ rm,n

ˆ

µr
n

τrn
´

a˚
mnpym´µp

n,mq
τpn,m`ϵm

˙

11: @m,n : Compute normalized πnpsnq via (11.28)
12: @m,n : Compute µθ

m,n, τ θm,n via (11.30), (11.31)
13: until Convergence
Finally, we combine these beliefs to obtain the approximate mean and variance of ppθq in
(11.1), denoted by µ

pθ and τ
pθ:

µ
pθ

“

˜

ÿ

n

1

τ θn

¸´1 ˜

ÿ

n

µθ
n

τ θn

¸

τ
pθ

“ minpτ θ1 , . . . , τ
θ
Nq.

(11.36)

The computational complexity of the proposed algorithm depends on the number of
nonzero elements in A. When a trimmed Hadamard matrix is used, the overall com-
putational complexity is OpN2q. The VDBP algorithm is summarized in Algorithm 11.1.

11.4 Preliminaries for Expectation Propagation
In EP, a message does not necessarily correspond to a normalizable function and may
even be non-integrable. Let UN pθ|µ, τq denote an unnormalized Gaussian (ignoring the?
2πτ normalization factor),

UN pθ|µ, τq “ exp´
pθ ´ µq

2

2τ
. (11.37)

We define a Gaussian distribution in natural-parameter form as

Mpθ|ν, ξq “

?
ξ

?
2π

exp

ˆ

´
ξ

2
θ2 ` νθ ´

ν2

2ξ

˙

. (11.38)

Similarly, the unnormalized Gaussian in natural-parameter form is defined as

UMpθ|ν, ξq “ exp

ˆ

´
ξ

2
θ2 ` νθ ´

ν2

2ξ

˙

. (11.39)
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Figure 11.2: Factor Graph for EP
One can verify that if UN pθ|µ, τq “ UMpθ|ν, ξq, or if N pθ|µ, τq “ Mpθ|ν, ξq, then

ν “
µ

τ
;

ξ “
1

τ
.

(11.40)

We can then obtain the unnormalized Gaussian reproduction lemma. For all µ P R and
τ P R{t0u,

UN pθ|µ1, τ1qUN pθ|µ2, τ2q

“UN p0|µ1 ´ µ2, τ1 ` τ2qUN
ˆ

θ

ˇ

ˇ

ˇ

ˇ

τ2µ1 ` τ1µ2

τ1 ` τ2
,

τ1τ2
τ1 ` τ2

˙

.
(11.41)

Similarly, apply the Gaussian reproduction lemma to unnormalized Gaussians in natural-
parameter form, and using analytic continuation to cover the case ξ “ 0 (i.e., τ Ñ 8),
we have @ν, ξ P R,

UMpθ|ν1, ξ1qUMpθ|ν2, ξ2q“UN pθ|µ1, τ1qUN pθ|µ2, τ2q

“UM
ˆ

0

ˇ

ˇ

ˇ

ˇ

ξ2ν1´ξ1ν2
ξ1 ` ξ2

,
ξ1ξ2
ξ1`ξ2

˙

UM pθ |ν1`ν2, ξ1 ` ξ2 q ,
(11.42)

where

ν1 “
µ1

τ1
, ν2 “

µ2

τ2
;

ξ1 “
1

τ1
, ξ2 “

1

τ2
.

(11.43)

11.4.1 Factor Graph of the Given Problem in EP

Now we investigate EP-based algorithms. Consider the univariate factored PDF given in
(11.1). We define the message from the n-th factor to θ as ∆fÑθ

n pθq and the message from
θ to the n-th factor as ∆fÐθ

n pθq. The corresponding factor graph is shown in Fig. 11.2.

11.5 Persistent EP
In EP, the messages are not required to be integrable. Unlike the Gaussian distribution,
the unnormalized Gaussian defined in (11.37) allows negative values of τ . However, the
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point τ “ 0 is an essential discontinuity of (11.37). Persistent EP operates under a
sequential update order. Specifically, the messages to and from one factor are updated
at a time, and the latest messages are immediately used when updating the messages
associated with the next factor. In the following, we focus on deriving the messages to
and from factor fn.
Persistent EP does not actively prevent the formation of non-integrable beliefs. Instead,
it handles non-integrable beliefs in a passive manner: if the belief at the factor fnpθq is
non-integrable, the update of the message ∆fÑθ

n pθq is skipped.
Based on the EP rules, the message from variable to factor fnpθq can be computed as

∆fÐθ
n pθq “ UN pθ|µfÐθ

n , τ fÐθ
n q9

ź

n1‰n

∆fÑθ
n1 pθq, (11.44)

where

τ fÐθ
n “

˜

ÿ

n1‰n

1

τ fÑθ
n1

¸´1

µfÐθ
n “ τ fÐθ

n

˜

ÿ

n1‰n

µfÑθ
n1

τ fÑθ
n1

¸

.

(11.45)

Unlike standard EP algorithm, a checking mechanism is introduced before computing the
belief at factor fn. Specifically, we evaluate whether the integral

ż

fnpθq∆fÐθ
n pθqdθ

is finite. The check passes if the integral exist in R.
If the check fails, the update of ∆fÑθ

n pθq is skipped in the current iteration, and the
algorithm proceeds to the next factor fk, where k “ pn mod Nq ` 1, and repeats from
(11.44) with index n replaced by k.
If the check passes, the belief at fn can be computed as

bfnpθq9fnpθq∆fÐθ
n pθq, (11.46)

which is guaranteed to have a finite integral value. The corresponding belief mean and
variance are

µ
bf
n “ Ebfn

rθs,

τ
bf
n “ Varbfn rθs.

(11.47)

According to the EP update rule, the message from factor fn to θ is

∆fÑθ
n pθq “ UN pθ|µfÑθ

n , τ fÑθ
n q9

UN pθ|µ
bf
n , τ

bf
n q

∆fÐθ
n pθq

, (11.48)

where

τ fÑθ
n “

ˆ

1

τ
bf
n

´
1

τ fÐθ
n

˙´1

µfÑθ
n “ τ fÑθ

n

˜

µ
bf
n

τ
bf
n

´
µfÐθ
n

τ fÐθ
n

¸

.

(11.49)
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After the final iteration, the Gaussian approximation of the univariate factored PDF is
the belief at variable θ:

bθpθq9
ź

n

∆fÑθ
n pθq. (11.50)

Therefore, the mean and variance of bθpθq are the approximated mean and variance of the
univariate factored PDF:

τ bθ “

˜

ÿ

n

1

τ fÑθ
n

¸´1

µbθ “ τ bθ

˜

ÿ

n

µfÑθ
n

τ fÑθ
n

¸

.

(11.51)

The above procedure is then repeated for the next factor fk, where k “ pn mod Nq ` 1.
Since a sequential update strategy is used, bθpθq is updated by (11.50) whenever a factor-
to-variable message is updated. Thus, (11.50) serves as the definition for bθpθq throughout
the algorithm.

Proposition 1. Assume that bθpθq is defined as in (11.50). If the algorithm in (11.44)-
(11.51) is initialized with messages such that bθpθq is integrable, then the integral of bθpθq

remains finite throughout all iterations.

Proof. We prove the proposition by mathematical induction over the sub-iterations. The
i-th sub-iteration is defined as the update in which only the messages to and from the n-th
factor are considered, where n “ rpi´ 1q mod N s ` 1 . An iteration therefore consists of
N sub-iterations.
By assumption, the belief bθpθq is initialized to be integrable.
For clarity, we denote @k “ t1, . . . , Nu : ∆fÐθ

k;piq pθq and ∆fÑθ
k;piq pθq as the messages to and

from factor fkpθq at the end of sub-iteration i. Similarly, let bθ;piqpθq denote the variable-
level belief at the end of sub-iteration i. We also denote µ

bf
n;piq and τ

bf
n;piq as the mean and

variance of the factor-level belief bfnpθq at the end of iteration i.
Assume that at the end of sub-iteration i, the belief bθ;piqpθq is integrable. At sub-iteration
i ` 1, the messages to and from factor fmpθq are updated, where m “ pi mod Nq ` 1. If
the factor-level belief computed in (11.46) is not integrable, i.e.,

ż

fmpθq∆fÐθ
m;pi`1q

pθqdθ “ 8, (11.52)

then the update of ∆fÑθ
m pθq is skipped and

∆fÑθ
m;pi`1q

pθq “ ∆fÑθ
m;piqpθq. (11.53)

Consequently,
bθ;pi`1qpθq “ bθ;piqpθq, (11.54)

which remains integrable.
If instead the factor-level belief computed in (11.46) is integrable, i.e.,

ż

fmpθq∆fÐθ
m;pi`1q

pθqdθ ă 8, (11.55)
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Algorithm 11.2: Persistent EP for GMM Factors

1: Initialize @n : µfÑθ
n “ 0, τ fÑθ

n “ 1
2: repeat
3: [For every n P r1, . . . , N s, repeat the following]
4: Update τ bθ and µbθ by (11.51)
5: τ fÐθ

n “
τfÑθ
n τbθ

τfÑθ
n ´τbθ

6: µfÐθ
n “

τfÑθ
n µbθ´τbθµfÑθ

n

τfÑθ
n ´τbθ

7: if bfnpθq in (11.46) is integrable then
8: Update µ

bf
n and τ

bf
n by (11.46) - (11.47)

9: Update τ fÑθ
n and µfÑθ

n by (11.49)
10: end if
11: until Convergence
12: Output µbθ and τ bθ as approximated mean and variance
then by (11.48), we have

∆fÑθ
m;pi`1q

pθq∆fÐθ
m;pi`1q

pθq “ UN pθ|µ
bf
m;pi`1q

, τ
bf
m;pi`1q

q, (11.56)

where τ bfm;pi`1q
ě 0. Since τ bfm;pi`1q

ě 0, we can verify (11.56) has finite integral (if τ bfm;pi`1q
“

0, then (11.56) is Dirac delta function).
Finally, comparing (11.44) and (11.50), we have

bθ;pi`1qpθq “ ∆fÑθ
m;pi`1q

pθq∆fÐθ
m;pi`1q

pθq. (11.57)

Thus, bθ;pi`1qpθq is also integrable.
By induction, bθpθq has a finite integral at every sub-iteration.

The persistent EP algorithm for GMM factors is concluded in Algorithm 11.2. Due to
the sequential update strategy, line 4 of Algorithm 11.2 has computational complexity
Op1q, since only a single term corresponding to the most recently updated message ∆fÑθ

k

is updated when updating bθpθq, where k “ rpn ´ 2q mod N s ` 1.

11.6 Analytic Continuation EP
To avoid non-integrable beliefs that prevent the algorithm from progressing, we adopt
the technique of analytic continuation proposed in [70]. While persistent EP handles
non-integrable beliefs in a passive manner, Analytic Continuation EP (ACEP) actively
prevents non-integrable factor-level belief at the subsequent factor. By expressing Gaus-
sian distributions in terms of their natural parameters as in (11.40), we have a removable
discontinuity at ξ “ 0 in UM if we discard the constant term ´ν2

ξ
, and the essential

discontinuity τ “ 0 in UN becomes ξ Ñ ˘8. Consequently, it is more convenient in
this section to represent Gaussian distributions using the natural parameters pν, ξq rather
than the mean–variance pair pµ, τq.
Based on EP, the message from θ to the n-th factor is updated as

∆fÐθ
n pθq “ UMpθ|νfÐθ

n , ξfÐθ
n q9

ź

n1‰n

∆fÑθ
n1 pθq, (11.58)
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where

νfÐθ
n “

ÿ

n1‰n

νfÑθ
n1 ;

ξfÐθ
n “

ÿ

n1‰n

ξfÑθ
n1 .

(11.59)

The belief at fn is then computed as

bfnpθq9fnpθq∆fÐθ
n pθq. (11.60)

When the Gaussian family is chosen as the projection family in EP, minimizing the Kull-
back–Leibler divergence is equivalent to matching the mean and variance. Accordingly,
we define the approximated posterior mean and variance of the belief at factor fn as

µ
bf
n “ Ebfn

rθs,

τ
bf
n “ Varbfn rθs.

(11.61)

Following (11.61), the corresponding natural parameters are defined as

ν
bf
n “

µ
bf
n

τ
bf
n

;

ξ
bf
n “

1

τ
bf
n

.

(11.62)

Inspired by [70], to prevent non-integrable beliefs from blocking further updates, it suf-
fices to ensure that the belief at the next factor fkpθq remains integrable, where k “ pn
mod Nq ` 1.
Due to the following two observations:

•
`

νfÑθ
n , ξfÑθ

n

˘

and
´

νfÐθ
k , ξfÐθ

k

¯

are linearly related through (11.59);

• no other messages are updated between the updates of ∆fÑθ
n pθq and ∆fÐθ

k pθq,

and hence, there exists a bijection between
`

νfÑθ
n , ξfÑθ

n

˘

and
´

νfÐθ
k , ξfÐθ

k

¯

. We therefore

define a domain Ωn for
`

νfÑθ
n , ξfÑθ

n

˘

such that, if
`

νfÑθ
n , ξfÑθ

n

˘

P Ωn the belief update at
the next factor node

bfkpθq9fkpθq∆fÐθ
k pθq (11.63)

is integrable, where k “ pn mod Nq ` 1.
Based on the EP rules for marginal factor-level belief projection and feedback message,
ACEP merges the projection and message-update steps into a direct update of the factor-
to-variable message.
Due to the feedback message update rule, the projected belief admits the form

pbfnpθq “ M
”

θ
ˇ

ˇ

ˇ
ν

pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

, ξ
pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

ı

9∆fÐθ
n pθq∆fÑθ

n pθq,
(11.64)

with

ν
pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

“ νfÑθ
n ` νfÐθ

n

ξ
pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

“ ξfÑθ
n ` ξfÐθ

n .
(11.65)
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Since ACEP is iterative, the parameters
`

νfÐθ
n , ξfÐθ

n

˘

are treated as constants during
the update of ∆fÑθ

n pθq. Substituting (11.64) and (11.65) into the KLD projection as the
second KLD parameter, and incorporating the domain constraint Ωn, yields

`

νfÑθ
n , ξfÑθ

n

˘

“ arg min
pν

fÑθ
n ,ξfÑθ

n qPΩn

KLD
”

bfnpθq}pbfnpθq

ı

, (11.66)

where the left KLD parameter bfnpθq is defined in (11.60). Expanding the KLD and
discarding the constants gives

`

νfÑθ
n , ξfÑθ

n

˘

“ arg min
pν

fÑθ
n ,ξfÑθ

n qPΩn

Ln

`

νfÑθ
n , ξfÑθ

n

˘

, (11.67)

where

Ln

`

νfÑθ
n , ξfÑθ

n

˘

“ ´

ln
”

ξ
pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

ı

2

`

”

ν
pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

´ ξ
pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

µ
bf
n

ı2

2ξ
pbf
n

´

νfÑθ
n , ξfÑθ

n

¯

`
ξ

pbf
n

`

νfÑθ
n , ξfÑθ

n

˘

τ
bf
n

2
.

(11.68)

For the unconstrained case Ωn “ R2, the optimal point of (11.67) is obtained by setting
the partial derivative with respect to each of the parameters to zero:

ξfÑθ
n “

1

τ
bf
n

´ ξfÐθ
n

νfÑθ
n “ pξfÑθ

n ` ξfÐθ
n qµ

bf
n ´ νfÐθ

n

“
µ
bf
n

τ
bf
n

´ νfÐθ
n .

(11.69)

Compared to the mean-variance representation, the natural-parameter representation al-
lows smooth transition as ξfÑθ

n crosses zero. Thus, ξfÑθ
n and νfÑθ

n remain well-defined in
R as long as the belief bfnpθq is integrable with well-defined mean and variance.
Finally, we approximate the mean and variance of the given univariate factored PDF
using those of the variable-level belief:

bθpθq “ Mpθ|νbθ , ξbθq9
ź

n

∆fÑθ
n pθq, (11.70)

with

νbθ “
ÿ

n

νfÑθ
n

ξbθ “
ÿ

n

ξfÑθ
n .

(11.71)

The corresponding belief variance and mean are

τ bθ “
1

ξbθ

µbθ “
νbθ

ξbθ
.

(11.72)
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Proposition 2. Assume that bθpθq is defined as in (11.70). If the algorithm in (11.58)-
(11.72) is initialized with messages such that bθpθq is integrable, then it remains integrable
at every iteration.

Proof. As in Proposition 1, we proceed by mathematical induction. By assumption, the
initial bθpθq is integrable.
As the induction hypothesis, assume that after updating the message ∆fÑθ

k pθq, the belief
bθpθq remains integrable.
Let n “ pk mod Nq ` 1. The algorithm enforces that the factor-level belief bfnpθq is
integrable. Consequently, the objective function (11.68) is well defined. From the first
term on the right-hand side of (11.68), we see that, for Ln to be well defined, it is required
that

ξfÑθ
n ` ξfÐθ

n ą 0, (11.73)

which defines the natural domain for Ln.
After updating ξfÑθ

n , the precision (inverted variance) of the variable-level belief becomes

ξbθ “ ξfÑθ
n ` ξfÐθ

n ą 0. (11.74)

Therefore, the belief bθpθq remains integrable.

11.6.1 GMM Case

As an illustrative example, consider Gaussian mixture factors of the form given in (11.26)

fnpθq9
ÿ

sn

psnMpθ|νsn , ξsnq, (11.75)

where

νsn “
µsn

τsn
;

ξsn “
1

τsn
.

(11.76)

From (11.60) and (11.42), the factor-level belief at fn can be written as

bfnpθq9
ÿ

sn

ωsnMpθ|νsn ` νfÐθ
n , ξsn ` ξfÐθ

n q, (11.77)

where

ωsn“
psn

a

ξsn
b

ξsǹ ξfÐθ
n

UM
ˆ

0

ˇ

ˇ

ˇ

ˇ

ξfÐθ
n νsń ξsnν

fÐθ
n

ξsn ` ξfÐθ
n

,
ξsnξ

fÐθ
n

ξsǹ ξfÐθ
n

˙

. (11.78)

As discussed earlier, ξfÐθ
n may be zero, which is a discontinuity in (11.78). However, due

to the design of the additional domain Ωn as we will see in (11.83) and (11.84), we use
the ansatz that @sn : ξsǹ ξfÐθ

n ě 0. To analyze the asymptotic behavior of (11.77), we
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examine the ratio between ωs1
n

and ωsn

ρs
1
n
sn “

ωs1
n

ωsn

“

ps1
n

c

ξs1
n

´

ξsn ` ξfÐθ
n

¯

psn

c

ξsn

´

ξs1
n

` ξfÐθ
n

¯

¨ exp

¨

˝´
1

2

»

–

ξfÐθ
n ν2

s1
n

ξs1
n

´

ξs1
n

` ξfÐθ
n

¯ ´
2νs1

n
νfÐθ
n

ξs1
n

` ξfÐθ
n

`
2νsnν

fÐθ
n

ξsn ` ξfÐθ
n

´
ξfÐθ
n ν2

sn

ξsn

´

ξsn ` ξfÐθ
n

¯ `
νfÐθ
n

ξsn ` ξfÐθ
n

´
νfÐθ

ξs1
n

` ξfÐθ
n

fi

fl

˛

‚.

(11.79)

From (11.79), we observe that ρ
s1
n
sn remains finite and positive if ξfÐθ

n “ 0. If ξfÐθ
n Ñ

p´ξs1
n
q`, we have ρs

1
n
sn Ñ 0. Moreover, we can verify that if ξfÐθ

n Ñ p´ξs1
n
q`, ρs

1
n
sn is a higher

order infinitesimal of ξfÐθ
n ` ξs1

n
. A similar asymptotic behavior at ξfÐθ

n Ñ p´ξsnq` can
be obtained by analyzing ρsns1

n
. Consequently, (11.77) can be equivalently written as

@sn : bfnpθq9
ÿ

s1
n

ρs
1
n
snMpθ|νs1

n
` νfÐθ

n , ξs1
n

` ξfÐθ
n q. (11.80)

To normalize (11.80), we define the normalized ratio

ρs
1
n
sn “

ρ
s1
n
sn

ř

s1
n
ρ
s1
n
sn

. (11.81)

The mean and variance of bfnpθq in (11.80) are given by

µ
bf
n “

ÿ

s1
n

ρs
1
n
sn

`

νs1
n

` νfÐθ
n

˘

ξs1
n

` ξfÐθ
n

τ
bf
n “

¨

˝

ÿ

s1
n

ρs
1
n
sn

»

–

1

ξs1
n

` ξfÐθ
n

`

˜

νs1
n

`νfÐθ
n

ξs1
n

`ξfÐθ
n

¸2
fi

fl

˛

‚´pµ
bf
n q

2.

(11.82)

To close the loop, we update the message ∆fÑθ
n pθq using (11.66) - (11.68). Let the next

factor be k “ pn mod Nq ` 1. Since the integrability of a GMM is determined by the
signs of its component variances/precisions, we define the threshold for ξfÑθ

n as

ξthresn “ ´min
sk

pξskq ´
ź

n1‰n, n1‰k

ξfÑθ
n1

“ ´min
sk

pξskq ´ ξfÐθ
n ` ξfÑθ

k .
(11.83)

Thus, the admissible domain of
`

νfÑθ
n , ξfÑθ

n

˘

that ensures the integrability of bfkpθq is

Ωn “ R ˆ pξthresn ,`8q, (11.84)

where pξthresn ,8q denotes an open interval from ξthresn to `8. However, we can include
ξthresn by using the asymptotic analysis above.
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To solve the KLD projection in (11.66), since νfÑθ
n is unconstrained, we first set the

partial derivative with respect to νfÑθ
n to zero, which gives us

νfÑθ
n “ pξfÑθ

n ` ξfÐθ
n qµ

bf
n ´ νfÐθ

n . (11.85)

Substituting (11.85) into (11.68), we can verify that Ln

`

νfÑθ
n , ξfÑθ

n

˘

is decreasing for

ξfÑθ
n P

ˆ

´ξfÐθ
n ,

1

τ
bf
n

´ ξfÐθ
n

ȷ

, (11.86)

and increasing for

ξfÑθ
n P

ˆ

1

τ
bf
n

´ ξfÐθ
n ,`8

˙

. (11.87)

Therefore, ξfÑθ
n is obtained as

ξfÑθ
n “

#

1

τ
bf
n

´ ξfÐθ
n , if 1

τ
bf
n

´ ξfÐθ
n ą ξthresn

ξthresn , otherwise
. (11.88)

By substituting (11.88) back into (11.85), we obtain the update for the complete message
∆fÑθ

n pθq.
After the final iteration, the mean and variance of the product of GMM factors can be
obtained from the variable-level belief

bθpθq “
ź

n

∆fÑθ
n pθq. (11.89)

Accordingly, the mean and variance of bθpθq can be explicitly computed as

µbθ “

ř

n ν
fÑθ
n

ř

n ξ
fÑθ
n

;

τ bθ “
1

ř

n ξ
fÑθ
n

.

(11.90)

This concludes the ACEP algorithm for Gaussian mixture model factors, as summarized
in Algorithm 11.3.

11.7 Simulation Results
To verify the effectiveness of the proposed methods, we generate factored PDFs consisting
of N “ 8 GMM factors in each realization. Each GMM factor contains two Gaussian
components with randomly assigned weights, means, and variances. The product of these
8 GMM factors results in another GMM with 28 components. To assess the approximation
accuracy, we compute the exact mean and variance of the resulting 28-component GMM
using brute force, denoted by µ

pθ
GMM and τ

pθ
GMM respectively.

The normalized squared error (NSE) for a single realization is defined as

NSEµ “
pµ

pθ ´ µ
pθ
GMMq2

pµ
pθ
GMMq2

NSEτ “
pτ

pθ ´ τ
pθ
GMMq2

pτ
pθ
GMMq2

.

(11.91)
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Algorithm 11.3: ACEP for GMM Factors

1: Initialize @n : νfÑθ
n “ 0, ξfÑθ

n “ 1
2: repeat
3: [For every n P r1, . . . , N s, repeat the following]
4: Update νbθ and ξbθ by (11.71)
5: ξfÐθ

n “ ξbθ ´ ξfÑθ
n

6: νfÐθ
n “ νbθ ´ νfÑθ

n

7: Choose the index of a GMM component sn.
8: @s1

n : compute ρ
s1
n
sn by (11.79)

9: @s1
n : compute ρs

1
n
sn by (11.81)

10: Update µ
bf
n and τ

bf
n by (11.82)

11: k “ pn mod Nq ` 1
12: Update ξthresn by (11.83)
13: Update ξfÑθ

n by (11.88)
14: Update νfÑθ

n by (11.85)
15: until Convergence
16: Output µbθ and τ bθ as mean and variance by (11.90)
We simulated 10,000 realizations with different sets of GMM factors. The proposed meth-
ods are compared with the commonly used Clipping EP [2, 19]. Since checking the inte-
grability of the belief bfnpθq can be computationally expensive, we consider two variants
for both proposed EP-based algorithms:

• Strict approach (STR.): the algorithms are implemented exactly as proposed.

• Relaxed approach (RLX.): for persistent EP, we check the integrability of
∆fÐθ

n pθq instead of bfnpθq. For ACEP, we simply set ξthresn to zero.

The simulation results for mean estimations are shown in Fig. 11.3, while the results for
variance estimation are shown in Fig. 11.4. The abbreviation “PEP” denotes persistent
EP.
In both figures, the curves corresponding to strict persistent EP, relaxed persistent EP,
and strict ACEP coincide and consistently exhibit the best performance. All proposed
methods outperform clipping EP in terms of NSE at the 95% CDF.
An interesting observation is that the mean estimate produced by relaxed ACEP is close
to the best-performing methods, whereas its variance estimate is close to that of clipping
EP. This behavior can be explained by comparing relaxed ACEP with strict ACEP and
clipping EP. The variance estimation is closely related to the natural parameter ξ. Both
relaxed ACEP and clipping EP disallow non-integrable messages. Therefore, Fig. 11.4
suggests that the optimal set of messages may include non-integrable messages. By ex-
amining the updates of the mean and natural parameter ν in clipping EP and ACEP, we
observe that ACEP exploits the limit around the discontinuity ξfÑθ

n “ 0. In contrast, in
clipping EP, when τ fÑθ

n is clipped to `8, µfÑθ
n is still treated as a finite value. However,

as indicated by ACEP, µfÑθ
n should instead scale as Opτ fÑθ

n q.

11.8 Conclusions
This paper proposes one BP-based algorithm and two EP-based algorithms for estimating
the means and variances of univariate factored PDFs.
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Figure 11.3: NSE CDF of mean estimates.
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Figure 11.4: NSE CDF of variance estimates.
In the BP-based method, VDBP, we construct a multivariate measurement model whose
posterior can be marginalized to the given univariate factored PDF. GaBP is then applied
to this multivariate measurement model to approximate the marginal posterior.
EP can be directly applied to estimate the mean and variance of a univariate factored
PDF when all factor-level beliefs remain integrable throughout the iterations. To ad-
dress scenarios involving non-integrable factor-level beliefs, we proposed persistent EP
and ACEP.
Persistent EP adopts a passive strategy by skipping message updates around a factor
whenever the corresponding belief at the factor is non-integrable. In contrast, ACEP
takes an active approach by modifying the projection family to ensure that the belief at
the next factor is always integrable.
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Chapter 12

Avoiding Non-Integrable Beliefs in
Expectation Propagation

12.1 Introduction
Signal recovery is a fundamental problem in signal processing, with a wide range of appli-
cations. In the Bayesian framework, however, canonical inference methods such as MMSE
and MAP suffer from exponential computational complexity as the problem dimension
increases.
Graphical-model-based iterative methods have proven effective by exploiting structural
properties of the underlying models [5]. Expectation Propagation (EP), introduced in [35],
transforms a global inference problem into multiple local inference problems. EP can be
interpreted as an iterative procedure for finding the stationary point of the constrained
Bethe Free Energy (BFE) [6, 11]. Within this framework, EP approximates marginal
distributions (beliefs) using functions known as messages, which correspond one-to-one
with the Lagrange multipliers in the constrained BFE formulation. The iterative message
passing is interpreted as the alternating optimization of the corresponding constrained
BFE.
In EP and constrained BFE minimization, beliefs are required to be integrable. Whereas,
the messages are allowed to have any form. However, the alternating optimization or EP
cannot foresee whether a message update will lead to non-integrable belief.
In most literature [10,19,28], the authors restrict the algorithm to integrable messages to
avoid non-integrable beliefs. However, such augmentations are suboptimal, since optimal
solution may contain non-integrable messages [70,72].

12.1.1 Main Contributions

In [70], we investigate the non-integrable beliefs and message in linear model. However,
the proposed methods only work for simple factor graph and cannot be extended to more
general ones such as Generalized Linear Model (GLM) or bilinear estimation problems.
Furthermore, the analytical continuation technique was only used to restrict the messages
to be integrable.
In this chapter, we extend the ideas in [70] and propose two frameworks for EP to avoid
non-integrable belief. Both of the methods requires sequential update. GLM is then
investigated using our proposed EP frameworks.
For readers who is interested, please find all the proofs in [73].
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12.2 Analytic Continuation Expectation Propagation
(ACEP)

Consider a factored distribution

ppθq9
ź

α

fαpθαq. (12.1)

We adopt a sequential update scheme to infer the marginal distribution of ppθq as bpθ
npθnq »

ş

ppθq
ś

n1‰n dθn1 . The belief at factor fα can be computed as

bfαpθαq9fαpθαq
ź

nPNpαq

µθÑf
α,n pθnq (12.2)

The marginal belief is

b
pθ;f
α,npθnq “

ż

bfαpθαq
ź

n1PNpαq{tnu

dθn1 . (12.3)

It is then projected to Gaussian distribution by KLD

min
µfÑθ
α,n pθnqPFn

KLDrb
pθ;f
α,npθnq}

1

Z
µfÑθ
α,n pθnqµθÑf

α,n pθnqs, (12.4)

where Fn ensures that b
pθ
npθnq is integrable.

The belief at the variable node is

b
pθ
npθnq9

ź

αPNpnq

µfÑθ
α,n pθnq (12.5)

It is then projected to Gaussian by KLD

min
µθÑf
α,n pθnqPFα

KLDrb
pθ
npθnq}

1

Z
µfÑθ
α,n pθnqµθÑf

α,n pθnqs, (12.6)

where the domain Fα ensures that the belief bfαpθαq is integrable.

12.2.1 Constrained KLD Optimization in Gaussian Projection

Gaussian projection is commonly used in EP. When using Gaussian projection, a common
problem is “negative variance”, which may lead to non-integrable belief. non-integrable
messages are acceptable, while non-integrable belief prevents the algorithm from proceed-
ing. We define unnormalized Gaussian

N pθ|m,Cq “ expr´pθ ´ mq
HC´1

pθ ´ mqs. (12.7)

Sometimes, it is more convenient to use natural parameters, we define unnormalized
Gaussian with natural parameter to be

Mpθ|ν,Ξq “ expr´pθ ´ Ξ´1νq
HΞpθ ´ Ξ´1νqs. (12.8)

Therefore, we have

rpν,Ξq “ pC´1m,C´1
qs ô rN pθ|m,Cq “ Mpθ|ν,Ξqs (12.9)
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We consider the constrained projection step

min
µppθq

KLDrbpθq}
1

Z
µrpθqµppθqs

s.t. µp P F ,

(12.10)

where F is a subset of unnormalized Gaussian. We often only have constraint on the
variance (or precision) and the above problem becomes

min
νp,ξp

KLDrbpθq}
1

Zpνp, ξpq
µrpθqMpθ|νp, ξpqs

s.t. ξp ą γ,

(12.11)

We define
mp “ ξ´1

p νp (12.12)
and thus,

Mpθ|νp, ξpq “ expr´pθ ´ mpq
T ξppθ ´ mpqs. (12.13)

Denote
m

pθ “ Ebrθs

τ
pθ “ Varbrθs.

(12.14)

For simplicity, denote

D “ 2 ¨ KLDrbpθq}
1

Zpνp, ξpq
µrpθqMpθ|νp, ξpqs (12.15)

to remove the constant scale. Expand the KLD in (12.11),

D “ ´ logrdetpξp ` ξrqs ` logp2πq

`trrpξp ` ξrqτpθs ` rm
pθ ´ pξp ` ξrq

´1
pνp ` νrqs

T

¨pξp ` ξrqrm
pθ ´ pξp ` ξrq

´1
pνp ` νrqs

(12.16)

We set the derivative w.r.t. νp to zero, and we have

pξp ` ξrq
´1

pνp ` νrq “ m
pθ

ñ νp “ pξp ` ξrqmpθ ´ νr
(12.17)

Substitute the result into the KLD, and we have
D|νp“pξp`ξrqm

pθ
´νr “ ´ logrdetpξp ` ξrqs ` logp2πq

`trrpξp ` ξrqτpθs
(12.18)

We can verify that (12.18) is convex even in multi-variate (θ is vector, ξp, ξr, τ
pθ are

matrices) cases. In multi-variate EP, the constraint in (12.11) becomes an intersection of
positive-definite constraints, which forms an intersection of cones. Thus, the feasible set is
also convex. Therefore, the constrained optimization of (12.18) is a convex optimization
problem. We will only consider univariate case here, since multivariate does not change
the convexity.
Set the derivative of (12.18) w.r.t. ξp, and take the constraint into consideration

ξp “ maxt
1

τ
pθ

´ ξr, γu. (12.19)

After that, νp can be updated by substituting (12.19) into (12.17). Since updating one
message will only affect the belief at either a single factor or variable node, this modifica-
tion won’t increase the complexity order and it ensures that all the beliefs are integrable
during each step.
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12.3 EP with Checking (EPC)
Here we do not check if the beliefs are integrable. Instead, we skip the update of the
messages from the node if the belief at the node is not integrable.
The belief at factor fα can be computed as

bfαpθαq9fαpθαq
ź

nPNpαq

µθÑf
α,n pθnq (12.20)

If this belief is not integrable, we just skip the message update from this node. The
marginal belief is

b
pθ;f
α,npθnq “

ż

bfαpθαq
ź

n1PNpαq{tnu

dθn1 . (12.21)

It is then projected to Gaussian distribution by KLD

min
µfÑθ
α,n pθnqPM

KLDrb
pθ;f
α,npθnq}

1

Z
µfÑθ
α,n pθnqµθÑf

α,n pθnqs, (12.22)

where M denote the unnormalized Gaussian.
The belief at the variable node is

b
pθ
npθnq9

ź

αPNpnq

µfÑθ
α,n pθnq (12.23)

The message from the variable is updated as

µθÑf
α,n pθnq9

bθnpθnq

µfÑθ
α,n pθnq

. (12.24)

We can verify that the belief at variable node is always integrable. In fact, we can rewrite
the belief at variable node as

b
pθ
npθnq9µθÑf

α,n pθnqµfÑθ
α,n pθnq, (12.25)

which coincide with the second parameter in (12.22). Since we use unnormalized Gaussian
family in the KLD projection, after updating the message µfÑθ

α,n pθnq based on (12.22), the
belief computed by (12.25) is a Gaussian with the same mean and variance as bθ;fα,npθnq.

12.4 System Model for Generalized Linear Model
We consider a generalized linear model (GLM), the unknown input x follows

x „ ppxq “

K
ź

k“1

ppxkq. (12.26)

The observed output follows

y „ ppy|ATxq “
ź

n“1:N

ppyn|aT
nxq. (12.27)
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We introduce an auxiliary variable z “ ATx. The joint PDF can be written as

ppy, z,xq “ ppy|zqppz|xqppxq

“
ź

n

fynpznq ¨ fzpz,xq ¨
ź

k

fxk
pxkq (12.28)

where for simplicity, we denote

fynpznq “ ppyn|znq (12.29)
fzpz,xq “ δpz ´ Axq (12.30)

fxk
pxkq “ ppxkq (12.31)

12.5 Derivation for GLM

12.5.1 fyn Ñ zn

The belief at fyn is
bfyn pznq9fynpznqµzÑfy

n pznq. (12.32)

In ACEP, the above belief guarantees to be integrable. Meanwhile in EPC, the update of
messages from the above belief is skipped if the above belief is not integrable. We assume
it is integrable. The mean and variance are computed as

mpz;fy
n “ E

b
fy
n

rzns

τ pz;fy
n “ Var

b
fy
n

rzns.
(12.33)

Next, we compute the threshold precision γ
fyÑz
n . We only need to compute the threshold

in ACEP when ξ
zÑfy
n is updated with the threshold value. Since the belief at the variable

zn is required to be integrable, we have

γfyÑz
n ` ξfzÑz

n ą 0 ñ γfyÑz
n ą ´ξfzÑz

n . (12.34)

Therefore, we set
γfyÑz
n “ ´ξfzÑz

n ` ϵ, (12.35)

where ϵ is a small positive number. Depending on which method is used, we have different
ways of updating the message precision:

• If ACEP is used, we have

ξfyÑz
n “ maxt

1

τ
pz;fy
n

´ ξzÑfy
n , γfyÑz

n u. (12.36)

• If EPC is used, we have

ξfyÑz
n “

1

τ
pz;fy
n

´ ξzÑfy
n . (12.37)

After that, we update the other parameter as

νfyÑz
n “ pξfyÑz

n ` ξzÑfy
n qmpz;fy

n ´ νzÑfy
n . (12.38)
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12.5.2 fxk
Ñ xk

The belief at fxk
is

bfxk pxkq9fxk
pxkqµxÑfx

k pxkq. (12.39)

Its mean and variance are computed as

mpx;fx
k “ Ebfxk

rxks

τ px;fx
k “ Varbfxk

rxks.
(12.40)

The threshold γfxÑx
k can be obtained by investigating bpx

kpxkq,

γfxÑx
k ` ξfzÑx

k ą 0

ñ γfxÑx
k “ ´ξfzÑx

k ` ϵ
(12.41)

After that, we can obtain the update for message µfxÑx
k .

12.5.3 fz Ñ xk

We look at the belief at fz

bfzpz,xq9δpz ´ Axq
ź

n

µzÑfz
n pznq

ź

k

µxÑfz
k pxkq. (12.42)

Marginalize it over z results to
ż

bfzpz,xqdz9N px|mpx;fz ,C px;fzq, (12.43)

where

C px;fz “ rAT
pCzÑfzq

´1A ` pCxÑfzq
´1

s
´1

mpx;fz “ C px;fz rAT
pCzÑfzq

´1mzÑfz ` pCxÑfzq
´1mxÑfz s

(12.44)

Denote ek as a unit vector whose k-th entry is one, and the marginalized belief is

bpx;fz
k pxkq “

ż ż

bfzpz,xqdz
ź

k1‰k

dxk1 “ N pxk|mpx;fz
k , τ px;fz

k q, (12.45)

where

τ px;fz
k “ eT

kC
px;fzek

mpx;fz
k “ eT

km
px;fz .

(12.46)

To derive the threshold γfzÑx
k , we look at the belief at xk:

γfzÑx
k ` ξfxÑx

k ą 0

ñ γfzÑx
k “ ´ξfxÑx

k ` ϵ.
(12.47)

From this point, we can compute the feed back message by either of the methods:

µfzÑx
k pxkq “ Mpxk|νfzÑx

k , ξfzÑx
k q. (12.48)
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12.5.4 fz Ñ zn

We look at the belief at fz.

bfzpz,xq9δpz ´ Axq
ź

n

µzÑfz
n pznq

ź

k

µxÑfz
k pxkq (12.49)

We investigate the marginal belief of zn first,

bpz;fz
n pznq9

ż ż

bfzpz,xq
ź

n1‰n

dzn1dx. (12.50)

Use Lemma 6 to integrate bfzpzn,xqdx on the second line of (12.51):

bpz;fz
n pznq9N pmzÑfz

n |Anm
xÑfz ,CzÑfz

n ` AnC
xÑfzAT

n q

¨

ż

δpzn ´ aT
nxqN pzn|mzÑfz

n , τ zÑfz
n qN px|mqx

n,C
qx
n qdx

9N pzn|aT
nm

px;fz ,aT
nC

px;fzanq

(12.51)

where

C qx
n “ rAT

n pCzÑfz
n q

´1An ` pCxÑfzq
´1

s
´1.

mqx
n “ C qx

n rAT
n pCzÑfz

n q
´1mzÑfz

n ` pCxÑfzq
´1mxÑfz s

(12.52)

We also have
aT
nC

px;fzan “ eT
n rpACxÑfzAT

q
´1

` pCzÑfzq
´1

s
´1en (12.53)

if the inversion exists.
An interesting relation is @ν:

aT
nC

qx
nν “ τ zÑfz

n paT
nC

px;fzan ´ τ zÑfz
n q

´1aT
nC

px;fzν (12.54)

In fact, N px|mqx
n,C

qx
n q is an approximation of ppx|@n1 ‰ n : yn1q.

The mean and variance of the marginal belief of zn at fz is

mpz;fz
n “ E

bpz;fz
n

rzns “ aT
nm

px;fz

τ pz;fz
n “ Var

bpz;fz
n

rzns “ aT
nC

px;fzan

(12.55)

To derive the threshold, we observe the destination node of message µfzÑz
n . In order to

make the belief at bpz
npznq integrable, we have

ξfyÑz
n ` γfzÑz

n ą 0

γfzÑz
n “ ´ξfyÑz

n ` ϵ
(12.56)

Based on (12.55) and (12.56), we can update the message µfzÑz
n pznq based on the EP

algorithm discussed before.
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12.5.5 z Ñ fy

The belief at zn is

bpz
npznq “ N pzn|mpz

n, τ
pz
nq9µfzÑz

n pznqµfyÑz
n pznq, (12.57)

where

τ pz
n “ pξfzÑz

n ` ξfyÑz
n q

´1

mpz
n “ τ pz

npνfzÑz
n ` νfyÑz

n q.
(12.58)

We then determine the threshold precision γ
zÑfy
n based on the factor fynpznq. For example,

if fynpznq is proportional to a Gaussian Mixture Model, the sum of γzÑfy
n and the precision

of the smallest GMM elements should be greater than zero.

12.5.6 z Ñ fz

We need to determine the threshold precision γzÑfz
n . The update of one message corre-

spond to a rank-one update of the covariance matrix C px;fz

pC px;fzq
´1

` anpγzÑfz
n ´ ξzÑfz

n qan ą 0, (12.59)

where ξzÑfz
n is the message variance before updating and C px;fz is the covariance matrix

before updating.
From Lemma 7, the positive definite condition is equivalent to

γzÑfz
n ą ξzÑfz

n ´ paT
nC

px;fzanq
´1

“ ξzÑfz
n ´ ξpz;fz

n . (12.60)

Proposition 3. In ACEP, with proper initialization (e.g. all positive message precision),
if the update of µfzÑz

n , µfyÑz
n , µzÑfy

n and µzÑfz
n follows the following order:

µfzÑz
n Ñ µzÑfy

n Ñ µfyÑz
n Ñ µzÑfz

n , (12.61)

the update of µfzÑz
n and µzÑfz

n does not need to evaluate the threshold.

Proof. We can prove this by mathematical induction. We use superscript t to denote the
iteration number. Assume the proposition hold till t ´ 1 iteration of (12.61). By the
induction hypothesis, pµ

fyÑz
n qpt´1q “ pµzÑfz

n qpt´1q. Therefore, ξfzÑz
n is updated by

pξfzÑz
n q

ptq
` pξzÑfz

n q
pt´1q

“
1

aT
n pC px;fzqpt´1qan

“ pξfzÑz
n q

ptq
` pµfyÑz

n q
pt´1q

ą 0,

(12.62)

where we denote the covariance matrix at bfz updated just before (12.61) as pC px;fzqpt´1q,
and the one after the chain (12.61) as pC px;fzqptq. The second line of (12.62) is a result of
induction hypothesis and Lemma 7.
Since (12.62) is greater than zero, pξfzÑz

n qptq meets the threshold automatically.
Based on the update rule for µ

fyÑz
n ,

pξfyÑz
n q

ptq
` pξfzÑz

n q
ptq

ą 0. (12.63)
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Now we investigate the constraint for pξzÑfz
n qptq. We look at pC px;fzqptq just after the update

chain (12.61):

pC px;fzq
ptq

“ prpC px;fzq
pt´1q

s
´1

` anrpξzÑfz
n q

ptq
´ pξzÑfz

n q
pt´1q

saT
n q

´1.
(12.64)

The covariance matrix (12.64) need to remain positive definite. By Lemma 7, positive
definiteness of (12.64) is equivalent to the following constraint for pξzÑfz

n qptq

pξzÑfz
n q

ptq
ą ´

1

aT
n pC px;fzqpt´1qan

` pξzÑfz
n q

pt´1q

ô pξzÑfz
n q

ptq
` pξfzÑz

n q
ptq

ą 0,

(12.65)

where the second line follows from (12.62). Compare the update of µzÑfz
n , (12.63) with

condition (12.65), and we find out that in ACEP, we can directly set µzÑfz
n “ µ

fyÑz
n

without checking the threshold.

Remark. The previous proposition indicates that in EPC, the belief bfz is always inte-
grable.

Therefore, if we have the update order (12.61), the update for µzÑfz
n in both ACEP and

EPC is:
µzÑfz
n pznq “ µfyÑz

n pznq (12.66)

Otherwise, if we have different order, we apply the constrained KLD optimization in
Section 12.2.1 based on (12.58) and (12.60).

12.5.7 x Ñ fx

The belief at xk is
bpx
kpxkq9µfxÑx

k pxkqµfzÑx
k . (12.67)

The belief is always integrable. The mean and variance of bpx
k are

τ px
k “ pξfxÑx

k ` ξfzÑx
k q

´1

mpx
k “ τ px

k pνfxÑx
k ` νfzÑx

k q.
(12.68)

To derive the threshold γxÑfx
k , we observe the belief at fxk

. If GMM prior is used, the
sum of γxÑfx

k and the minimum component precision should be greater than zero.

12.5.8 x Ñ fz

To determine the threshold γxÑfz
k , we observe the rank one update. If the precision of

message µxÑfz
k is updated from ξxÑfz

k to γxÑfz
k , the new covariance matrix of belief bfz is

updated by
rpC px;fzq

´1
` ekpγxÑfz

k ´ ξxÑfz
k qeT

k s
´1, (12.69)

where ek denotes a unit vector with the k-th entry equal to one. Based on relation (12.46)
and Lemma 7, (12.69) is positive definite iff.

γxÑfz
k ą ξxÑfz

k ´ ξpx;fz
k . (12.70)
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Proposition 4. In ACEP, with proper initialization (e.g. all positive message precision),
if the update of µfzÑx

k , µfxÑx
k , µxÑfx

k and µxÑfz
k follows the following order:

µfzÑx
k Ñ µxÑfx

k Ñ µfxÑx
k Ñ µxÑfz

k , (12.71)

the update of µfzÑx
k and µxÑfz

k does not need to evaluate the threshold.

Proof. The proof is analog to the one of Proposition 3.

Therefore, if we have the update order (12.71), the update

µxÑfz
k pxkq “ µfxÑx

k pxkq (12.72)

automatically guaranties that bfz is integrable.

12.6 Useful Relations
An important relation based on Gaussian reproduction lemma is

N pHx|a,AqN px|b,Bq

“ N px|c,CqN pa|Hb,HBHT
` Aq,

(12.73)

where

C “ pHTA´1H ` B´1
q

´1

c “ CpHTA´1a ` B´1bq.
(12.74)

Lemma 6. Let a P RK, mx P RK, and Cx P RKˆK be symmetric. If
ż ż

N px|mx,CxqN pz|mz, τzqδpz ´ aTxqdzdx (12.75)

is integrable, then
ż

N px|mx,CxqN pz|mz, τzqδpz ´ aTxqdx

“ N pz|m
pz, τpzq

a

p2πqK´1paTCxaq´1 detpCxq

¨N p0|mz ´ aTmx,a
TCxa ` τzq,

(12.76)

where

τ
pz “ rpaTCxaq

´1
` τ´1

z s
´1

m
pz “ τ

pzrpaTCxaq
´1aTmx ` τ´1

z mzs
(12.77)

Proof. We compute the integration by substitution. Define

U “
“

u1 . . . uK´1

‰

P RKˆpK´1q, (12.78)

such that @k, k1 P r1, K ´ 1s : aTuk “ 0 and uT
ku

1
k “ δkk1 , where δkk1 denotes Kronecker

delta that evaluates to zero if k1 ‰ k and evaluates to one if k “ k1.
We construct a full rank basis matrix

H “
“

a U
‰

P RKˆK . (12.79)
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We substitute x by θ, where x “ Hθ and thus, dx “ | detpHq|dθ.
The integral in (12.76) can be computed as

ż

N px|mx,CxqN pz|mz, τzqδpz ´ aTxqdx

“

ż ż

N paθ1 ` Uθ|mx,Cxqdθ

¨N pz|mz, τzqδpz ´ |a|
2θ1q| detpHq|dθ1

“

ż ż

N pθ|mθpθ1q,Cθqdθ expr
1

2
mT

θ
pθ1qC´1

θ
mθpθ1qs

¨ expr´
1

2
pmx ´ aθ1q

TC´1
x pmx ´ aθ1qs

N pz|mz, τzqδpz ´ |a|
2θ1q ¨ | detpHq|dθ1

“

b

p2πqK´1 detpCθq

ż

expr
1

2
mT

θ
pθ1qC´1

θ
mθpθ1qs

¨ expr´
1

2
pmx ´ aθ1q

TC´1
x pmx ´ aθ1qs

N pz|mz, τzqδpz ´ |a|
2θ1q ¨ | detpHq|dθ1

(12.80)

where

Cθ “ pUTC´1
x Uq

´1

mθpθ1q “ CθrUTC´1
x pmx ´ aθ1qs

(12.81)

The integral of (12.75) exists, which implies that we have positive definite matrix

Cθ ą 0. (12.82)

From this point, we only have scalar variables θ1 and z.
Continuing from (12.80), we have

ż

N px|mx,CxqN pz|mz, τzqδpz ´ aTxqdx

“
| detpHq|

a

p2πqK´1 detpCθq

|a|2
(12.83)

¨ expr´
1

2
zT pbT3C

´1
x b3 ´ bT1C

´1

θ
b1 ` τ´1

z qzs (12.84)

¨ exprzT pbT3C
´1
x mx ´ bT1C

´1

θ
b2 ` τ´1

z mzqs (12.85)

¨ expr´
1

2
pmT

xC
´1
x mx ´ bT2C

´1

θ
b2 ` mT

z τ
´1
z mzqs, (12.86)

where

b1 “ CθU
TC´1

x

a

|a|2

b2 “ CθU
TC´1

x mx

b3 “
a

|a|2
;

(12.87)
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We try to simplify (12.84). Let

Q “

„

aT {|a|

UT

ȷ

C´1
x

“

a{|a| U
‰

(12.88)

be a matrix of 2 blocks by 2 blocks. Since
“

a{|a| U
‰

is a unitary matrix, we have

Q´1
“

„

aT {|a|

UT

ȷ

Cx

“

a{|a| U
‰

(12.89)

According to Schur complement and matrix inversion lemma, the first two terms of the
quadratic coefficient in (12.84) can be verified to be

bT3C
´1
x b3 ´ bT1C

´1

θ
b1 “

1

|a|2
prQ´1

s11q
´1

“ paTCxaq
´1 (12.90)

Now we try to simplify (12.85). The first two constant terms can be expanded as

bT3C
´1
x mx ´ bT1C

´1

θ
b2 “ bT4mx. (12.91)

where

bT4 “
aT

|a|2
C´1

x ´
aT

|a|2
C´1

x UpUTC´1
x Uq

´1UTC´1
x . (12.92)

It has the following two properties

• bT4
a

|a|2
is the same as expanding the left hand side of (12.90). Therefore,

bT4
a

|a|2
“ paTCxaq

´1. (12.93)

• It is in the null space of U :
bT4U “ 0 (12.94)

Therefore, from (12.94), we know b4 must be a scalar multiple of a. By (12.93), we have

bT4 “ paTCxaq
´1aT . (12.95)

We investigate (12.86), the first two terms can be expanded as

mT
xC

´1
x mx ´ bT2C

´1

θ
b2 “ bT5mx, (12.96)

where
bT5 “ mT

xC
´1
x ´ mT

xC
´1
x UpUTC´1

x Uq
´1UTC´1

x (12.97)

Similar as before, bT5 has the following two properties

• Compare (12.92) with (12.97), we can verify that

bT5
a

|a|2
“ pbT4mxq

T
“ mT

xapaTCxaq
´1 (12.98)

• It is also in the null space of U
bT5U “ 0 (12.99)
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Therefore, bT5 must be a scalar multiple of a. From (12.98), we have

bT5 “ mT
xapaTCxaq

´1aT (12.100)

Finally, we examine the determinant in (12.83). Since

H “
“

a{|a| U
‰

„

|a|

I

ȷ

, (12.101)

we have | detpHq| “ |a|.
From (12.88), we have

Cθ “ prQs22q
´1, (12.102)

where rQs22 denote the matrix at the second block row and the second block column of
Q. Based on block determinant property and (12.90), we have

detpCθq “ detpCxqpaTCxaq
´1

|a|
2 (12.103)

Substitute the discussion results into (12.83) - (12.86) and we have
ż

N px|mx,CxqN pz|mz, τzqδpz ´ aTxqdx

“
a

p2πqK´1paTCxaq´1 detpCxq

¨N p0|mz ´ aTmx,a
TCxa ` τzq

¨N pz|m
pz, τpzq,

(12.104)

where

τ
pz “ rpaTCxaq

´1
` τ´1

z s
´1

m
pz “ τ

pzrpaTCxaq
´1aTmx ` τ´1

z mzs
(12.105)

Lemma 7. Let C´1 P RKˆK be a symmetric positive definite matrix, then pC´1 `

aτ´1aT q´1 is also positive definite iff. τ´1 ą ´ 1
aTCa

.

Proof. The matrix inversion does not change the positive definiteness. Therefore, we
investigate C´1 ` aτ´1aT . Since C´1 is positive definite and symmetric, we factorize it
by

C´1
“ C´1{2C´T {2, (12.106)

such that C´1{2 is also a symmetric positive definite matrix. Therefore, we have

C´1
` aτ´1aT

“ C´1{2
pI ` bτ´1bT qC´T {2 (12.107)

where
b “ C1{2a. (12.108)

Since C´1{2 is full-rank, (12.107) is positive definite iff. pI ` bτ´1bT q is positive definite.
We construct a unitary matrix U “

“

u1 . . . uK´1

‰

P RKˆpK´1q, such that @k, k1 P

r1, K ´ 1s : bTuk “ 0 and uT
ku

1
k “ δkk1 , where δkk1 denotes Kronecker delta that evaluates

to zero if k1 ‰ k and evaluates to one if k “ k1.
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Another square unitary matrix can be constructed by

H “

”

b
|b|

U
ı

P RKˆK . (12.109)

Therefore,

I ` bτ´1bT “ H

„

1 ` |b|2τ´1

I

ȷ

HT . (12.110)

From (12.110), pC´1 ` aτ´1aT q´1 is positive definite iff.

1 ` |b|
2τ´1

ą 0 ô τ´1
ą ´

1

aTCa
(12.111)

Remark. Lemma 7 implies that it is easier to use precision instead of variance when
deriving. When using the precision representation, the feasible set is τ´1 P p´ 1

aTCa
,`8q.

However, in variance representation, this condition is equivalent to τ P p´8,aTCaq Y

p0,`8q.

12.7 Gaussian Mixture Model (GMM)
For simulations, we use GMM prior ppxkq and likelihood ppyn|znq.
Consider the following belief

bpθq9fpθqµpθq, (12.112)

where
fpθq “

ÿ

s

wsN pθ|ms, τsq “
ÿ

s

wsMpθ|νs, ξsq (12.113)

and
µpθq “ N pθ|m, τq “ Mpθ|ν, ξq. (12.114)

Therefore,
bpθq “

ÿ

s

wsN p0|ms ´ m, τs ` τqMpθ|νs ` ν, ξs ` ξq. (12.115)

Since bpθq is integrable, we have @s : ξs ` ξ ą 0. We can transform the factor containing
θ to normalized Gaussian

Mpθ|νs ` ν, ξs ` ξq “

b

2πτ
pθ|sN pθ|m

pθ|s, τpθ|sq, (12.116)

where

τ
pθ|s “

1

ξs ` ξ

m
pθ|s “

νs ` ν

ξs ` ξ
.

(12.117)

We rewrite the belief as
bpθq9

ÿ

s

ηsN pθ|m
pθ|s, τpθ|sq, (12.118)
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where

ηs “ wsN p0|ms ´ m, τs ` τq

b

2πτ
pθ|s. (12.119)

We can normalize the belief. Define

ρs “
ηs

ř

s1 ηs1

, (12.120)

and we have
bpθq “

ÿ

s

ρsN pθ|m
pθ|s, τpθ|sq. (12.121)

The belief mean and variance are

m
pθ “ Ebrθs “

ÿ

s

ρsmpθ|s

τ
pθ “ Varbrθs “

«

ÿ

s

ρspτpθ|s ` |m
pθ|s|

2
q

ff

´ |m
pθ|
2.

(12.122)

12.8 Simulation Results
We consider a system of size N ˆ K “ 8 ˆ 12. The prior distribution of each symbol is
independent and follows GMM with exponential decay:

ppxkq “
1

2
N pxk|2´n`1, 0.1 ˆ 2´2pn´1q

q

`
1

2
N pxk| ´ 2´n`1, 0.1 ˆ 2´2pn´1q

q.
(12.123)

Each entry in the measurement matrix A is generated from i.i.d. Gaussian. Additive
white Gaussian noise is assumed, whose power is adjusted such that the SNR is 15 dB.
We generate 1000 independent realizations.
Besides our proposed methods, we also simulated the results for LMMSE, CWCU-BP
[24, 25], EP clipping [10], and Noise Unbiasing [28]. The simulation results show that
the performance of our proposed methods surpasses the existing attempts to handle the
non-integrable beliefs. This indicates that in order to have more accurate estimates, we
have to accept the non-integrable messages.
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12.9 Conclusions
We proposed two EP frameworks that avoid non-integrable beliefs without shrinking the
feasible set. Both methods permits non-integrable messages and factors. The proposed
methods are then applied to GLM. Based on our analysis, we find out that if EPC is
used, the only beliefs that require checking are b

fy
n and bfxk . On the other hand, if ACEP

is used, only the messages to and from factor nodes fyn and fxk
need to be compared

with the thresholds to guarantee integrable beliefs. The simulation results indicate that
in order to achieve better results, we must accept non-integrable messages.

146



Chapter 13

Conclusions

In this thesis, we investigate message-passing-based algorithms for both linear and bilin-
ear estimation. In the first part, we apply EP to a loop-free factorized generalized linear
model (GLM). This enables the construction of equivalent Gaussian priors and observation
noise that preserve the posterior means and variances of the input signals. The resulting
extrinsic messages can be shown to correspond to the component-wise conditionally un-
biased LMMSE (CWCU-LMMSE) estimates of an equivalent linear model with Gaussian
priors and noise. Based on the connection between EP and constrained Bethe Free Energy
(BFE) optimization, we provide an alternative derivation of the large-system-limit (LSL)
BFE for the GLM, which characterizes the stationary points of reGVAMP. Building on
the LSL-BFE formulation, we propose the AMBGAMP algorithm, for which convergence
can be proven.
In the second part, we investigate message-passing-based algorithms for bilinear esti-
mation. Although orthogonal pilot sequences are assumed, randomly generated pilot
sequences can also be accommodated using methods developed in the first part. We first
study a hybrid EM-EP framework, in which EP mitigates multi-user interference while
EM converts single-user bilinear estimation into linear estimation problems. Owing to
the structure of EP, the EM-EP framework can be implemented in a distributed man-
ner by appropriately rewriting the factorization scheme. We also analyze the impact of
loops in factor graphs and show through simulations that loop-free factorizations lead to
significantly faster convergence.
A simplified EP-based algorithm for bilinear estimation is then developed using LSL
approximations. These simplifications enable decentralized implementation.
By analyzing the BFE of the bilinear estimation problem, we propose the VB-EP algo-
rithm, which converts bilinear estimation into linear estimation via VB while preserving
dependencies between channel and data variables. This algorithm supports both dis-
tributed and decentralized implementations. Compared to EP-based methods, VB-EP
reduces computational complexity at the AP side. However, this reduction comes at the
cost of additional constraints in the BFE optimization problem, which shrink the feasible
set. To address this limitation, we further develop hierarchical EP, which exploits the
structure of widely used QAM constellations to reduce AP-side complexity from linear to
logarithmic with respect to the constellation size.
We also investigate the GF-CF network, which is the key technology for machine-type
communications in IoT and autonomous driving. A distributed iterative maximum likeli-
hood (ML) method is proposed for activity detection, achieving higher accuracy compared
to existing message-passing-based approaches.
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Finally, we focus on more fundamental problems rooted in EP. Non-integrable beliefs
prevents the EP algorithms from proceeding. Most of researchers avoid this problem
by limiting the messages to integrable ones. The non-integrable-belief problem becomes
more common as the factorization schemes grow more complicated, especially in bilinear
joint estimation and detection problems, where we have GMM beliefs. We generalized the
problem from the CF communication as estimating the mean and variance of the a random
variable whose prior is in the form of GMM product. Two variants of EP are proposed that
prevent the non-integrable belief while allowing the non-integrable messages. However,
these methods cannot be applied to arbitrary factorization schemes. We further develop
a more general framework for EP that prevents the non-integrable beliefs and can by
applied in more complicated factorization structures.

13.1 Future Work
By using the concept of equivalent Gaussian priors and noise that preserve posterior
statistics, the LSL-BFE in each AMBGAMP iteration can be solved analytically by jointly
satisfying the Karush–Kuhn–Tucker (KKT) conditions. Preliminary simulations indicate
that this approach outperforms ADMM-based methods. To further reduce computational
complexity, particularly the matrix inversion required in least-squares steps, adaptive
accelerated optimization methods will be investigated.
The relation between VL-EP and VB-EP is worth further investigating. These two al-
gorithms share a common mechanism which converts the single user bilinear estimation
problem to single user linear estimation problems. Since we know the stationary points
of VB-EP, it will be interesting if we can find the stationary points of VL-EP.
We find that by combining the ideas of VB-EP and Hierarchical EP, the resulting message
passing algorithm contains only integrable beliefs and integrable messages. It will be
interesting to compare the simulation results with other algorithms.
The EP framework that prevents non-integrable beliefs can only be applied in sequential
order. A new framework that allows parallel update is also worth investigating.
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