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Abstract—This paper proposes a unified waveform design
framework for doubly selective channels based on the Weyl-
Heisenberg (WH) group. By linking waveform orthogonality to
the ambiguity function and its zero set under unitary time-
frequency shift operators, the proposed framework unifies SC-
FDE, OFDM, OTFS, and AFDM as different operator paths on
the delay-frequency-shift grid. Within this framework, we further
design a novel WH-based waveform with a constant-modulus
prototype in both the time and frequency domains, yielding or-
thogonal basis signals with near-uniform time-frequency energy
spreading. In doubly selective channels, this waveform exhibits
BER performance close to the theoretical minimum mean-square
error (MMSE) lower bound.

I. INTRODUCTION

Since 2019, the commercial rollout of fifth-generation (5G)
systems has substantially improved peak data rates and relia-
bility while reducing latency. Along with the evolution of 5G,
researchers have turned their attention to the sixth-generation
(6G) mobile communication systems. In the white paper
“Framework and overall objectives of the future development
of IMT for 2030 and beyond” published by ITU-R [1], one of
the key visions for 6G is to further enhance the communication
performance of 5G while integrating diverse functionalities
of communication signals into the 6G architecture, thereby
empowering emerging vertical applications such as industrial
Internet, vehicular networks, high-speed railway communica-
tions, and unmanned aerial vehicle (UAV) communications [2],
[3].

Most of the above requirements are associated with higher
mobility and larger transmission bandwidths. In such scenar-
ios, multipath delay spread and Doppler spread render the
channel doubly selective, inducing frequency-selective and
time-selective fading simultaneously. Conventional waveforms
such as orthogonal frequency-division multiplexing (OFDM)
and single-carrier transmission with frequency-domain equal-
ization (SC-FDE) primarily address one dimension of se-
lectivity and may therefore suffer noticeable performance
degradation in doubly selective channels.

In recent years, several new modulation schemes tailored to
doubly selective channels have been proposed. Representative
examples include orthogonal time-frequency space (OTFS),

which maps symbols to the delay-Doppler domain to bet-
ter capture doubly selective channel dynamics, and affine
frequency-division multiplexing (AFDM), which uses affine
Fourier transforms to reshape signal energy in the time-
frequency plane [4], [5]. Although these schemes have shown
promising performance in specific scenarios, their analyses
rely on different mathematical formalisms, making it diffi-
cult to reveal connections, compare structures, and derive
reusable design rules across waveforms. Related formulations
based on orthogonal short-time Fourier (STF)/Gabor or Weyl-
Heisenberg (WH) signaling have also been studied for commu-
nications over doubly selective channels. In particular, Han and
Zhang investigated multicarrier transmission via WH frames
over time-frequency dispersive channels, with emphasis on
pulse shaping, lattice design, and signaling over WH-generated
waveform sets [6]. More recently, Gopalam developed a
general delay-Doppler signaling framework based on periodic
discrete WH sets and prototype ambiguity functions, covering
time-division multiplexing (TDM)-like / frequency-division
multiplexing (FDM)-like signaling, Zak-OTFS, and chirped
WH-based constructions [7]. These studies further highlight
the relevance of WH/STF-based formulations for waveform
analysis and design over doubly selective channels.

Motivated by these observations, this paper develops a uni-
fied waveform design framework for doubly selective channels
from the Weyl-Heisenberg perspective. By modeling time and
frequency shifts as unitary WH operators and characterizing
orthogonality via the discrete ambiguity function and its zero
set, the framework offers a common interpretation of SC-
FDE, OFDM, OTFS, and AFDM as different operator paths on
the delay-frequency-shift grid. Guided by the framework, we
further propose a novel WH-based waveform with a constant-
modulus prototype in both the time and frequency domains,
yielding orthogonal basis signals with near-uniform time-
frequency energy spreading. Similar to OTFS and AFDM, it
approaches the MMSE BER lower bound in doubly selective
channels.

Notation: Bold lowercase and uppercase letters denote vec-
tors and matrices, respectively. (·)T and (·)H denote transpose
and Hermitian transpose, respectively. diag(·) forms a di-



agonal matrix. ⊗ denotes the Kronecker product. mod(·, N)
denotes modulo-N reduction and ⌊·⌋ denotes the floor opera-
tor. vec(·) stacks the columns of a matrix into a vector, and
vecrow(·) denotes row-wise vectorization.

II. MATHEMATICAL MEANING OF THE
WEYL-HEISENBERG GROUP IN COMMUNICATIONS

The Weyl-Heisenberg group is a fundamental mathematical
structure in quantum mechanics and harmonic analysis. In
communications, it captures the algebra of time shifts and
frequency modulations.

For a signal s(t), consider the two elementary operations:
a time shift s(t − τ) and a frequency shift e2πjυts(t). The
Weyl-Heisenberg group is precisely the mathematical structure
generated by these two basic operations and all their combina-
tions. It is important to note that the time-shift and frequency-
shift operations do not commute. The order in which they are
applied matters.

The Weyl-Heisenberg group H can be defined on the
real domain R (continuous-time case) or on the integers Z
(discrete-time case). The continuous Weyl-Heisenberg group
H is the set R × R × T, where T = {z ∈ C : |z| = 1} is
the unit circle in the complex plane. It is equipped with the
following group operation:

(τ1, υ1, z1) ◦ (τ2, υ2, z2)
=

(
τ1 + τ2, υ1 + υ2, z1z2e

2πjυ1τ2
)
,

∀ (τ1, υ1, z1) , (τ2, υ2, z2) ∈ H.

(1)

Here τ ∈ R denotes the time-shift parameter, υ ∈ R denotes
the frequency-shift (modulation) parameter, and z ∈ T is a
global phase factor with unit magnitude. This factor is crucial
in quantum mechanics, but in communication applications it
does not affect signal energy or orthogonality and can therefore
be ignored or set to one. The pair (τ1 + τ2, υ1 + υ2) in the
result represents the addition of shift parameters, while the
third factor e2πjυ1τ2 is a nontrivial phase term that reflects the
non-commutativity of time and frequency shifts.

We focus on a unitary representation of this group on the
signal space L2(R), which preserves inner products.

We define two basic unitary operators.
Time-shift operator:

(Tτs)(t) = s(t− τ), (2)

which shifts the signal s(t) along the time axis by τ .
Frequency-shift operator:

(Mυs)(t) = e2πjυts(t), (3)

which modulates the signal s(t) by the complex exponential
with frequency υ.

Based on these two basic unitary operators, we can define a
unitary representation Θ of the Weyl-Heisenberg group, which
maps each element of H to a unitary operator acting on L2(R):

Θ(τ, υ, z) = z · TτMυ. (4)

For any signal s(t) ∈ L2(R), we have(
Θ(τ, υ, z)s

)
(t) = z · e2πjυ(t−τ)s(t− τ), (5)

which performs a time shift, a frequency modulation, and
multiplies by a global phase.

The time-shift and frequency-shift operators of the Weyl-
Heisenberg group satisfy the Heisenberg relation

MυTτ = e2πjυτTτMυ. (6)

In digital communication systems, we deal with discrete
time and discrete frequency. Hence, we use a discrete subgroup
of the Weyl-Heisenberg group. Fix a time spacing ∆t and
a frequency spacing ∆f (e.g., the subcarrier spacing). The
discrete subgroup is then generated by elements (k∆t, l∆f, 1),
where k, l ∈ Z. The corresponding discrete Weyl-Heisenberg
operator is(

Θ(k∆t, l∆f, 1)s
)
(t) = e2πjl∆f(t−k∆t)s(t− k∆t). (7)

When both the time-shift operator T and the frequency-shift
operator M are represented in matrix form, their actions in an
N -dimensional discrete signal space can be written as

Tk = Πk, Ml = diag
(
ej

2πlm
N

)N−1

m=0
, (8)

where Π denotes the cyclic shift matrix. They satisfy the
discrete Heisenberg commutation relation

MlTk = ej
2πkl
N TkMl. (9)

Each element of the discrete Weyl-Heisenberg group is thus a
combination of time shift and frequency modulation, together
with a global phase:

Φk,l,ϕ = ejϕTkMl, k, l ∈ {0, 1, . . . , N − 1}, ϕ ∈ R. (10)

Ignoring the global phase, the discrete Weyl-Heisenberg group
has N2 distinct elements.

III. DESIGN OF ORTHOGONAL COMMUNICATION
SYSTEMS BASED ON THE WEYL-HEISENBERG GROUP

A. Mathematical Theory

A family of waveforms of the form{
gk,l(t) = e2πjl∆f(t−k∆t)g(t− k∆t)

}
, k, l ∈ Z, (11)

is called a Gabor frame or Weyl-Heisenberg frame, where g(t)
is a prototype waveform [8], such as a Gaussian pulse or a
rectangular pulse. If ∆t and ∆f satisfy ∆t · ∆f = 1, then
for a suitable choice of g(t) the set {gk,l(t)} can form an
orthonormal basis of L2(R).

For a discrete waveform vector g(n) of length N , to con-
struct an N -dimensional orthogonal communication system
using the operators T and M , we need to find N pairwise or-
thogonal vectors. From the perspective of the Weyl-Heisenberg
group, the search for such orthogonal vectors can be carried
out by examining the zeros of the ambiguity function of the
signal.

The ambiguity function of a signal g(t) is defined as

χ(τ, f) =

∫ ∞

−∞
g(t)g∗(t− τ)e−j2πf(t−τ) dt. (12)

Its discrete form can be written as

r(k, l) =
N−1∑
n=0

g(n)g∗
(
mod(n− k,N)

)
e−j2π

(n−k)l
N , (13)



where g(n) is an N -length discrete signal, k is the delay index,
and l is the frequency-shift index. The value r(k, l) is the
ambiguity-function value at delay k and frequency shift l.

A “zero” of the ambiguity function refers to a point where
the magnitude |r(k, l)| is zero. At such delay-frequency-shift
combinations, the signal is orthogonal to its own time- and
frequency-shifted version, and thus exhibits good resolution
properties.

Proposition: For any discrete signal g(n), under the action
of elements of the discrete Weyl-Heisenberg group, the ambi-
guity function changes only by a global phase factor and thus
its zero set remains invariant.

Proof: The ambiguity function in matrix form can be written
as

r(k, l) =
(
TkMlg

)H
g

= gHMH
l TH

k g.
(14)

Let ḡ(n) be the signal obtained by applying the opera-
tor TpMq to g(n). Denote the ambiguity function of ḡ by
rp,q(k, l), then

rp,q(k, l) =
(
TkMlḡ

)H
ḡ

=
(
TkMlTpMqg

)H
TpMqg

= gHMH
q TH

p MH
l TH

k TpMqg.

(15)

Using the discrete Heisenberg commutation relation to ex-
change the order of T and M , together with TpT

H
p = I and

MqM
H
q = I, we obtain

rp,q(k, l) = ejϕgHMH
l TH

k g, (16)
for some real phase ϕ. Thus rp,q(k, l) differs from r(k, l) only
by a phase factor, and their zero sets coincide. □

Based on this result, we can construct orthogonal communi-
cation systems from a prototype waveform g(n) as follows. We
first compute the zeros of the ambiguity function of g(n) and
plot them on the delay-frequency-shift grid. Then we select an
index set such that the modulo differences between any two
points lie in the ambiguity-function zero set. In this paper,
we refer to the corresponding operator index set used to build
an orthogonal basis from a given prototype waveform as the
“path”.

For any two waveforms gk1,l1(n) and gk2,l2(n) on the path,
orthogonality is equivalent to(

Tk1Ml1g
)H

Tk2Ml2g = gHMH
l1T

H
k1
Tk2Ml2g = 0. (17)

Using the Heisenberg relation, together with TpT
H
p = I,

MqM
H
q = I, TpTk = Tp+k and MqMl = Mq+l, this can

be rewritten as
gHMH

l1−l2T
H
k1−k2

g = 0. (18)
If, for any two grid points (k1, l1) and (k2, l2) on the

selected path, their modulo difference(
mod(k1 − k2, N), mod(l1 − l2, N)

)
still lies in the zero set of the ambiguity function, then the
waveform set generated along this path is pairwise orthogonal.

A simple example is a straight-line path, which can be
defined as

Pi = TpiMqi, (19)
whose slope on the delay-frequency-shift grid is p/q.
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Fig. 1. Discrete ambiguity-function zeros and paths of SC-FDE and OFDM
on the delay-frequency-shift grid. Black, white, orange, and blue cells indicate
the origin, ambiguity-function zeros, nonzero points, and the selected path,
respectively. (a) SC-FDE; (b) OFDM.

B. Examples

To illustrate the above concepts, we next analyze several
representative waveform schemes, including SC-FDE, OFDM,
OTFS, and AFDM.

For SC-FDE and OFDM, their prototype waveform vectors
can be regarded as

gSC-FDE = [1, 0, . . . , 0], gOFDM = [1, 1, . . . , 1]. (20)

Accordingly, their paths are

PSC-FDE
i = TiM0, (21)

POFDM
i = T0Mi. (22)

By computing the ambiguity-function zeros of these two
waveforms, we obtain the patterns shown in Fig. 1. In Figs. 1–
4, the horizontal axis denotes the delay index and the vertical
axis denotes the frequency-shift index. Black, white, orange,
and blue cells indicate the origin, ambiguity-function zeros
(orthogonal shifts), nonzero points (non-orthogonal shifts), and
the selected path, respectively. In Fig. 1, the horizontal blue
cells correspond to the SC-FDE path, whereas the vertical
blue cells correspond to the OFDM path. Hence, SC-FDE
constructs an orthogonal basis through time shifts of the
prototype waveform, while OFDM does so through frequency
shifts.

OTFS and AFDM are two popular waveform schemes for
doubly selective channels. Unlike single-carrier and OFDM
waveforms, both OTFS and AFDM can simultaneously handle
multipath delay and Doppler frequency shift, and exhibit
excellent performance in doubly selective channels.

OTFS is a two-dimensional modulation scheme whose key
idea is to modulate information symbols in the delay-Doppler
(DD) domain rather than in the traditional time-frequency (TF)
domain. In doubly selective channels, the channel impulse
response is typically sparse and slowly varying in the DD
domain, which allows OTFS to effectively capture and exploit
the channel characteristics, thereby achieving enhanced diver-
sity gain and improved performance.

The modulation and demodulation of OTFS can be viewed
as a transformation process among the DD domain, TF do-
main, and time domain. On the transmit side, OTFS signal
generation mainly involves the following three key steps: (a)
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Fig. 2. OTFS waveform: (a) discrete ambiguity-function zeros; (b) corre-
sponding path on the delay-frequency-shift grid.

Information symbol mapping; (b) Inverse symplectic finite
Fourier transform (ISFFT); (c) Heisenberg transform [9].

In fact, under the widely adopted rectangular transmit pulse
and critical sampling condition T∆f = 1, the above procedure
can be simplified as performing a discrete Fourier transform
(DFT) along the N -dimension of the N ×M symbol grid and
then vectorizing along the M -dimension to form a serial time-
domain sequence. In matrix form, the overall modulation can
be written as [10]

s =
(
FH

N ⊗ IM
)
Kx, (23)

where FN denotes the N -point DFT matrix, IM is the M×M
identity matrix, and K is the commutation matrix satisfying
vec(XT) = K vec(X) for any X ∈ CN×M . Here x ∈ CNM

denotes the vectorized DD-domain symbol vector and s ∈
CNM denotes the time-domain transmit vector. Moreover, (23)
is a linear modulation matrix, so its columns are the basis
waveforms. Under rectangular pulses and critical sampling,
these columns can be interpreted as WH shifts of a sparse
periodic prototype, which leads to (24) and (25).

From the Weyl-Heisenberg perspective, the prototype wave-
form of OTFS can be regarded as

gOTFS = [g0, g1, . . . , gN−1], gi =

{
1, mod(i,M) = 0,

0, mod(i,M) ̸= 0.
(24)

Its path is
POTFS
i = T mod (i,N)M⌊i/M⌋. (25)

The discrete ambiguity-function zeros and the corresponding
path of OTFS on the grid are shown in Fig. 2.

Although the path is not a straight line, the coordinate
differences between any two points on the path still lie in
the zero set of the discrete ambiguity function. Consequently,
the waveforms generated along this path form an orthogonal
communication system.

AFDM is another popular waveform for doubly selective
channels. It can be viewed as a parameterized extension of
the orthogonal chirp-division multiplexing (OCDM) scheme.
AFDM modulation is based on the affine Fourier transform
(AFT) and its discrete implementation. The discrete AFT is
given by [5]

S(m) =
1√
N

N−1∑
n=0

e−j2π(c1n2+ 1
N mn+c2m

2)s(n), (26)
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Fig. 3. AFDM waveform: discrete ambiguity-function zeros and paths for
different c1. (a) c1 = 1

2N
; (b) c1 = 2

2N
.

which involves two parameters c1 and c2. OCDM is a special
case of AFDM with c1 = c2 = 1

2N .
Let s = [s(0), s(1), . . . , s(N − 1)]T and S =

[S(0), S(1), . . . , S(N − 1)]T. The above expression can be
written in matrix form as

S = As = Λc2FNΛc1s, (27)

where A is the discrete AFT matrix, while FN is the unitary
N -point DFT matrix and

Λc = diag
(
e−j2πcn2

, n = 0, 1, . . . , N − 1
)
. (28)

The work in [11] has shown that, for AFDM, system per-
formance under different channel conditions is essentially
independent of the parameter c2. Hence we can set Λc2 = IN ,
and AFDM modulation simplifies to

s = ΛH
c1F

H
NS. (29)

Here S ∈ CN denotes the input symbol vector in the affine-
Fourier domain and s ∈ CN denotes the time-domain transmit
vector. Equation (29) shows that AFDM applies a chirp
weighting to the IDFT basis, so the resulting waveform family
can be interpreted as frequency shifts of a chirp prototype,
which leads to (30) and (31).

From the Weyl-Heisenberg perspective, the prototype wave-
form of AFDM can be viewed as

gAFDM(n) = e−j2πc1n
2

. (30)

Its path is

PAFDM
i = T0Mi. (31)

For c1 = 1
2N and c1 = 2

2N , the discrete ambiguity-function
zeros and the corresponding paths are shown in Fig. 3.

IV. NEW ORTHOGONAL WAVEFORM BASED ON THE
WEYL-HEISENBERG FRAMEWORK

Building on the above WH-based orthogonal construction
rule and the insights from existing schemes, we now design
a new orthogonal waveform set tailored to doubly selective
channels.

Compared with SC-FDE and OFDM, OTFS and AFDM
spread their signal energy over both time and frequency rather
than concentrating it in only one dimension. For doubly
selective channels, this is desirable because it reduces reliance
on a small subset of time samples or frequency bins, so
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Fig. 4. Discrete ambiguity-function zeros and example paths that can form
orthogonal basis of the proposed waveform. (a) discrete ambiguity-function
zeros. (b) path: p = 0, q = 1 and p = 1, q = 0. (c) path: p = 2, q = 3. (d)
path: p = 4, q = 1.

neither frequency-selective fading nor time selectivity is likely
to dominate the effective signal energy. Although this does not
by itself guarantee optimality, it provides a useful robustness
criterion for prototype design.

From this viewpoint, a natural choice is a prototype with
constant modulus in both the time and frequency domains.
In the Weyl-Heisenberg framework, the basis signals are
generated only through cyclic time shifts and frequency mod-
ulations. These operations preserve the prototype magnitude
in time and correspond to phase rotations or cyclic shifts
in frequency. Hence, if the prototype and its DFT are both
constant-modulus, then all generated basis signals inherit the
same balanced time-frequency spreading.

We propose a prototype waveform that satisfies these prop-
erties:

g = vecrow

[(
FQ · diag(ejθ)

)T]
, (32)

where FQ denotes the Q-dimensional Fourier matrix, θ is
a real vector of length Q, and vecrow[·] denotes row-wise
vectorization of a matrix.

The discrete ambiguity-function zeros of this vector are
shown in Fig. 4a. Two obvious paths along which orthogonal
basis can be constructed are

PA
i = TiM0, (33)

PB
i = T0Mi. (34)

In addition, for any path starting from the origin with slope
p/q, if p and q have opposite parity, then each such path can
also form an orthogonal basis, as illustrated in Fig. 4.

Let x ∈ CN denote a block of N data symbols to be
transmitted. After passing through the waveform generation
matrix P ∈ CN×N , the time-domain transmit signal becomes

s = Px. (35)

P =
[
p0,p1, . . . ,pN−1

]
,

pi = Pi g, i = 0, 1, . . . , N − 1,
(36)

where g is the prototype waveform and Pi denotes the ith
WH operator in the path. With the chosen path, P is a unitary
matrix.

To leverage existing results for block-transmission systems,
a cyclic prefix (CP) is inserted so that the linear convolution
of the channel can be represented as a cyclic convolution in
matrix form. The received signal model is then

r = Hs+ n = HPx+ n, (37)

where H ∈ CN×N is the time-domain channel matrix and n
denotes additive noise.

For a time-invariant channel, the channel matrix becomes
circulant due to the CP, so it can be diagonalized by the
Fourier matrix. This greatly simplifies channel estimation and
equalization in the frequency domain. In doubly selective
fading, however, the effective channel matrix is generally non-
circulant and cannot be diagonalized in a simple manner [12].

For a linear receiver, demodulation at the receiver performs
the inverse processing of the transmitter. The estimated data
vector can be written as

x̂ = PHGr = PHGHPx+PHGn, (38)

where G is a linear equalization matrix.
Let Heq = HP. For a linear MMSE equalizer with noise

variance σ2
n, where E[nnH] = σ2

nIN , we use

GMMSE =
(
HH

eqHeq + σ2
nIN

)−1
HH

eq. (39)

V. PERFORMANCE SIMULATION AND ANALYSIS

In this section, we evaluate and compare the BER perfor-
mance of SC-FDE, OFDM, OTFS, AFDM, and the proposed
waveform under different channel conditions via numerical
simulations. All simulations are carried out under the follow-
ing assumptions: (a) the carrier frequency is fc = 6 GHz and
the subcarrier spacing is ∆f = 15 kHz; (b) QPSK modulation
is employed; (c) all waveform schemes adopt block transmis-
sion with a block length of N = 256 and carry 256 QPSK
symbols per block, ensuring a resource-fair comparison that
differs only in the waveform-dependent precoder; for OTFS,
this is realized through an NOTFS × MOTFS DD grid with
NOTFS = 8 and MOTFS = 32; for the proposed waveform, we
set Q = 16, so that N = Q2 = 256; (d) a CP longer than the
maximum delay spread is appended; (e) all waveform schemes
use the same time-domain MMSE equalizer in (39), with only
the waveform generation matrix P changed according to the
waveform.

The AFDM parameter c1 is selected according to the
optimal values reported in [11] for the corresponding channel
conditions. We additionally include two non-optimized set-
tings for comparison: c1 = 1

2N (corresponding to OCDM)
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Fig. 5. BER performance comparison of different waveform schemes with an
MMSE receiver under various channel conditions (LTE ETU and 5G TDL-C,
v = 0, 20, 150 m/s).

and c1 = 5
2N . For the proposed waveform, the path is chosen

as Pi = TiM0 and the phase vector θ is drawn once with i.i.d.
entries uniformly distributed over [0, 2π) and then kept fixed
for all channel conditions and simulations.

Figure 5 shows the BER performance of different waveform
schemes with an MMSE receiver under various channel condi-
tions. The multipath delay and power profiles follow the Long-
Term Evolution (LTE) extended typical urban (ETU) channel
model and the 3GPP 5G tapped delay line model C (TDL-
C), and the mobile speeds are set to v = 0 m/s (static),
v = 20 m/s (typical vehicle), and v = 150 m/s (high-
speed railway). The Doppler spectrum follows the classical
Jakes’ model. It can be observed that, in all simulated channel
environments, OFDM exhibits the worst BER performance.
This is because each OFDM symbol occupies only a narrow
frequency bin and is therefore more vulnerable to deep fades
in frequency-selective channels, whereas the other waveforms
provide additional frequency spreading. When the mobile
speed is low, all non-OFDM waveforms show similar per-
formance. As the speed increases to the high-speed railway
scenario, SC-FDE and OCDM (AFDM with c1 = 1

2N ) both
experience noticeable performance degradation. In contrast,
OTFS, parameter-optimized AFDM, and the proposed wave-
form better balance the impacts of time-domain and frequency-
domain fading, achieving superior BER performance and
approaching the theoretical MMSE lower bound. These results
demonstrate the effectiveness of the proposed waveform in
doubly selective channels. In particular, its near-uniform time-
frequency energy spreading provides an implicit averaging
effect over both frequency selectivity and time variation, which
helps maintain stable performance as the mobility increases.

VI. CONCLUSION

This paper proposed a unified waveform design framework
for doubly selective channels based on the Weyl-Heisenberg
(WH) framework. By representing time and frequency shifts
as unitary WH operators and linking orthogonality to the
ambiguity function and its zero set, we established a com-
mon perspective that interprets SC-FDE, OFDM, OTFS, and

AFDM as different operator paths on the delay-frequency-shift
grid. This unification clarifies their structural relationships and
provides explicit criteria for constructing orthogonal waveform
sets under a single mathematical framework. In addition, the
proposed WH-based construction rule provides an explicit
and reusable way to generate orthogonal waveform sets from
ambiguity-function zeros, and the resulting constant-modulus
prototype waveform yields a practical waveform that achieves
BER performance comparable to OTFS and AFDM under
MMSE reception in the considered doubly selective channels.
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