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Abstract—Our work addresses the well-known open problem
of distributed computing of bilinear functions of two correlated
sources A and B. In a setting with two nodes, with the first node
having access to A and the second to B, we establish bounds
on the optimal sum rate that allows a receiver to compute an
important class of non-linear functions, and in particular bilinear
functions, including dot products (A,B), and general matrix
products ATB over finite fields. The bounds are tight for large
field sizes, for which case we can derive the exact fundamental
performance limits for all problem dimensions and a large class
of sources. Our achievability scheme involves the design of non-
linear transformations of A and B, carefully calibrated to work
synergistically with the structured linear encoding scheme by
Korner and Marton. The subsequent converses derived here,
calibrate the Han-Kobayashi approach and the strong converse
of Ahlswede-Gacs-Korner to yield relatively tight converses on
the sum rate. We exhibit unbounded compression gains over
Slepian-Wolf coding, depending on the source correlations. In
the end, this work characterizes the fundamental limits of
distributed computing for a crucial class of functions, while
succinctly capturing the inherent computation structures and
source correlations.

Index Terms—Distributed computation, source coding for
compression, structured linear coding, distributed dot-product
computation, and distributed matrix multiplication.

I. INTRODUCTION

Basic functions like matrix multiplication, currently consti-
tute the bulk of computational load in scientific computing,
as they are omnipresent in applications that include convolu-
tion [2], large linear transforms, Fourier transforms, quantum
computing [3]], as well as in applications of machine learning
such as linear regression, least squares modeling [2f], and
many more. The unprecedented intensity of such computa-
tional loads often brings to the fore the necessity for massive
parallelization techniques, and we are now witnessing the
deployment of massive distributed computing systems, geared
at tackling complex distributed computing tasks.

It is the case though that to be successfully deployed,
distributed computing requires an intense exchange of in-
formation among the participating nodes. In most scenarios,
including matrix multiplication, it is evident that to meaning-
fully parallelize across multiple workers, one must maintain
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a reduced communication load, which is now considered
as a main bottleneck of parallel processing. The need for
minimizing this load is clear and evident, and this is a need that
has motivated several of the noteworthy parallel computing
techniques, such as in [4]-[10] to mention just a fraction, many
of which have been designed and tested with success.

Motivated by the above, we here study the communication
cost of distributed computing, and we do so for a prevalent
class of non-linear functions, namely of bilinear functions.
As suggested above, this setting finds itself at the core of
various technological fields in edge and cloud computing [[11]
and machine learning [[12], and again, as suggested, this is
a setting that entails considerable communication overheads
as well as an intriguingly intertwined relationship between
communication and computational parallelization. This bot-
tleneck has been studied in seminal works such as [13[]-[17],
focusing often on the linear function case. Our work focuses
on the classical problem of distributed computing of bilinear
functions of two correlated sources, placing emphasis on dot
and matrix products, while also capturing an important element
of modern large data; the strong structural correlations of
this data that serves as computing input. In a context similar
to [13], [14f], [18] where the receiver wishes to compute
bilinear functions of the distributed sources, our aim is to
establish bounds on the optimal sum rate (the minimum
amount of information) that allows a receiver to compute these
functions.

The technical contributions of this work are summarized in
the following.

A. Main Contributions of this Work

« New structured source codes for distributed computing
of dot and matrix products. We devise an encoding
framework for computing the product of two distributed
correlated source variables A and B (vectors or matrices),
over finite fields. To this end, our achievability scheme
involves the novel design of non-linear transformations
for long sequences of A and B drawn i.i.d. across real-
izations, according to some joint probability distribution.
These transformations are then carefully calibrated to work
synergistically with the structured linear encoding scheme
by Korner and Marton [13] as well as the more general
scheme by Ahlswede and Han [19] for computing a class of
bilinear functions, all with a vanishing error probability.

Our achievability results include constructions for dis-
tributed computing of dot products (Corollary [I)), matrix
products that are symmetric (Propositions [I] and 2] and



Theorem [2)), and general square matrix products (Proposi-
tion 3] and Theorem [3). We also explore a hybrid encoding
scheme (Proposition , as well as consider recursive and
nested applications of the dot product (Propositions for
distributed matrix multiplication. Our schemes are flexible,
allowing the receiver to recover ATB without imposing
structural constraints on A and B.

o Achievable compression gains. Contrasting the sum rates
of our structured source codes (see Propositions and
Theorems 2] and [3) with the state-of-the-art codes (e.g., [18]l,
[20], [21]]) reveals significant gains when computing dot
products and matrix products (of distributed sources A
and B). Our schemes carefully harness the structure of
the source data, and the corresponding sum-rate gains are
naturally more pronounced in the presence of stronger
correlations (see Examples [TH3] and see also Figure [d which
relates to Propositions [T] and ).

o Converse results. Leveraging the Ahlswede-Gacs-Korner
approach in [22] allows us here to derive a strong con-
verse for the square matrix product setting, as ¢ — o0
(Theorem [). Furthermore, calibrating the Han-Kobayashi
approach in [[14] yields a relatively tight lower bound on the
sum rate for all ¢ > 2 (Theorem [5). In addition to the main
converse bounds, for independently and uniformly drawn
source matrices A and B when ¢ — oo, we also derive
a matching strong converse to the achievability Theorem [3]
for the case of square matrix products (Corollary [5). Finally,
for the cases of symmetric and square matrix products over
F5, we upper bound the optimality gaps of our design (see
Propositions [§] and [9] respectively).

¢ Our schemes have some additional properties, like balancing
the computation load across the nodes, as well as offering
some security advantages. We briefly discuss these in Sec-

tion [V1

B. Related Work and Connections of Our Work to the State of
the Art

Below, we detail two main approaches used in distributed
coding for computation: unstructured coding-based approaches
(also known as random binning, relying on hashing functions),
and structured coding-based approaches that are more directly
geared towards leveraging the structure of the computation
task.

a) Unstructured coding for computing: Most of the early
approaches use the idea of random binning for lossless source
coding. Focusing on the case of two statistically dependent,
finite alphabet source variables X; and X, separately ob-
served by two transmitters, the seminal work by Slepian
and Wolf [[18] provided an unstructured coding technique for
the asymptotically lossless compression of i.i.d. sequences
X7 = {X}, and X¥ = {Xo;},, and established the
well-known result that R%y, = H,(X1,Xz) is the optimal
rate for jointly recovering (X7, X7). In some cases though,
this sum rate can be significantly reduced when the network’s
task is to compute a function of the sources rather than to
communicate the sources themselves. Taking a step towards
distributed computing, Yamamoto derived the minimum rate

(guaranteeing vanishing probability of error) at which a source
has to compress X{* for distributed computing of a general
function f(X7}, X7') with side information X} at the receiver
(cf. [23]]). Additional related work can also be found in [24],
where the authors exploit characteristic graphs to derive lower
bounds on perfect hashing. Drawing on [24], the graph-
theoretic approaches in [25]—[27]], as well as those in [28]],
have addressed various computing scenarios.

b) Structured coding for computing: Structured coding
approaches, on the other hand, deviate from the random coding
approach, and instead entail correlated binning of sources and
the use of algebraic codes. Korner and Marton (cf. [13])
devised a structured linear encoding strategy for distributed
computing the modulo-two sum X §2 X5 of two i.i.d. binary
source sequences (X7', X7'), where in particular (X1;, X2;)
has the same joint distribution as (X1, X3), for all ¢ € [n].
Their technique, based on the method of Elias [29], constructs
linear codes that achieve an asymptotically vanishing probabil-
ity of error at a derived minimum sum rate of 2H (X ®2 X>),
when the joint distribution of X; and X5 is symmetric (see
also Definition @ Furthermore, the interesting work in [[17]]
provided subspace-based lossless linear computation schemes
using nested codes, where these schemes have been shown to
generalize those in [13]], as well as have been proven to be
sum-rate optimal for a class of source distributions. Addition-
ally, for the binary modulo-two sum problem, Ahlswede and
Han also derived — by combining the source coding technique
from [30] with the method of Elias [29] — an achievable rate
region for general binary sources [19, Theorem 10], which
contains the regions derived in [[18]] and [13]], and which is
generally larger than the convex hull of both.

Furthermore, Han and Kobayashi generalized the structured
encoding strategy in [[13]] to the setting of computing X; ®, X2
given g-ary sources X; and X5, with @, denoting addition
over [F, [[14]. Motivated by the problem of compressing non-
additive functions, in [[14]], the authors also identified key func-
tion features that differentiate the Slepian-Wolf and Korner-
Marton regions, providing conditions under which computing
a general bivariate function f(X7, X)) = {f( X1, X2:)},
requires a rate lower than R%;. Along related lines, Ahlswede
and Csiszar demonstrated that computing most binary-valued
or componentwise functions of distributed source sequences
(X7, X2T) necessitates transmission rates from separate en-
coders that are nearly as high as those needed for full
reconstruction of (X7, X7') [31]]. Furthermore, this same work
also revealed that for a class of functions — like for example,
computing the joint type (joint composition) of X7* and X7,
or computing their Hamming distance or its parity — then
determining f(X7, X7') in the knowledge of X', typically
required the encoder of X to use a rate comparable to that
needed for fully reproducing X7' itself. Additionally, it was
also revealed that, given a distortion criterion, the problem
of an exact characterization of the achievable rate region for
f(X7, X7) — excluding componentwise functions — may be
as hard a problem as determining the achievable rate region for
reproducing X1* and X 7. In distributed computation of non-
linear functions of (X, X2), identifying an injective mapping
from the target function to a representation X; &, X», defined



over a sufficiently large prime field IF, [20], [21], [32]], known
as function embedding, followed by structured binning, may
yield rate savings over [[18].

As our interest lies in distributed matrix multiplication, we
proceed to provide some of the state of art related to this broad
problem.

c) Distributed matrix multiplication and codes: Coded
matrix multiplication recasts matrix multiplication tasks into
a computation channel. Numerous strategies have been de-
veloped to enhance distributed coded matrix multiplication
to reduce download costs and mitigate stragglers, such as
Short-Dot [33[], Polynomial [4], MatDot [34], and PolyDot
codes [5], [35], [36], all over finite fields. These approaches
split source matrices into submatrices via linear transforma-
tions and transform matrix multiplication into inner or outer
product computations. Distributing subtasks across worker
nodes enables efficient, linearly separable processing of rows
and columns of matrices. For example, MatDot [34] and
PolyDot codes [5]] reduce communication costs and improve
security, while Polynomial codes [4]], as well as generalizations
using algebraic function fields [37], namely finite field exten-
sions of fields of rational functions 38|, are commonly used
to mitigate stragglers. Recent research focuses on achieving
even greater reductions in communication costs (e.g., [39]-
[43]). However, these approaches are not sum-rate optimal,
even in the absence of stragglers. Furthermore, in the absence
of stragglers, for Polynomial coding approaches, the user can
directly recover the source matrices from subtasks.

Our work builds on the foundational principles of structured
codes to develop distributed matrix multiplication techniques
over finite fields. We demonstrate significant compression
savings for matrix product computations compared to [18)],
achieved by applying structured encoding to carefully designed
non-linear mappings of the distributed source matrices. In
addition to improved performance, our approach operates over
smaller field sizes than those required in [20], [21], [32|]. This
use of structured coding idea in the context of distributed
matrix multiplication will prove pivotal in capturing source
correlations and computation structures jointly, thus well
capturing the matrix multiplication problem.

C. Organization

Section [[I] formalizes the distributed matrix multiplication
setting. Section [T presents our achievable coding schemes and
corresponding rates for computing dot products, symmetric,
and square matrix products. It also explores recursive and
nested implementations of dot products for computing general
matrix products. Section [[V] details our converse bounds and
characterizes the optimality gaps of our schemes, while Sec-
tion |V| concludes the paper. Throughout the paper, we present
various examples to assist the reader in better understanding
the results.

Notation. We use regular type for random variables and
boldface for vectors and matrices over the finite field F,.
Logarithms base 2 and ¢ > 2 are denoted by log and log,,
respectively, and we write exp(-) = ¢("). We use @, and ©,
to denote addition and subtraction over the finite field Iy,

respectively, where © ©, y = x @, (—y). When ¢ is prime,
@, coincides with modulo-¢g addition; for ¢ = p™, m > 1,
it denotes the standard field addition in F,~. For a random
variable X with PMF Py, its entropy in binary and g-ary units
is H(X) and H,(X) = H(X)/ log, g, respectively. Likewise,
for (X1, X2) with joint PMF Px, x,, the joint and conditional
entropies are H,(X1,Xs) and H, (X7 | X2), respectively.
The acronym i.i.d. stands for independent and identically
distributed, and X; 1 X5 is used to describe statistical
independence between X; and X5. P(A) is the probability of
an event A. For a binomial variable X ~ Bin(l,p) with ! € N
and p € [0,1], the complementary cumulative distribution
function is given by F(m;1,p) = >1_ (})p'(1—p)'~*. When
[ =1, then X is a Bernoulli variable, denoted X ~ Bern(p),
and h(p) denotes the binary entropy function.

We denote by [I] the set {1,...,1}, for [ € ZT, and by
[l1, 3] the set {l1,...,la} for Iy, ls € Z* such that I < Is.
Given a random matrix X = (2;) ;. e € Fq<'s its i-th
row, j-th column, and transpose are given by X (3, :), X(:, ),
XT, respectively. Alternatively, x = (z;) ictm] € anm
(or F') and x = ((zj)je[l] )T € F.*! denote column
and row vectors, respectively. For a given x € Fé”, for
’i, j S Z+, and ¢ < j, then X(Z : j) = [in, Lidly +o oy xj],
and similarly for a column vector. The vertical concate-
nation of A € IB‘Z“XZ and B € ]FS”ZXZ is denoted by

[A;B] € FE,’“I*’”?W. The notations 1,,x; and 0,,x; denote
m x [ matrices of all ones and all zeros, respectively. We
write X" £ {X;}, = (X1,X2,...,X,), and use both
[X1; Xo;.. .5 X,] and (X1, Xo, ..., X,,) to denote a sequence
of i.i.d. realizations of X; the intended meaning will be
clear from context. We extend this notation to matrices by
defining X", with X" (4, j) representing the length-n sequence
of realizations of the (i, j)-th component X(¢, j) € F,,.

II. SYSTEM MODEL AND PROBLEM STATEMENT

We consider a distributed scenario involving two sources
with separate encoders, and a receiver. The distributed sources
separately observe realizations of statistically dependent (i.e.,
correlated) matrix variables A = (ai;)ic[m)], je) € IF;”XI and
B = (bij)icim), jen) € IFZ”l, respectively. In other words,
Source 1 observes A and Source 2 observes B, respectively.
T?el receiver aims to compute D = (dy;);, jep) = ATB €
i<,

qWe take a non-real-time approach that relies on accu-
mulating length-n sequences of potentially correlated source
matrix realizations. Specifically, the distributed sources are
block-encoded with blocklength n. We assume statistically
dependent finite alphabet two source sequences A" =
(A(1),A(2),...,A(n)) and B" = (B(1),B(2),...,B(n))
corresponding to length-n i.i.d. realizations of A and B,
respectively. We have the following additional assumption.

Assumption 1 (Memoryless and i.i.d. observations). The
sequence of pairs {(A(7),B(4))}1_, is i.i.d. according to some
joint distribution Pa B, i.e.,

Parpr(A",B") = [ Pa.B(A(i), B(i)) .
=1



Two distributed sources separately observe length-n mem-
oryless and i.i.d. realizations (Assumption [I) A" =
(A(1),A(2),...,A(n)) and B™ = (B(1),B(2),...,B(n)),
respectively, and then encode their respective realizations
independently. The two sources can perform general, and
possibly non-linear, componentwise functions g;(A™) =
{91 (A{D))}y = X} and go(B") = {go(B(i)}, = X3,
where each component X (5) and X () lies in F. As we will
see later, in our setting, the encoders will apply the structured
linear coding technique of Korner-Marton in [[13]] to the non-
linear transformations X7 € A" and X5 € X', respectively.
The separate encoders devise mappings fi : X" — Ry, and
fa: X3 — Ry,, with ranges Ry, and Ry,, respectively. The
encoder outputs are then transmitted over noiseless channels
to the common receiver. As we will also see, the receiver will
add the received codewords,

7" = X7, X} (1

before proceeding to recover the sequence D" =
(D(1),D(2),...,D(n)) of desired matrix products, with
D(i) = A(i)TB(i) € F*! for all i € [n], with a small prob-
ability of error, as we will clarify later on (see Proposition
and its proof).

Definition 1 (An (n,¢)-coding scheme [13]). The pair of
Sunctions (f1, f2) is called an (n,€)-coding scheme if there
exists a function ¢ : Ry, X Ry, — Z" such that letting

Z" £ ¢(f1(XD), f2(X3)) 2)

achieves an arbitrarily small probability of error IP’(Z” #*
") <e

In this work, we devise (n,€)-coding schemes (see Sec-
tion that approximate D™, with accuracy 1 — e. The
corresponding two-component source network with memo-
ryless and i.i.d. observations is called the general matrix
multiplication source network, and is shown in Figure E}

A special case of our setting is when the encoder sequences
X7 and X3 are formed by i.i.d. realizations of distributed
sources X7 € Fy and X5 € o, respectively, where (X7;, Xa;)
has the same joint distribution as (Xi, X5). For this case,
Korner-Marton in [13|] have designed (n,€)-coding schemes
for computing X; @2 X2 of a doubly symmetric binary
source (DSBS) pair (X7, X3), and for any € € (0,1) at rates
Ry = Ry = H(X; &3 X3), which achieve the optimum.

Definition 2 (Doubly symmetric binary source (DSBS)). A
DSBS with disagreement probability p € (07 1/ 2) is denoted
by (X1, X5) ~ DSBS(p), where its PMF is given as P(X; =
X2 = 0) = P(Xl = X2 = 1) = (1 7]9)/2 and ]P(Xl =
0, Xo =1) =P(Xy =1, Xo = 0) = p/2, where both
X1 ~ Bern(1/2) and X5 ~ Bern(1/2), and where X5 is the
output of a binary symmetric channel (BSC) with a crossover
probability p, denoted as BSC(p), for a given input X, [44].

Our objective, as detailed next, is to determine the region of
achievable rates for the general matrix multiplication source

network to achieve asymptoticallyﬂ lossless compression. We
denote the achievable encoding rates by the pair (Ri, Ra).
Even when the receiver knows A, Ry > H,(ATB|A) is
still necessary. Similarly, we must have R; > H,(ATB|B).
Hence, the sum rate must satisfy Ry + Ry > H,(ATB | A) +
H,(ATB|B), whereas this lower bound may not be achiev-
able with separate encoders in general. In [[18]], Slepian and
Wolf have provided the necessary and sufficient lossless cod-
ing rate for distributed compression of A™ and B™:

Ry > Hy(A | B),
Ry > Hy(B|A),
Ry + Ry > REw(A,B) 2 H (A, B) . 3)

In their seminal work [[14], Han and Kobayashi derived the
necessary and sufficient conditions (restated in Lemma [6)
under which any achievable rate (R;, Rs) for the distributed
computation of an arbitrary function f(A,B) of correlated
variables A and B, with entropy Ry = H,(f(A,B)) < R¥y,
coincides with the region in (3). These conditions are not
always satisfied in our setting, as we demonstrate below.
Consequently, we identify regimes where the resulting sum
rate R%\; = Rj + Ry is strictly below the Slepian-Wolf
bound RZy, described by , enabling the receiver to recover
the matrix product D = ATB without being able to decode
(A, B) in their entirety. To that end, we denote the gain of
our scheme by 7 £ REy/Ri\-

III. ACHIEVABILITY

This section details achievable schemes for structured dis-
tributed matrix multiplication. The first scheme in Proposi-
tion |l considers the symmetric case for ¢ > 2 and odd,
and embeds the dot-product computation problem. The second
scheme, given in Theorem 2] improves upon the sum rate of
the first. For the general (non-symmetric) case, we propose two
schemes. The first (Proposition [3)) targets the regime ¢ > 2 and
odd, while the second (Theorem [3), extends the design to any
q > 2 and achieves a lower sum rate. The achievability results
hold for arbitrary source distributions, following, as we will
see, the same reasoning as in [[13] Theorem 1].

A. Structured Codes for Distributed Matrix Multiplication: the
Symmetric Case

Symmetric matrices (e.g., adjacency, Hessian, and covari-
ance) are fundamental, particularly in machine learning and
signal processing. Given distributed sources A &€ IF;"” and
B ¢ ]F;"Xl, with entries from F, with m even and [ > 1
for ¢ > 2 and odd, we next consider distributed computing
of D = ATB ¢ IFf]Xl, which is a symmetri matrix, i.e.,

! Achievability results for distributed matrix multiplication at practical
blocklengths (e.g., [45]], [46]]) can be obtained using approximate or lossy
(e > 0) computation techniques leveraging Kolmogorov complexity [47, Ch.
14].

2Symmetry can be enforced through random symmetric transformations,
such as constructing B as a linear transformation of A such that B = AM
where M € Féxl is symmetric, or constructing A and B as linear
transformations A = M;Q and B = M2Q of Q € F’;Xl where the
product M'{Mg is symmetric, by matrix averaging %(ATB @©q¢BTA) using
the Toeplitz decomposition over a field where 2 is invertible (i.e., ¢ > 2 is
odd), or by structurally designing the matrices to enforce symmetry.



A Xl R
Source 1 g1(.) Encoder 1 !
Nonlinear mapping
Receiver —— ATB
B X R
Source 2 g2(.) 2| Encoder 2 2
Nonlinear mapping

Fig. 1: A general matrix multiplication source network for distributed computation of D = ATB.

D ="DrT.

Proposition 1. (Distributed computation of symmetric ma-
trix products.) For the matrix multiplication source network,
in the symmetric case, for q > 2 and odd, and for any
e € (0,1),

Ry sym(A,B) = 2H, (U, V, W) 4)

denotes the achievable sum rate, where A and B have the
following representations:

A=[A;A)) €F™ | and B =[By;By] € F™!
S

of even m, with matrix partitions A1, Az, B1,Bs € IFZL/QXl,
and U € F)/** v e F/* and W € F< are matrix
variables, and they satisfy the following relations:

U=A,®,B, eF)/>,
V=A@ By e F)"/>!

W = ATA, ¢, B[B, e F.*! . (6)

Proof. Outline of the proof. The proof of Proposition
proceeds as follows. We first introduce the non-linear source
transformations and explain how their additions in I, can be
recovered via structured linear encoding. The argument draws
on Elias’s lemma (Lemma , the Korner-Marton theorem for
modulo-two sum computation (Theorem , and its extension
by Han and Kobayashi to standard field addition in F, (Lem-
mas [2] and [3), using an (n, €, §)-coding scheme (Definition [3).
We also employ Lemmas [4] and [3] to extend the setting to g-ary
vector variables. We now begin the proof.

Encoding: Sources devise the respective non-linear map-

pings
X) =gi1(A) = [AyA; AJAL]

X5 = 92(B) = [B1;Bo; B{By] . (7
Vertically concatenating the columns of X/ € IE‘E;"’H)XZ and
X, € 0% in (7) we obtain
X; = [X1(,1); X1, 2);. . X6 0)]
Xo = [X5(:, 1) X5(:,2); .5 X5(0)] - (8)

Let Z = X; @y Xy € Fémﬂ)l, Exploiting the compo-
nentwise and non-linear mappings ¢g; and g» in to the
length-n realizations A™ and B™, the sources compute X} "

91(A") c Fgm+l)l><n and X/2n gg(B") c Fngrl)an-
Using (8), X7 € FY" " and X1 € FY" ™" denote the
vertical concatenations of X}" and X", respectively. The
separate encoders devise mappings fi : X" — Ry and
fa + X3 — Ry,, respectively, which we will detail below.
Let Z(j) € F, be the j-th symbol of Z, and Z"(j) € Fy, for
j € [(m+1)I], be its length-n i.i.d. realization.

Decoding: We next detail below how to recover Z™, which
is subsequently used to reconstruct D™. To do so, we begin
by establishing several sufficient conditions below (Lemmas [T}
M. Specifically, our encoding scheme requires a well-known
fact of Elias [48]], which is that the capacity of BSCs can be
attained by linear codes, as stated next.

Lemma 1. (Elias’s lemma [48].) Ler {Z;}3°, be an i.id.
binary sequence. For fixed € > 0 and sufficiently large n, there
exist a binary matri C € F5*" and a function 1 : F§ — F}
such that

k<n(H(Z)+¢€), PWCZ")#Z")<e. )

Proof of Lemma [I| This result, originally published in [29],
has been detailed in [48, Section 6.2]. Its proof builds upon
coset codes. We restate the proof here to illustrate how linear
codes yield tight error bounds. An (n, k) coset code is a code
with 2% codewords of blocklength n > & in which the mapping
from message u” € F%X“ to codeword 2" is given by 2" =
u"C o v" € Fy*", where C € F5*" is fixed but arbitrary
binary encoding matrix and v" € IE‘%X” is a fixed but arbitrary
sequence. The codewords of a coset code are thus formed from
the codewords of a corresponding parity-check code, z"
u™C, by adding v™ to each codeword. For a BSC, with a
transmitted sequence z™ and a noise sequence w”, the received
word is ¢y = 2" @ w™. After subtracting the fixed sequence
v™ from y"™ before decoding, we have ¢ = y" Gy v" =
2" Do w".

Since w™ L 2™ for a BSC, a maximum likelihood decoder
will correctly decode the same set of noise sequences as for
the associated parity-check code [48, Section 6.2]. An (n, k)
parity-check code is specified by a (n — k) X n binary parity-
check matrix H, and it contains all vectors 2" whose syndrome

3From [[19} Appendix IV, Proof of Th. 10, p. 411], a random linear mapping
C e F5 *™ “whose components are all chosen independently and uniformly
from F», yields an (n, €)-coding scheme. The case where ¢ > 2 is considered
in [14, Lemma 4].



s"~" £ H2" is equal to zero, namely the set {2" € {0,1}" :
H:z" = 0} [48] Section 6.1]. Given some general syndrome
s"" € {0,1}" ", a coset is the set of all vectors z" satisfying
H:" = s"~". For any syndrome s" ", maximum likelihood
decoding can be achieved by calculating s"~* = Hy", finding
the minimum weight sequence W(s"~*) that satisfies s" % =
HU(s" %), and decoding to the codeword £ = W(s" ") Pq
y™ [48, Theorem 6.1.1].

To complete the proof of Elias’s lemma, we need the coding
theorem for parity-check codes in [48, Theorem 6.2.1]. We
present the main steps; the full proof is omitted here for brevity
and is available in [48, pp. 206-207]. To this end, employ
an ensemble of (n,k) coset codes where each component
of C and v™ is selected from I, independently and with
equal probability. Then, with maximum likelihood decoding,
the probability of error for each message for this ensemble of
codes used on a BSC, where Z" € [F3 is viewed as its input
sequence, satisfies [48]]

P(U/(CZn)) 7& Zn) < eXp(—nE,»(R)) ’ (10)
where E.(R) = In(2) — 2In(\/ps + VI —ps) — R is the

random coding exponent, as a function of the BSC crossover-
probability ps = P(s = 1), and the transmission rate R. Be-
cause {Z;}$2, is stationary, the minimum expected codeword
length per symbol is bounded as [47, Theorem 5.4.2]
R=(kln(2))/n< H(Z)+1/n . (11)
Note that exp(—nE,(R)) 2 2= - (/b; + vT=p5)2" - 2% &
25~" where (a) uses the definition of E,.(R) with R from
, and (b) the triangle inequality. Setting 2~™ = ¢ implies
P(¢(CZ™) # Z™) < € via (10). For large n, specifically n >
1/€, we have R < H(Z)+ € by (11). This concludes the proof
of Lemma Il O

We continue with the proof of the proposition, and re-
call that Korner-Marton, in their seminal work [13], applied
Lemma [I] to the modulo-two adder source network, given a
symmetric source distribution with (X1, X2) ~ DSBS(p). We
now restate their main theorem (the direct part), which serves
as a building block for our achievability schemes and will
subsequently be used to prove the proposition.

Theorem 1. (Distributed computation of the modulo-two
sum of binary sources [13, Theorem 1].) For the modulo-two
adder source network, for ¢ = 2, and for any € € (0,1),

Ry >H(Z), Ry>H(Z) (12)

denotes the set of achievable rates for computing Z = X1 Po
Xo.

Proof of Theorem[I} We provide a sketch of the proof here
to highlight the utility of algebraic codes. Let C(-) denote
the encoding function used for both X7' and X3, such that
FUXT) 2 C(Xp) = X € Fy, and fo(X5) 2 C(Xg) =
CX3} € F5. Next, define a function ¢ : Fy x Fy — FJ
as ¢(a”,b%) = (a” @y b¥), where a® and b* are binary
sequences of length x, and a” @2 b" denotes their modulo-two
sum. Since the encoding function C is linear,

P(O(CX],CX}) # Z") = PW(CZ™) # Z") <e. (13)

This demonstrates that (C,C) is an (n,e)-coding scheme,
where rates Ry < Hy(Z) + ¢ and Ry < Hy(Z) + € are
achievable [13| Theorem 1]. This concludes the proof of
Theorem [ O

Continuing with the proof of the proposition, we will
make use of several generalizations of Elias’s result [48]]
and Korner-Marton’s problem [[13]], which will subsequently
allow us to extend Theorem [1| to additions of vector variables
over [Fy. In addition, it is worth mentioning that the achiev-
ability result in [13, Theorem 1] holds for arbitrary source
distributions, whereas the matching converse follows from
employing the strong converse to the source coding theorem
with side information [22] and the symmetric distribution of
(X1,X3) ~ DSBS(p) (see Definition [2).

We now proceed with the proof of Proposition [T} Building

on [14], we extend the (n,¢€)-coding scheme in Definition
to an (n,€,0)-coding scheme.
Definition 3 (An (n,¢, §)-coding scheme [14]). The pair of
source encoders (f1, f2) is called an (n, €, d)-coding scheme if
there exists a function ¢ : Ry, x Ry, — Z" that satisfies ,
with the decoding function v as given in Lemma |2| such that
letting

2" £ G(fi(XT), f2(X3)) .

we have P(Z" # Z™) < 6, where the encoding rates satisfy
Ry < Hy(Z)+eand Ry < Hy(Z) + e

(14)

We next consider a generalization of Elias’s result
(Lemma |1} in [48]] to g-ary variables. Its proof follows from
a counting argument (cf. Ahlswede-Han [19, p. 411]), and is
omitted here.

Lemma 2. (Han-Kobayashi [14, Lemma 4].) Ler Z €
F, be any random variable. Set Z" = {Z;}I-, =
[Z1; Z2; ... Zn] € Fy to denote a length-n i.i.d. realization
of Z. Then for any ¢ > 0, § > 0, and sufficiently large n, a
k X n matrix C € F7*™ as a linear encoding function, and a
decoding function 1 : Fy — F from Lemmall| exist such that

k<n(Hy(Z)+e), PW(CZ")#2Z")<5. (15

Having established Lemma [2 we now proceed with the
proof of Proposition [T] by presenting a generalization of
Korner-Marton’s problem in [13]] to additions in F,.

Lemma 3. (Han-Kobayashi [14, Lemma 5].) Ler (X;, X5)
be any correlated random variables over X, C F, and
Xo C Ty, respectively, encoded separately at different sources.
Define Z = f(X1,Xs) = X1 ®4 Xa. Then, for the distributed
encoding of the function Z, with linear encoding:

Ry > H,(Z), Ry>H,(Z) (16)

denotes the set of achievable rates for computing Z = X @

Xo.

Proof of Lemma [3| The proof proceeds along the same lines
as that of Theorem [I] where the dimension « of the encoding
matrix C € F;*™ is chosen according to Lemma O

With Lemma 3| in place, we continue with the proof of
Proposition [T} To this end, we first introduce an intermediate



result (Lemma [), which guarantees the desired error proba-
bility in Lemma [2| by constructing a ' X n encoding matrix
with " > k. This lemma serves as a stepping stone toward
Lemma 5] where Lemmas 2] and 3] are extended to g-ary vector
variables, necessitating a larger encoding dimension.

Lemma 4. Consider the setting in Lemma 2| Let k' = k+ A
for some A > 0, which enlarges the value of k guaranteed
by Lemma [2| Then, for any e, & > 0, and sufficiently large
n, a k' X n matrix C' € ]F'" X" and a decoding function 1)’ :
]F’; — [y, exist such that

k' <n(Hy(Z)+e€), PWCZ")#£2Z")<s. (A7)

Proof of Lemma ] Choose a random linear mapping C inde-
pendently and uniformly from Fy; ", with x = n(H,(Z)+e),
as in Lemma [2} Then, denoting by 7.(Z) the set of all e-
typical sequences for a random variable Z, to evaluate the
probability of decoding error, we must consider the following
events: i) Ey : Z" ¢ T.(Z), and ii) Ey : fi1(z") =
f1(Z™), for some z™ # Z™ such thatz" € T.(Z), to evaluate
the probability of decoding error: P, = P(¢(CZ™) # Z™) =
P(E; , E>). Because the pair (X7, X5) uniquely determines
the value of Z, we have P(E;) = 0. Given C € F;*", by
counting all the cases satisfying f1(z") = f1(Z") it follows
for any 2" # 2" that P(fi (") = f1(2") = (" /q")* =
¢~ ". Hence, exploiting x = n(H,(Z) + €), we have
P(Ey) < |Te(2)| - ¢7"
<exp(n(Hy(Z) +¢€))-q"
— exp(—n(e—2)) <6 . ()

where § can be made arbitrarily small by choosing € small
and then n large.

We now set k' = n(Hy(Z) +€) + A > & for some A >
0. Choosing C’ independently and uniformly from ]F” *m by
counting all the cases satisfying f1(z") = f1(Z"), 1t follows

for any 2" # 2" that P(f1(=") = /1(2")) = (@ /") =
g~ " . Hence, exploiting ' > k, we have
P(Ey) < |To(2)] ¢~
<exp(n(Hy(2) +¢))-q7"
=exp(n(k'/n—A/n—e+e) — k')
A) <exp(—n(e—¢)) <9 .
(19)
From and we infer that P(Es) satisfies P.(x') <

P.(k) < & whenever ¥ > . Hence, follows, which
concludes the proof of Lemma [4] O

= exp(—n(e —¢) —

To proceed with the proof of Proposition |1} we next extend
Lemma |3| to g-ary vector variables.

Lemma 5. Let (X, X3) be any correlated random vectors
over IF;“ each, encoded separately at different sources. Then,
for the distributed encoding of Z = X1 ®©4 Xo, with linear
encoding:

Ry > Hy(Z), Ry,>Hy(Z). (20)

Proof of Lemma [5] We prove this lemma using Lemma 4] Let
Z = X,9,X, € Fj" be any random vector. Then for any fixed

0,8 > 0, j € [m], and sufficiently large n, from Lemmasl
and‘ a random hnear encodmg matrix C; € ]F'{an, and a
decoding function ¢; : Fg’ — Iy exist such that

k; <n(H(Z(j)) +e) . P(;(CZ2"(j) # 2"(j)) <6 .

2D
Thus, (C;,C;) is an (n, €, 6)—coding scheme (cf. Definition 3)).
From Lemma letting K,J > kj, with k; given in || a
K’ X m matrix § exists such that (C},Cj) is also an (n,€,0)-
coding scheme. A sequential decoding of {Z(j)™} for ordered
J € [m] is possible, with r; < n(Hg(Z(j) [{Z(j")}j<;) +¢€)
for a given j, which allows for reconstructing Z" = {Z;}?_,, a
length-n i.i.d. realization of Z. Thus, setting £ = -, (1 #j <
WS ey Ha(ZG) [{Z() k<) +€) = n(H,(Z) + me), and
using a linear encoding matrix C drawn independently and
uniformly from Fy*", leads to an (n, €)-coding scheme with
the achievable rate region given in (20). This concludes the
proof of Lemma [3] O

We are now ready to prove the statement of Proposition [T}
To this end, employ Lemma |5| to the non-linear mappings
X, € F{" " and X, € FU™ 7 devised in (8) for computing
the symmetric product D, for ¢ > 2 and odd. Exploiting [|13]]
and [ 14, Lemma 5], the sum rate

RIX(:M,sym(Av B) = QHQ(Z) = QHQ(U7 Vv W) (22)
is achievable for the receiver to recover Z" = X7 &, X3 €
F" DI yith vanishing error. Using the decoded sequence
7" = ¢(CX},CXY) = ¢(CX} @, CXY), the receiver
computes

S(UT Ve, W), (UT-V e, W)

@ 1(1) 2, DV YD, 23
where (a) follows from employing UT- Vo, W = AIB, @,
BTA,, a reordering of the terms, and D = A]B; ©, AIB,,
(b) from employing the Toeplitz decomposition to uniquely
write any symmetric matrix D = ATB € IFZXZ over a field
where 2 is invertible (i.e., ¢ is odd) as D = (D &, DT)/2.
Thus, (22) is achievable for computing the symmetric matrix
product D. O

In Proposition [T} based on (23), the receiver computes the
matrix product UT - V, whose inner dimension is half that of
ATB, indicating a computational split between the sources
and receiver. Notably, lossless reconstruction of Z™ does not
imply full recovery of X7 and X7, allowing computation of
D = ATB without revealing the sources in their entirety —
a feature with security implications. The extension to odd m
is straightforward and omitted for brevity.

We derive a corollary for the dot-product source network,
where given even-length vectors A = (a;);c(,,) € Fy' and
B = (bi);e[m € Fy', the receiver computes d = (A, B) =
Z;’;l a;b; € F, for any ¢ > 2. This generalizes the result
from Proposition [I] originally established for ¢ > 2 and odd.
This is a special instance where | = 1, and thus its proof is
omitted.



Corollary 1. (Distributed computation of dot products.)
For the matrix multiplication source network, in the symmetric
case where | = 1, for any q > 2 and for any € € (0,1), the
sum rate

RIE(M,sym(Av B) = 2Hq(U7 V7 W) (24)

is achievable, and the vector variables U € IFT/ >and V €
Fm/z, and W € F, satisfy

U=A,¢,B;,

V=A ¢,B,

W =AJA, ®,B]B,, (25)
and (A,B) = UV o, W for any q > 2, given the
representations of A and B as in ().

Denoting by 75y the gain 7 in the symmetric case (includ-
ing dot products and symmetric matrix products), from Corol-
lary |1} the receiver can compute ( A, B) without recovering
(A,B) when 7sm > 1. We next provide an example under
a specific PMF for binary-valued distributed source vectors
(A,B) to show that the achievability result in Corollary
does not coincide with l) In particular, RIX(:M,sym can be
substantially smaller than ng, yielding gy, > 1.

Example 1. (Distributed dot product computation over
structured source vectors.) For the matrix multiplication
source network, in the symmetric case where | = 1, for q = 2,
consider A € F3' and B € F3' with the following asymmetric
DSBS model:

(azm4q, bi) ~DSBS(p) ,

(ai, bm i) ~DSBS(p) are iid. across i€ [m/2] . (26)

Employing the definitions of X1 and X in and letting
Z = X Py Xy € IFZ”‘H, from Corollary |I| the achievable
sum rate for the receiver to recover Z = [U; V; W} is given
as

RIE(M,sym(A7B) = 2H(U7 Vv W)
=2H(U)+2H(V)
+2H(AJA; 2 B[B2| U, V)

© 1mh(p) +mh(p)

+2H(AJA, ® BB, |U,V)

Y omh(p) + 2H(UTA, @, AIV|U, V)

9 omh(p) + 2H(QTA| Q)

‘_i)g h(p) +QZ( ) )m_j
J€[m]
X H( Z ai)
ie{il,iz,...,ij}
9 omh(p) +2(1 - (1 —p)™) , 27

where (a) uses U = (u )Ze[m/Q] and V = (vi)ie[m/2]’
defined in (-) 25) with components w;, v; ~ Bern( ), i.i.d. across
i€ [m/2]; (b) uses U = Ay &y B1 and V = A; &, Bs
in to rewrite ATA; @2 BIBy; (c) follows from Q =
[U;V € FJ and observing ATV = VTA, € Fo; and

(d) from HQTA|Q) = H(QTA |QT1,,), given the model
in (26), where the nonzero components of Q are indexed by
{i1,%2,...,1;} when QT1,, = j. Hence,

0, =0,
H(QTA[QT1, =)
s ),

iE{il,iQ,...,’Lj}

HQ'A[Q™1,, =)=
i>1.

(28)

Finally, step (e) holds because, given Q # 0,,, which
occurs with probability 1 — (1 — p)™, the DSBS model
implies that the entries of A are independent and uniformly

distributed, i.e., a; "% Bern(1/2). Hence, incorporating
H<Ei€{i1,i2,~wij} ai) =152 1, we obtain '

The encoding rate for the asymptotically lossless compres-
sion of A and B is given by
W oH(A,,B,)
=2 21+ h(p)

using the Slepian-Wolf theorem [18], where (a) is because
H(A)=H(Ai, Ay) and H(B) = H(B4, By), noting that
A, I A and B; 1L Bs, for A and B with i.i.d.-valued
entries.

For this asymmetric DSBS setting, the ratio of ng in
over R%M}Sym in is
REy(A,B)

lovm = RIE(M,sym(A7B) B

RSw(A,B)

=m(1+h(p), (29

m(1 + h(p))
2mh(p) +2(1 — (1 —p)m)
(30)

It is necessary from [|14, Lemmas 1-2] (see Conditions
and from Lemma @ in Section@ that Ry, Ro > mh(p), for
the joint PMF in (26). Our structured scheme for computing
ATB incurs 1 — (1 — p)™ additional bits per source versus
this lower bound, approaching 1 as m — oo. Furthermore,

p}lm USym = o5 hm nsym - m/2 lll’ld hm nsym =
1;;3(1))) >1 matches the gain in [|13|], which tends to infinity

asp—0orp— 1.

In Figure |2 we showcase R§M7sym and Ry versus p
(in log scale), using the asymmetric DSBS model in (26) for
each pair A(:,7) and B(:,j), for j € [l], with ¢ = 2, for
distributed computing of symmetric matrices D = ATB for
different m with | = m, under two further assumptions: (i)
A.{Bl = B.{Al, i.e., W = 0l><l) and (ll) A;-Al = BIBQ

Then, Uutv = (A2 Do Bl)T . (A1 Do BQ) (i) AgAl Do

A;BQ Do AIBI D2 BIBQ (—E) AIBI D2 A;BQ = D, where
(a) and (b) follow from (i) and (ii), respectively. (i)-(ii) ensure
Nsym 0 grow exponentially fast, as p — 0 or p — 1. For
q > 2 and odd, without (i)-(ii), ATB can still be recovered
(Proposition [I)).

Example[T]only captures a restricted class of source vectors,
whereas Corollary [I] holds for any possible joint distribu-
tion, i.e., any correlation structure between A, B € F;", for
q > 2, where the sum rate required for the partially secure
or information-theoretically secure distributed computation of
(A, B) may approach or even exceed Ry, . To that end, we
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Fig. 2: Rate (in log scale) versus p for the symmetric matrix multiplication network, to compute D = ATB = BTA, given A, B € FJ**},
for different m with [ = m, where the joint source PMF is given in Example El (cf. Corollary E[)

now turn to a potentially more realistic scenario (Example [2),
with i.i.d.-valued distributed A, B € F5' with elementwise
correlation, and show that the sum rate R%M’Sym may still
fall below R%y in (3).

Example 2. (Distributed dot product computation over
elementwise-correlated vectors.) For the matrix multiplica-
tion source network, in the symmetric case where | = 1, for
g = 2, consider A € F3' and B € F5', with the following
elementwise DSBS model:

(a;, b;) ~DSBS(p) are i.id. across i € [m] . 31
For a given p € [0, 1/2], we note that (i) (a;, b;) ~

DSBS(p), (ii) (a;, b;) ~ DSBS(1/2) for i # j, and (iii)
(ai @ b;, A j2ti Do bm/2+i) ~ DSBS(2p(1 — p)) from (i).
From Corollary [I]

RIE(M,sym(A7B) (;) 2H(U7 U D2 Va W)
(b) m.om
<o. (24 2 _
<9 (2 + Zh(2p(1 p))+1)
=m(1+h(2p(1-p)))+2,

where (a) is because joint entropy is invariant under bijective
transformations, and (b) follows from the relations (ii)-(iii)
above, which imply H(U) = m/2 and HU®2 V) = (m/2)-

(32)

h(2p(1 — p)), respectively, and also from @) which yields
H(W) <1 for W € Fs.

Employing ([31), the scheme of Slepian-Wolf in [18]] yields
the sum rate

R3w(A,B) = m(1+ h(p)) . (33)

For this elementwise DSBS setting, the ratio of REW in
over RIZ(M,Sym in is
R3w(A,B) m(1+ h(p))
(34

Tlsym =

It is necessary from [I4] Lemmas 1-2] (see Conditions [I|
and from Lemma@ in Section@ that Ry, Ro > mh(p), for
the joint PMF in (31), for which the sum rate is upper-bounded
by (33). Our structured scheme for computing ATB incurs
fewer than (m/2)(1 + h(2p(1 — p)) — 2h(p)) + 1 additional
bits per source versus this lower bound, approaching m/2 +
lasp - 0orp — 1, and 1 as p — 1/2. Furthermore,
m%iﬁrnoo Nsym = #@p)), and limoo Nsym = 1 in the limit
as p — 1/2. When p = 1/2 in , resulting in A and B
being independent, any achievable (R, Rs) for ATB has to
satisfy R1 + Ro > 2m = R?W Jfrom the necessary conditions.



In Example [2] while the elementwise DSBS model of (31)
may require the encoders to operate at Ry ., > Ry, the
structured encoding scheme ensures that A and B are not fully
disclosed.

We next derive a necessary condition for the receiver to
compute the symmetric matrix product D = ATB € F.*!
without fully recovering (A, B), thus ensuring 7sym > 1.

Proposition 2. (Necessary condition for achieving 7y, > 1
in distributed computation of symmetric matrix products.)
For the matrix multiplication source network, in the symmetric
case, for q > 2 and odd, and for any € € (0, 1), the condition

with m even and | > 1, where U,V € IF‘;"/2XZ are defined
in (6), Proposition [I| (and Corollary[I] for | = 1, and for any
q > 2) ensures that the sum rate RIZ(M,sym is strictly less than

REy in .

Proof. We first consider the dot product d = (A,B) case

from Corollary (1| representing the symmetric setting where
l =1, for any ¢ > 2. We then have from (24)

Rin sym(AB) = 2H, (U, V, W) = 2H,(U, V, d)
= 2H,(d) + 2H,(Q|d) .

REw(A,B) = H,(A,B) Y H,(A,B,Q, d)

(36)

Y 1,(Q, d) + Hy(A,B|U, V,d)

< Hy(d) + Hy(Qd) + Hy(A|Q,d) ,

(37
where (a) holds because both Q and d are deterministic
functions of (A,B); (b) by employing Q = [U;V]; and
(¢) from the condition H,(B| A, Q) = 0. By contrasting
with (37), the condition (35) guaranties that Ry o, < Ry

We then turn to the general symmetric case D = ATB €
IFéXl from Proposition (1] (see ), where [ > 1, and ¢ > 2
and odd. Following the same reasoning as in (36) and (37),
we obtain:

R%M,sym(A5 B) = ZHQ(D) + QHQ(Q | D) ) (38)
R5w(A,B) = Hy(D) + Hy(Q|D) + Hy(A|Q,D) .

(39)
Thus, by contrasting with (39), the condition guar-
antees that Ry oo, < Ry O

From Proposition , R sym = 2Hy(D) is achievable
when H,(Q|D) = 0 in . In this case, Hy(D) <
H,(A|Q,D), so D can be computed at a sum-rate below that
required for lossless reconstruction of both A and B, although
partial information about them may still be revealed. For
general, potentially non-structured source PMFs, the condition
in (33) may fail. In such cases, Proposition [T] may require
Rt sym > R&w» while still not necessarily revealing A and
B completely.

Drawing on Lemmas and building on Corollary (1} we
next present another achievable region, where given distributed
sources A € IFZI”XI and B ¢ FZI”XI, the receiver aims to

compute the symmetric matrix D = ATB € F,*! for ¢ > 2
and odd, achieving an improved REM’sym.

Theorem 2. (Distributed computation of symmetric matrix
products.) For the matrix multiplication source network, in the
symmetric case, for q¢ > 2 and odd, and for any € € (0,1),

the sum rate
RIE(M,sym,rfd(A7 B) = 2Hq(Z) (40)

is achievable, where Z. = X; @, X5 € ]FémH)l

Xy, X3 € IF((ZmH)l that satisfy
Xy = [X(5 1) X0, 2);. . X0,
Xy = [X5(:,1); X5(:,2); . s X5(, )] (41)
with matrices X| € IE‘gm'H)Xl and X}, € FémH)Xl derived
from the following encoder mappings:
X =g1(A)=[A2; A; AJA; &, ATA]
X} = g2(B)=[B;Bs; B]B, @, BIB4] .

, with vectors

(42)

Then for any € > 0, § > 0, and sufficiently large n, a kK X n
. . . K4

matrix C € F;*" and decoding functions 1; : Fg’ — Fy,

j € [(m + D] exist such that

n:max{ Z Kj Z Iij}, (43)
J€ml]  jE[mi+1, (m+D)]

rj <n(Hy(Z(j)) +e¢), jelm+D, @4

P({1;(CZ"™(5)) # Z"(§) }jeim+y) <0 , (45)

where Z(j), j € [(m +1)l], is the j-th component of Z, and

Proof. Outline of the proof. The proof of Theorem [2] pro-
ceeds as follows. We first introduce the non-linear source
transformations and explain how their additions in F, can be
recovered via structured linear encoding, drawing on Lem-
mas [T}f5] We now begin the proof.

Encoding: Following Proposition |1} let Z = X; ©4 X3 €
]F,(;”H)l. For fixed ¢, 6 > 0 and sufficiently large n, the
encoders operate componentwise for each j € [(m + 1)I],
using the same matrix C;, drawn independently and uni-
formly from Fg’ *™ (cf. Ahlswede-Han [19]). They compute
C,X(j) € Fg’ and C;X%(j) € Fy’, where, by Lemmas
and 3 k; < n(Hy(Z(j)|{Z(j')}; <;) + €). From Lemma [5
we then set k =3, 5 < n(Hgy(Z)+me). Using a linear
encoding matrix C drawn independently and uniformly from
g™ achieves Ry > Hy(Z) and Ry > Hy(Z).

Decoding: From [19], there exists a decoding function ; :
Fq’ — F7 that satisfies:

2"(j) = 6(C; X1 (7). €;X5 (7))
= 9;(C5 (X7 (5) Bq X3 (7)) (46)
such that i) x; < n(H(Z(j)|{Z(i")};j/<;) + €), and ii)
P (27 (7)) # Z7(j)) < 6.

Using the achievability result in [13]], and Lemmas [T}{2
the achievable sum rate for the receiver to recover the matrix
sequence Z" = X7 @, X7 € FY" ™" with vanishing error
is:

RIE(M,Sym,rfd(A7 B) = QHQ(Ua V7 WS) ) “47)



where the matrix variables U, V, W are given as follows:
U=A,&,B; e F/2 | V=A g,B; e F/2X!
Ws =AJA; &, ATA; &, BBy &, BIB; € F,* .
(48)
Using 7" and exploiting , the receiver computes

1
,(UT Vo, VT-Ug, Wg)

1
¥ S((AIB: &, AB,) &, (AIB; &, A]B,)T)

©p, (49)
where (a) follows from reordering the terms and using ,
and (b) from the symmetry of D = ATB € ]FM rendering
the sum rate in achievable for ¢ > 2 and odd.

Concatenating the columns of the matrices U, V, and Wg
each, defined in (@8], denote by

[U(:,l);U(:,Q);...;U(:,l)]

= [z(1 s Z(mi/2)] e F/2 (50)

[V(al) ( ) ";V(:vl)]

= [Z(ml/2+1); Z(ml/2 +2);...; Z(ml))] € F/2

(5D

(Ws(:,1); Ws(5,2);...s W(:, )]

= [Z(ml +1); Z(ml +2);...; Z((m + D)) €F,, (52)
where Z(j) = As(:,j) @q Bi(:,7), for j € [ml/2],
Z(j) = Ai(5,7) ®q Ba(:, ) for j € [ml/2+1 ml], and
Z(ml+3j) =Wg(j—1- ( —1),[4]) € Fy, for j € [1?].

We note the following. (50) and (51) can be combined into
Z(j) = g91,;(A) ©q 92,;(B), j € [ml], for some gi,; and
g2,;» where {Z(j)};c[m are mutually independent. Similarly,
Z(j) = g] ](A) @q gzj(B) jemli+1, (m+ I, where
91 # 91,5 and g ; # ga j, by directly comparing . .
and (32).

From (@§), the computation of the linear parts in (50) and
(31) requires
Hy(Z(j), j € [ml]) = H, (53)
and we also note that the computation of the non-linear part
in (52) requires
Hy(Z(5),j € Iml+1, (m+DI|Z(5), j € [ml])
< H,(Ws|U V)

H,(UT- V&, VT-Us, Ws|U V)

(U,V)<im,

®

Yy (ATB U, V) <2, (54)
where (a) is due to (@8), and from using definitions in (50),
(51), and (b) follows by conditioning, and (c¢) from

(m+0)1 (m+1)l
employing ( :ED Hence, for X; € F and Xy € Fy
given in (@I), employing Lemmas [ and [5} and from (33)
and (54), the following rate per source can be achieved for
computing the symmetric matrix D = ATB € Ff;(l, forqg > 2
and odd:

*<maX{H( (1), 3 € [mi])

Hy(Z(j), j € [ml+1, (m+DI|Z(j), j € [ml])} + €
=max{H,(U ,V|D=DT),

H,A™B|U,V, D=D7)} +¢, (55)
for a k¥ x n linear encoding matrix C € Fy*" with £ =
max { 321 i 0 D jelmitt, (miy) i )

From Lemma [] and [[13], [14], and [19], if we choose C

independently and uniformly from F;*", and & as in
(C,C) forms an (n, €,d)-coding scheme for decoding Z". D

B. Structured Codes for Distributed Matrix Multiplication: the
General non-Symmetric Case

Focusing on general A, B € IF;”XZ, for ¢ > 2 and odd,
and m, [ > 1, we next devise distributed encoding schemes
for computing D = ATB € ]FéXl. Unlike Proposition (1| and
Theorem [2] this setting necessitates new techniques due to the
non-symmetric form of D, as we detail below.

Proposition 3. (Distributed computation of square matrix
products.) For the general matrix multiplication source net-
work, for ¢ > 2 and odd, and for any € € (0,1), the sum
rate

RI%M,alt(A’ B) = QHQ({A @q ]}] 1>
{ATA @, B]B;}j_))  (56)

is achievable, where Ej =Bl € ]F;”xz, with B; € '
denoting the j-th column of B.
Proof. We set vector D; to be D; = (dij)icpy = ATB; € F,
for j € [I]. Following the steps of Lemma || and the Proofs
of Corollary [I] and Proposition m the receiver can recover
{A g, J}J 1 {ATA ¢, BT Bj}j 1> and then compute the
following [ x | matrix:

(A @, B))T(A®,B)) o, (ATA &, BB;)

= llxlBjA 69q [A.{v A;v ceey AZT] lele

= L1 ((dig)ien) " @q (dig)icpLixe
= (dij Bq dirj)i, vep) € FJ (57)

which is a symmetric matrix with [ unknowns and [(I—1)/2 >
[ linearly independent equations for [ > 2 and ¢ > 2. Hence,
D;, for each j € [I], as well as D can be recovered. O

To demonstrate the performance of Proposition (3] we next
consider an example.

Example 3. (Computing a non-symmetric matrix product
of structured sources.) For the general matrix multiplication
source network, where | = 2, for ¢ = 3, consider A, B €
FZ5'*2, with entries that satisfy a;; ~ (1/2—¢, 2¢, 1/2=¢),
fori € [m]and j € {1,2}, i.i.d. across i for some ¢ € [0,1/2],
and the joint PMF of (a;1, b;1), i.i.d. across i € [m], is given

as
(3-0O1—-p) (3—-Op 0
Pobi = 2(p 0 2¢(1 —p)
0 (3-00-p) (G-0p

We further assume that b;; = bjs = —ajo. Thus, H3(A,B) =
mHB(aila a2, b1, b¢2) = mHS(aila bi1)~



Therefore, the sum rate for distributed encoding of (A, B)
is given as [18]
R3w (A, B) = m(h(ain) + h(bir | air))
= m(h(2) + (1= 20) + h(p)) -

Exploiting Proposition 3| to compute D = ATB € IF?,)“,
we can achieve a sum rate of

R¥aon(AB) < 2 (2(5 = )1 = p) +2601 — ),

2(% ~ Q)p+2(p) +2logy(3) .
(60)
For details on the evaluation of RIX(:M,alt’ we refer the reader
to [49, Appendix A-J]. These details consist of standard
algebraic manipulations and are omitted here.
In Figure 3] using (©8), with ¢ = 3 and ¢ = 0.2, we display
the sum rate REM’,&M in @) and Ry versus p (in log scale).
The gain n grows exponentially as p approaches 0 or 1.

(59)

Inspired by the Ahlswede-Han scheme [19], which blends
unstructured coding [18]] with structured coding [13[], we
design a new encoding scheme for the distributed computation
of D=ATB ¢ ]Ff]Xl, for ¢ > 2 and m, | > 1, generalizing
Proposition [3] originally stated for odd ¢ > 2.

Theorem 3. (Distributed computation of square matrix
products.) For the general matrix multiplication source net-
work, for any q > 2, and for any € € (0,1), the following sum
rate is achievable:

REH(Av B) = HQ(A17B2)
+ Qmax{Hq(AQ @q B1 | Al, BQ)7
Hq(AIAQ EBq BIBQ ‘ Al, Bg, A2 @q Bl)} .
(61)
Proof. We next exploit the achievable rate region of
Ahlswede-Han in [19]. Let S;, Sy be finite-valued variables
such that S; — A — B — S, forms a Markov chain. For ¢ = 2,
from [19]],
R1 Z I(Sl,A | SQ)+H(A€B2B | Sl, SQ) ,
Ry > 1(S2;B | S2) + H(A®2 B [ Sy, Sa)
Ry + Ry > Rig(A, B) =1(Sy, Sp;A, B)
+2H(A @2B|Sl, SQ) 9 (62)
which reduces to the rate region of [[18]] for S; = A, S, = B,
and to [13]] for S; = Sy = 0,,, ;.
In the general case ¢ > 2, the square matrix product ATB €
F!*! can be expressed as

ATB = A](A; ®,B1) @, (A2 &, B1)"By

OS¢ (AJA2 ®¢ B]B») , (63)

where this decomposition — given in (63)) — does not rely on
the symmetry of the matrix product. Exploiting (63) together
with the sum-rate expression Ry in (62), we consider the
setting S; = Aj, So = Ba. In this case, the receiver can
recover the quantities A1, Bo, Ao®,B1, and A]A,®, BB,
as specified in (63), thus enabling the recovery of ATB at the
rate given by (61). The use of max{-,-} in is justified by

the same arguments as in (53). O

C. Distributed Computation of Matrix Products using Hybrid
Coding

We next introduce a hybrid encoding scheme based on
Korner’s characteristic graphs [24]], tailored for scenarios with
linearly separable side information. The framework in [24]]
has been used to characterize the communication rate by
identifying which source values can be grouped under the
same codeword without ambiguity at the receiver, enabling
asymptotically lossless function computation, as shown in
prior work [24]-[27], [SO]-[55]. To motivate our approach,
we begin by defining characteristic graphs in a point-to-point
setting with receiver side information.

Definition 4 (Characteristic graph [25])). Consider a point-
to-point model where the source observes X, € F, and the
receiver has side information Xy € F,, aiming to compute
f(X1,Xs). The characteristic graph Gx, = G(V,E), con-
structed by the source using Xy with respect to X, Px, x,,
and f, is defined as follows:
1) V denotes the vertex set such that V = {xgk) € F,}, and
2) & denotes the edge set such that € = {(J;gl),x?))
xgl),xf) €V, xgl) # xg2)7 dz, € Ty
Py, x, (212, 2")
0and f(ai",2i") # f(=) 250} [51)

Definition 5 (Independent set [56]]). An independent set (IS)
of a graph G(V, &) is a subset of V with no adjacent pairs.
A maximal independent set (MIS) is an IS that cannot be
extended by including any additional vertex from V [56], and
I'(G) denotes the set of all MISs of G.

>

As established by Orlitsky and Roche [25], the minimum
compression rate for computing f(X7, X3) given side infor-
mation X, with vanishing error is given by

Hle (Xl |X2) £ min{I(Xl;W | XQ) | W — X1 — Xg s
XieWe F(le)} s
(64)
which is the conditional characteristic graph entropy, where
W — X; — X, indicates a Markov chain, I(X1; W | X3) =
H,W | X5)—H,0W | X1), and X; € W € I'(Gx,) means
that the minimization is over all Py x, (w,z1) > 0 such that
W is an IS of Gx,.

Proposition 4. (Hybrid encoding for distributed computa-
tion of matrix products.) For the matrix multiplication source
network, for any q > 2, and for any € € (0, 1), the following
sum rate is achievable:

Rin-or(Y) = 2Hy(Y) + Han (A[Y) , (65)
where Y = 01(A) @4 02(B) for some functions 61 and 65,
reflecting a linearly separable structure.
Proof. Let Y be the side information at the receiver, which
is expressed as Y = 601 (A) ¢, 62(B). f Y = A ¢, B, then
ATB = AT(Y S, A). Exploiting (64), the minimum compres-
sion rate for computing g(A,Y) given side information Y is
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Fig. 3: Rate (in log scale) versus p for the matrix multiplication source network, to compute D = ATB € ngz, given A, B € Fg””, for
different m and [ = 2, where the joint source PMF is given in Example [3| (cf. Proposition .

equal to Hg, (A]Y). To achieve (65)), we employ a hybrid
coding scheme: first, the structured coding scheme in [13] is
used to compute Y; this is followed by the unstructured coding
approach of [25]] to compute g(A,Y). O

For the matrix multiplication source network, in the sym-
metric case where [ = 1 and A € F3* and B € F7', in
Figure 4] we contrast the sum-rate performances of various
special cases captured by Corollary [I] with a corresponding
sum rate Ry o> and RS = 2H (A @3 B), which models
the sum rate required to compute ATB by embedding the
source variables in F3. This comparison includes the scheme
of Slepian-Wolf in [18] with sum rate Ry, = H(A,B),
and the characteristic graph-based approach with a sum rate
REvi_or = 2H,(Y) + Hg,(A|Y) where Y = A @, B,
and with REM_OR‘B = H(B) + Hg,(A|B) < RZy.
which follows from letting Y = B in Proposition @] We
also provide the lower bound given by Ry = H(ATB).
In Figure [@}(Top-Left), we depict Example [T with m = 2,
where (ay,bs) ~ DSBS(p), and (as2,b1) ~ DSBS(p). We
do not indicate R§ and RIE(M_OR, which perform poorly.
RIX(:M,sym performs well at low p, and converges to Rf as
p — 0, and to R%y as p — 1. In Figure (Top—Right),

we use m = 1, where (a,b) ~ DSBS(p). We indicate RY
and R%\;_or- At low p values, R%,; o and Ry, converge
to R¢, whereas R§ performs poorly. For large p, structured
coding yields low R¥ and Riy;_og- In Figure E|-(B0ttom), we
depict Example 2] with m = 2, where (a;, b;) ~ DSBS(p), for
each i € {1,2}. We also indicate R\ _op- The rate Ry oo,
exceeds Ry and is omitted. For any p, RS < R%y, and
R¥\i_or approaches Ry for small and large p.

D. Distributed Computation of General Matrix Products via
Recursive Dot Products

We next recursively apply the distributed dot-product com-
putation technique from Corollary [I] to compute D = ATB,
given the general matrix multiplication source network for
q > 2. We then derive the corresponding sum rate, extending
beyond the results of Propositions [I] and [3]

Proposition 5. (Distributed computation of square matrix
products via recursive application of dot products.) For the
general matrix multiplication source network, for any q > 2,
with even [, and for any € € (0,1), the sum rate

RIE(M,recursive(Av B) = 2Hq({Uij’ Vij’ Wij}iﬁje[l]) (66)
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Fig. 4: Rate comparisons for various Pa B. (Top-Left) The asymmetric DSBS model in Example |1| with m = 2. (Top-Right) m = 1, where
(a,b) ~ DSBS(p). (Bottom) The elementwise DSBS model in Example [2| with m = 2.

is achievable, where A and B are defined as in (E[) and
Uij = Agi @q Blj S FZL/Q s Vij = Ali @q ng € FZL/2 s
Wij = AL-AM Dy BIjBQj S Fq . ©7)
Proof. Given A, B € F;”Xl, and D = (di;), jey = ATB €
IFéXl, it holds that d;; = ATBy, for i, j € [I], where A; =
[AM,AQZ] S F;n and Bj = [Blj;BQj] S F;n represent the
i-th and the j-th columns of A and B, respectively, where
Ali = (aji)je[m/Q] S Fq? and Agi =
IF? , similarly for By; and By;. Exploiting Corollary
(67), we observe
dij = U;-rj . Vij SH Wij S Fq R (68)

where each component d;/;, for i’ # i and j' # j, can
be recursively derived using the tuples {U,;, V,;, W;;},
{Ui/j, Vilj, Wilj}, and {Uijl, Vij/7 Wijl}, which follows
from capturing

Ui’j’ = (Uq/] @q UZ]’) 91} U'L] € IFZL/Q ’

(@) jem /2410 €

and

V,L-/j/ = (Vz/] @q V’Lj/) @q VZJ € F;n/2 ’
Wiy = Wiy ©q Wijr) 64 Wij € Fy . (69)

Hence, recursively applying Corollary [I] that exploits the
structured coding mechanism of Ko&rner-Marton [13]], the
achievable sum rate for the receiver to recover ATB can be
determined as Ryt vecursive = 2Ha({ Ui, Vij, Wijbi<jen):
which gives the achievability result we seek. O

From Proposition [5] the complete computation of D relies
on the set {U;;, Vij, Wij}i<jep. For this setting, we next
upper bound the achievable sum rate and the computational
complexity of deriving D, measured in terms of the number
of multiplications.

Corollary 2. The achievable sum rate by the encoding scheme
outlined in Proposition S| for the asymptotically lossless com-
putation of D = ATB € Ff;(l is upper bounded by

REM,recursive(Av B) < (m + l)l(l + 1) . (70)



The number of multiplications that the receiver needs to
perform to derive D is

iml(l +1). (71

Proof. Rate. We employ R}E{M,recursive from where each
tuple {U;;, V;;, Wi;}, for i < j € [l], in (67) has a total
dimension of 2-m/2 +1 = m + 1. Since there are [(I +
1)/2 such tuples, the total number of bits per source is upper
bounded by (m + 1)I(1 4 1). Thus, follows.

Receiver complexity. follows by applying the def-
initions of {U;; ,V,; ,W;,;} from and the relation
dij = UiTj Vi 04 W;j in from Proposition [5|for each of
the I(I + 1)/2 tuples, along with the dot product computation
cost m/2 for Uy; € Fy”/? and V,; € F)"/%. O

We next propose a further recursive application of the dot-
product computation technique in Corollary |1| for distributed
computation of a symmetric matrix D = ATB, with ¢ > 2.
The diagonal entries {d;; };c[;) are calculated first similarly as
in Proposition [5] The additional rate required for computing
the off-diagonal entries {d;;};<jep is decided using the
symmetry in D.

Proposition 6. (Distributed computation of symmetric ma-
trix products via recursive application of dot products.)
For the matrix multiplication source network, in the symmetric
case, for q > 2 and odd, and for any € € (0,1), the following
sum rate is achievable:

RIZ(M,recursivefsym.<A7 B)
=2H,({Usy, Vi, Wisticny - {Ui5, Vij}icjen) -
Proof. Take two indices 4, j € [I] such that ¢ < j. When
D = ATB is symmetric, it holds that
dij = UJ; - Vij ©g Wi
= U;Z . Vji SH Wji =d;; elF, . (73)
Exploiting the symmetry in D, and using (69), it holds that
dji = (Ui ©q Uj;5) ©q Uig)T - (Vi @4 Vj5) ©q Vij)
Sq (Wi ®q Wjj) ©4 Wij) € Fq . (74)

The receiver, using the relations (73) and (74), can compute
directly the term

(72)

1
dij = i(dij ®q dji) , (75)
provided that ¢ > 2 and odd. Given {Uj;;, V;;, Wy}, the
receiver can decode d;; if in addition {U;;, V;;} are also
given. Exploiting the symmetry in D and (73)), it suffices to
determine the diagonal and the upper triangular entries, namely

{dij}i<jep- to achieve the sum rate in (72). O

From Proposition [6} the computation of D relies on the
diagonal tuples {Uj;, Vi, Wity to determine {d;; }ic,
and on the off-diagonal tuples {U;;, Vi;}i<jcp, noting that
D is symmetric.

Corollary 3. The achievable sum rate by the encoding scheme
outlined in Proposition [0 for the asymptotically lossless com-
putation of D = ATB € IFfJXl is upper bounded by

RIX(:M,rccursivc—sym.(Av B) < ml(l + 1) +20.

The number of multiplications that the receiver needs to
perform to derive D is

(76)

—mi? . (77

2

Proof. Rate. We employ RIZ(M,recursive—sym. from , where
each tuple {U,;, V;;, W;;}, for i € [I], has a total dimension
of m + 1, and there are [ such tuples, and each tuple
{U,j, Vi;}, for i < j € [l], has a total dimension of m,
and there are (12 —1)/2 such tuples, the total number of bits
per source is upper bounded by ml(l + 1)/2 + . This leads
directly to (76).

Receiver complexity. Equation follows by noting that
each diagonal term d;;, i € [I], requires a dot product of size
m/2. Due to the symmetry of D, the remaining (/2 — [)/2
off-diagonal terms can be computed using the relation d;; =
Ul - Vij ©4 Wi; = dj; from , as well as the alternative
expression in (73)), each involving two dot products of size
m/2. O

We next tighten the result in Proposition [6] via a nested
application of the dot-product computation technique in Corol-
lary In this approach, {d;; };cp; are calculated first using the
same technique as in Proposition [5] and then the additional
rate required for computing {d;;}i<jep) is determined as a
function of {U;;, Vij, Wij}s jep. as described next.

Proposition 7. (Distributed computation of symmetric ma-
trix products via nested application of dot products.) For
the matrix multiplication source network, in the symmetric
case, for q > 2 and odd, and for any € € (0,1), the following
sum rate is achievable:

RIE(M,nes.—symA(AvB) = 2Hq ({Uiia Vii7 Wii}ie[l] s

m m m
{Uij(* +1: ) @ V(L ),

4 2

m m m
UL ) @ Vi ([ +1:5)
m m m
—+1:=)T-U;;(1: —
T Tlig) i( )

Ui;( 1
©q Vij(1:

v
Sq (@"(Uii, Uyy)Us; + /5'T(Vii,ij)Vz'j)} Z_<j€m) ;

(78)
where {U;j, Vij, Wij}i jen) are defined similarly to (@ in
Proposition |5 and o(U;;,Uj;) € IF;"/Q and B(V;;,Vj;) €
F;n/ 2 represent coefficient matrices, which are given as fol-
lows:

L[Uu(+1: )@, Uj(+1:%)
U;,Uj)==-| "¢ B o U my 2|
a( ]]) 2 |: Uii(l:Z) @qU]](liz)
(79)
v oy Va1 )@, Vi (1)
AV, Vi) = 3 { Vii(1:3) @ V(12 7)



Proof. Given diagonal tuples {Uj;, Vi, Wi;}icp, and sub- . 1(U“-(l : m) @, Uj;(1: m))
stituting the expansion from (75)), the additional rate needed 2 m 4 m 4m m
for the receiver to reconstruct d;; € F,, for i < j € [I], is: g Vi;(1 Z>T 'Vij(z +1 5) Oq Vij(1: Z)T
Hy(diy {Uui, Vi, Waakien) : %(Vz’i(% +1: %) Dq V]](% +1: %))
= Hy((Uii 4 Ug)T - (Vi ©q V)
LoV ™ e, v T v (P
Sy U;rj . (V” Dy ij) SH (U” Dy Ujj)T VZJ Sq 5( “( . Z) Dq jj( : Z)) ’ 1](2 +1: 5)
Wi W 1 m m
©al T®q i) B 5 (Vir(1: ) & V(1 )7
®q 2U;; - Vy5 |{Uu‘7 Vi, Wiitien) 1 m m
Lz 1: 1:— .
S(ValG +1: )@ Vi(T+1: 5)) €F, . (89)

= Hq(UT Vij ©q 2UT (Vii By ij)
1 Exploiting the side information {Uj;, Vy;, Wi }._;, we can
Oq §(Uii ®q Ujj)T - Vij [{Uisi, Vii, Wiitien) significantly simplify (83), (84), and (83), and deduce that the

—H (I_J(ij)T V(i) ! (Ua, Vi W"}'e[l]) receiver can reconstruct d;; from
- q 1 1 2 J1 I
CIV o (4+1 2)eaqv (1 .%)E]FZ”/“, (86)
where the last step follows from the following substitutions: m /A B
~ 1 p Uu(l : Z) Dy Vij(z +1: 5) S ]Fq R (86i1)
U(ij) = Uy ©4 (U ¢ Uy;) € F2
(@) 15 «Uis) € Fg Um(%Jrl:%)T'Um(l:%)

— 1

V(ij) = Vi; &4 i(Vn @y Vjj;) € ]F;"/2 . (82) B, Vi1 : %)T 'Vij(% 1 %)

Note that U(i7)TV (ij) = (U(ij), V(ij) ). Leveraging Corol- Sq (@T(Ui, Uyy) - Uy + BT (Vai, Vi) - Vi) € B, |

lary I on dot-product computation, and letting U(ij)T = (86iii)

[U1(ij)T U2(ij)7] and V(ij)T = [Vi(if)T Va(ij)T] ,

where U1 (i), Ua(if), V1(ij), Va(ij) € Fai’/*, we see from  Where a(Uy;, Uyy) € Fy"'* given in and B(Vi;, Vj;) €
and @) that the receiver can reconstruct d;; using Fy"/~ given in represent coefficient matrices that are de-

U(ij)TV (ij), which can be derived from the following two termined as functions of U;;, U;; and V;;, V;, respectively.

linear terms: From (8I)-(86), which detail the reconstruction of
Us(if) @y Vi (i) {dij}i<jen, we get the final result. O
m m
= Ui‘ —_— 1 L
g I ) Using the sum rate Ry\; oq _oym. given in (78) of Propo-
) 1(U“(m +1: m) @, U; -(T +1: @)) sition [7] we next derive the rate and complexity of distributed
12 %1 27 7T, 2 lossless computation of D = ATB € F1x.
Vi' 1:—
Ba Vis 4 ) Corollary 4. The achievable sum rate by the encoding scheme
1 m m lined in Proposition [7) for the asymptotically lossless com-
9 - Vii 1: — @ V L2 c ]Fm/4 ; 83 outlined in 4 ymp y
~ 1 2( ( 4 ) B ( 4 )) a (83) putation of D = ATB € Ff]Xl is upper bounded by
Ui1(i5) &4 Va(ij) 1
U™ R\ nes. —sym. (A, B) < oml(1+3) +1(1+1) . (87
1 m m The number of multiplications that the receiver needs to
Sq §(Uii(1 : Z) ©q Uj5(1 Z)) perform to derive D is
m m 1
Bq Vij(+1: ) —ml(7l - 3) . 88
a Vij\y B) 5" ( ) (88)

1 m m m m m
Oq i(Vn(Z +1: 5) ®q ij(z +1: 5)) ey & s Proof. Rate. We employ Ryy; .. com. frOm , where
(84) each {Uj;, Vi, W;;}, for ¢ € [l], has dimension m + 1,
contributing a total of (m + 1) bits. For each off-diagonal

and the following non-linear term
& tuple with i < j, the dimension is m/2+ 1, as seen from

Ijz(ij)Tﬁl(ij) G9q V1(i§)TV2(ij) in Proposition [7} and there are /(I — 1)/2 such tuples. Hence,

_ Uz]( +1: ) U1 @) the'rate per source is at most (m—+ 1)l + (m/2+ 1)I(1—-1)/2,
2 ) 4 which yields (7).

O Uij(Z 4+1: %)T . 5(Uii(l : %) @, Uj,(1: %)) Receiver complexity. Employing the definitions of

1 m {U” , Vi Wi} from and d;; in . (Proposi-

Sq i(Uii(% +1: %) By Ujj(% +1: 5))T -U;(1: 4 ) tion [5 , the total complex1ty of computing {d;;}cp; from
1 U m 1 m U m 1 mo\T {Uu , Vi aWn} is
Dq 5( ii(z +1: 5) Dq jj(z +1: 5» %ml . 89)



Given {d;; }ic[, to reconstruct {d;; };< ;e we use (81) along
with the linear terms in (83)-(84), and the non-linear term in
(83), as detailed in Proposition [7} The linear terms incur no
multiplicative cost. The non-linear term in (83)) involves two
dot products — U, (i5)T-Uy (i) and V1 (i5)T-Va(ij) — each
of complexity m /4. Additionally, reconstructing d;; via
requires one dot product from (86i)-(86ii), with complexity
m/4, and four dot products in (86iii), each with complexity
m/4, yielding a total per-pair cost of 2 -m/4 +m/4+ 4 -
m/4 = Tm/4. Because there are (12 —1)/2 such tuples, the
total complexity of reconstructing {d;; };< ;e is

ng(z ~1). (90)

Combining this with the diagonal complexity from (89) yields
the expression in (88]. O

Our structured schemes in Propositions reduce the
computational complexity of distributed matrix multiplication
(see Table . While Strassen-like algorithms [|57]] and learning-
based techniques [42] fall outside our scope, they can be
incorporated to further reduce the complexity.

IV. CONVERSES

In this section, for the proposed matrix multiplication source
network, drawing on Lemmas 1-3 of [14], we first establish
necessary conditions on square matrix products, as ¢ — o0
(Theorem and products of full-rank matrices, with ¢ > 2
(Theorem on the rate pair (R;, Ry), calibrating the
strong converse bound of Ahlswede-Géacs-Korner [22] and the
Han-Kobayashi approach [14], respectively. To investigate the
optimality gaps of our achievability schemes in Section [[TI, we
subsequently specialize these conditions to the products of in-
dependently and uniformly drawn source matrices from IF;”XZ,
as ¢ — oo (Corollary [5), then to symmetric matrix products
(Proposition [§), and square matrix products (Proposition [J),
each with ¢ = 2, respectively.

We next provide Lemmas 1-3 of [14], which establish con-
verses on (Rq, Ry) for distributed computing of an arbitrary
function Z = f(X,Y) taking values in Z C F,, given sepa-
rately encoded correlated (X, Y) with values in X C FF,, and
Y CF,, respectively. Let the set P be defined by (X,Y) € P
if and only if Pxy (k. f) = P(X =k, Y = ¢) > 0, for all
k€ X, £ € ). For this setting, the function matrix denoted
by (f(k,0))kex, ecy is an |X| x |Y| matrix with the (k, £)-th
component being f(k, ¢), where k and ¢ indicate the rows and
columns, respectively.

Lemma 6. (Han-Kobayashi [14, Lemmas 1-3].) Let (X,Y)
be any element of P.

(Condition 1) [14, Lemma 1]. If any two distinct rows of
the function matrix [ are different, then any
achievable (R1, Rz) for f has to satisfy Ry >
H, (X |Y).

[14, Lemma 2]. If any two distinct columns
of the function matrix [ are different, then any
achievable (Ry, Ry) for f has to satisfy Ry >
H, (Y| X).

(Condition 2)

(Condition 3) |14, Lemma 3]. If, in addition to Conditions
and 2} the condition f(k1,01) # f(ks2,(2) for
any (k‘1,€1), (k‘g,gg) with kq 75 ko, 01 75 2
holds, then any achievable (Ry, Rg) for f has
to satisfy R1 + Ry > Hy(X,Y).

In their seminal work [14], Han and Kobayashi have
identified necessary and sufficient conditions — namely, that
f(k,0), for k € X, £ € ), satisfies the three properties in
Lemma [6| — for the achievable rate region for distributed
computing of Z = f(X,Y) to coincide with the Slepian-
Wolf region [18]] whenever Px y(k,¢) > 0 for all k € X,
¢ €Y [14] Theorem 1].

To compute the dot product d = (A,B) € F, in the
proposed matrix multiplication source network, Conditions [T}
[2] hold, while Condition [3] does not. Thus, by [14] Theorem 1],
the sum rate R + R» can fall below RZy (A, B). Likewise,
for computing D = ATB € FfIXl, each entry of ATB being
a dot product ensures that the same conditions in [14] apply.

We next present a strong converse to the general matrix mul-
tiplication source network, for A and B, chosen independently
and uniformly from IF;”XZ, as ¢ — oo. We will subsequently
derive an additional converse (Theorem 3)) for products of full-
rank matrices, for any ¢ > 2.

Theorem 4. (Strong converse for a square matrix product.)
For the general matrix multiplication source network, for ran-
dom matrices A and B, chosen independently and uniformly
from IFZ”Xl, as q — oo, the set of achievable rates must satisfy

Ry, Ry > 1 -min{l,m} . 91)

Proof. By the strong converse to the source coding theorem
with side information [22], if one variable is available as side
information, then we must have

Ry > H(ATB|B), R,>H,(ATB|A).  (92)

We next restate [39, Lemma 2], which we exploit to
subsequently present the strong converse.

Lemma 7. (Entropy of square matrix products [39,
Lemma 2].) Let A and B be random matrices drawn in-
dependently and uniformly from F;"Xl. Then,

lim H,(ATB) = 2 -min{m, I} — min{m, }*,
q—00

93)

. T o T g
ql;n;o H,(ATB|A) = qhﬂn;o H,(A™TB|B) = -min{l,m} .
(94)

Proof of Lemma[/| We provide a sketch of the proof by
employing Lemmas 8-10 from [39]. As ¢ — oo, when A
and B are independent, and when B is drawn independently
and uniformly from F!"*™  [39, Lemma 8] yields R; >
qli_>120 H,(A™B|B) = H,(A). If both A and B are drawn

independently and uniformly over F7**!, if m > [, then [39,
Lemma 9] yields R; > lim H,(ATB|B) =2 and if m <
q— o0

[, then [39, Lemma 10] yields Ry > lim H,(ATB|B) =
q— o0
H,(A) =lm. This concludes the proof of Lemma O



Sum-rate upper bound

Complexity

Recursive dot prods. for general matrix prods.

(m + 1)UL+ 1) (Eq. (70)

mi(l+1)/4 Eq. {71))

Recursive dot prods. for symmetric matrix prods.

mi(l +1) + 21 (Eq. (76)

nﬂ2/2(Eq.d77b

Nested dot prods. for symmetric matrix prods.

ml(l +3)/2 + 1(1 + 1) (Eq. (87)

mi(7l — 3)/8 (Eq. (38))

TABLE I: Distributed computation of general matrix products via recursive dot products: comparison of sum rates and receiver-side

computational complexity for computing D.

We now proceed with the proof of Theorem [ Adapting
the strong converse in Lemma [/| (cf. ) to the case where
both A and B are independently and uniformly distributed
over IFZ"LXZ, in the limit as ¢ — oo, we obtain . O

In Theorem[d] A and B drawn independently and uniformly
from Fg”l, as ¢ — oo. Hence, in this setup, ng —

li_>m H,(A,B) = 2lm, and no further compression is possi-
g—00

ble in direct transmission when the goal is to jointly recover
(A™, B™). However, Condition [3] of Lemma [f] indicates that
compression can yield gains in the distributed computation of
ATB, as opposed to directly transmitting the sources. From
Theorem [ structured source coding for computing ATB,
rather than directly compressing (A, B), may yield savings
only when | < m, where yields Ry + Ry > 212, We
next tighten Theorem 4] under which A and B are full rank
with probability 1 as ¢ — oo [58]], for full-rank matrix-product
operations with any g > 2.

Theorem 5. (A tight converse for the product of full-
rank matrices.) For the general matrix multiplication source
network, for any q > 2, with m, 1l > 1, the achievable rates
must satisfy

Ri>H,(A|B), R;>H,BJ|A), 95)

establishing the following lower bound on the achievable sum
rate for computing ATB:

Riix(A, B) > Hy (A |B)+ H,B|A). (%)

Proof. For distributed computing of D = ATB, pick k; and
ko be two distinct rows of f(k,¢) corresponding to source
matrices A*) and A®*2). Hence, f(ki,0) — f(k2,l) =
(A1) — Ak2))B®) varies as a function of B(), rendering
Condition [I] true. Similarly, picking ¢; and {5 be two distinct
columns of f(k,?) corresponding to B(1) and B(2), it can
be shown that Condition [2] holds true. Hence, from Lemma [6]
any achievable rate must satisfy (95). O

Exploiting the relation H,(A,B) > H,(ATB,B) and
subtracting H,(B) from both sides, we infer that H,(A | B) >
H,(AT™B|B). Similarly, H,(B|A) > H,(ATB|A). Thus,
given full-rank A|B € IE‘Z”Z, as ¢ — oo, the rate bounds
in Theorem [3] are tighter than those in Theorem

We next demonstrate the tightness of Theorem [3] under the
setting described in Lemma [7]

Corollary 5. (Optimality gap for square matrix products
in the limit as ¢ — o00.) Consider the general matrix
multiplication source network, as q — oo, and for any
e € (0,1), for random matrices A and B drawn independently
and uniformly from F;”Xl. Then, the optimality gap of the

scheme in Theorem [3| from the strong converse in Theorem
is
lim RYg(A, B
40 AH( ) )

=1.
lim (H,(ATB|B)+ H,(ATB|A))
q—o0

o7)

Proof. To prove the optimality gap of in Theorem [3] un-
der the setting described in Lemma[7] from in Theorem 4]
we consider two cases, namely m > [, and m < [, respectively.

Case 1 (m > 1). For the setting of Lemma [/, we evaluate
ATB using an inner product-based characterization exploiting
the following row-block representation:

A=[ApAp] €F)X, B=[BpBa] €eF', (98)

where the probability of a matrix drawn uniformly from F.*!
being singular is equal to 1 — Hizl(l — ¢~ %), which goes
to 0 as ¢ — oo [58]. Hence, the matrices Ap € F/*! and

By € F.*! are full-rank, while the matrices Ax € qu*l)xl

and Ba € Fém_l) *! can be directly derived from A r and Bp,
respectively. More specifically, Aa € ]Fém_l)Xl and Ba €

=) x1 .
F™" D> can be given as

Apr=GiAr € F((Imil)Xl ,

Ba = GoBp € F{m=0x! (99)

deterministic mappings G; € F\" """ and G, e Fy"=9!
known to source one and source two, respectively. Exploiting
(©9), we can rewrite the desired matrix product ATB as

A'B = ATFBF Dy ATABA

— AlBr @, ALGIG,By . (100)

To devise the optimality gap under the setting of Lemma [7}
we evaluate R%y in for computing the term ALBpg
in (100), substituting A and B by Ap = [Ap1;Aps] and
Br = [Bp1;Bra], respectively, with Ap and By drawn
independently and uniformly from F'**:

Riu(Ap, Bp) = Hy(Ap1,Bps)

+ 2maX{Hq(AF2 @q BFl | AFla BF2)7
Hq(A;“lAF2 Dq BTFlBF2 |AF1a
Bro, Aps ®; Bri1)}

2 12
§2§+2max{§, Hq(A.FQ)}
PSP {ﬁ ﬁ}—2z2 (101)
- S RS B

where the calculation steps follow the same reasoning as in
(105), and the notation R¥y;(Ar, Br) emphasizes that the
structured coding is performed for the pair (Ar, Bg) versus



(A,B).

To establish the optimality gap, it remains to show the
achievability of ATB, employing the relation in (I00). Ex-
ploiting the structured encoding scheme of (I0I) to re-
cover A}B r, we denote the side information available to
the receiver by SIr = {Ap;, Bpa, Ur = Am @,
Bpi, AL Apy @&, BL;Bra}. As a result, the necessary
and sufficient rate for the receiver to recover the matrices
A\, B, denoted by R%W(AA, Ba |SIg), is given as
Riw(Aa, Ba|SIp) 2 Hy(Aa, Ba|SIx)
= Hy(G1AFp, G3Br|Api, Brz, Aps ®¢Bry,

A}HAFZ By B}lBF2)

(a)
= Hy(G11Ap1 @ Gi2AFr2, G21Bri @g G2aBra| Apy,

Bpo, Up, AL Aps ®y BL,Bpo)
= H,(G12Ap2, G21Bp1|Ap1, Bry, Up,
AJTP1AF2 Dq B}1BF2)
= H,(G12AFr2, G21(Up &, Ap2) | Ar1, Bro, Up,
AL Ars @y (Up Og Ap2)"Bpa)

(d)
< Hy(Gi2Ap2, Go1Apa|Apy, Bpo,

ATFlAF2 Oq A}'ZBFQ)
©)

=0, (102)
where (a) follows from letting Gy = [Gu Glg} ,
and Gy = [Ggl Ggg}, where the submatrices satisfy

(m—1)x L

Gi1,G12,Go1, Gy € Fq 2. Step (b) follows from elim-
inating Ur from the set of conditional random variables, and
it is clear that Ry (Aa, Ba |SIp\{Ur}) < Hy(Arz2) =
12/2. In step (c), we note that given the set of matrices Ay =
L 1
(af}) € F3*, Bry = () € F;™', and AL A &,
ALBr: = (X aflaf? 0, ¥ af?b?) e Fi
ke[l/2) kell/2]
available as side information, in the limit as q tends to infinity,
with probability 1, the receiver has I? linearly independent
A
equations in Apy = (af?) € F§ ! with 12/2 unknowns.
Thus, as ¢ — oo, given A g andl Brs, and Ay, drawn

independently and uniformly from FZ Xl, the receiver can solve
for A F2.

From and (102)), we infer that ATB in the case m > [
can be recovered at a sum rate

Riu(Afr, Br)+ R3w(Aa, Ba|SIp) <22 40=20%.
(103)
From Lemma H,(A™B) = [? < Im when m > [. Thus,
employing (103) leads to
Ri+ Ry < Rig(Ar, Br)+ Riw(Aa, Ba|SIrp)

<2H,(ATB) = 2/

< 2lm = H,(A,B) = R§w(A,B) . (104)

Case 2 (m < (). For the setting of Lemma [/| we evaluate
ATB exploiting (6I), which gives

(a) ilm

!
RE(A, B) 22 20t omax {20
Hq(A.{AQ @q (U 9q A2)TB2 |A17B27

U=A, @qu)}

(b) lm
< -
< lm+2max{ 5 Hq(Ag)}

=2lm = R%y (A, B), (105)

where (a) follows from incorporating U = A,@®¢B1, (b) from
noting that H,(ATA;®,(US,A3)TB2| A1,B2, U = Ay,
B;) < H,(A3) =Im/2, given side information Aq, By, U.

From Lemma [/} when m < [, it holds that H,(ATB) =
2lm — m? > Im. Hence, employing leads to the
following sum-rate bound:

Ri+ Ry < Ri4(A, B) <2im

= R¥w (A, B) <2H,(ATB)

= 4lm — 2m? . (106)
The optimality gap follows directly by comparing (I04) and

(T06) with (94) of Lemma O

Theorem [3] considers the regime ¢ > 2 where A and
B are drawn independently and uniformly from ]F;"Xl. The-
orem [4] proves the optimality of Theorem [3] by providing
the matching converse (see in Corollary [5) for A and
B chosen independently and uniformly from quXl, in the
asymptotic setting of ¢ — oco. For finite ¢ or for more general
source distributions, Lemma [/ provides an upper bound to Ry
through (93), and similarly to H,(ATB | A) through (and
analogously for H,(ATB|B), by modifying the conditioning
variable), respectively.

We next investigate the optimality gap for binary symmetric
matrix products and binary square matrix products, in Propo-
sitions [§] and [9] respectively.

Proposition 8. (Optimality gap for binary symmetric ma-
trix products.) Consider the matrix multiplication source
network, in the symmetric case, for random matrices A and B
drawn independently and uniformly from IE"gLXl form, [ >1
such that m > 1, where

(a;j, bij) ~DSBS(p) are i.id. across i € [m] and j € [l] .
107)
Then, the optimality gap between the hybrid encoding scheme

in Proposition 4| and the sum-rate lower bound RE (A, B)
in Theorem P\ is upper bounded as

Rizm-or(A @2 B)
Rix(A B 7
< 2mh(p) +m— (1 —1)/2- F(I(I—1)/2 + 1;ml, p)
- (2m —1+1)h(p) ’
(108)

where the right-hand side of is upper bounded by 2 +
1/h(p) as m — oo for m > 1, and by 1 + 1/(2h(p)) as
m — oo for | = 2, demonstrating the tighmess of ((63) where
Y = A®yB.

Proof. The symmetric matrix product ATB satisfies Condi-
tions [I] and 2] in Lemma [6] To prove the optimality gap in the
symmetric case, for ¢ = 2 and m, [ > 1 such that m > [, we
thus exploit the tight converse bounds in (93)) of Theorem [3]



Hence, the minimum rate required from source one, for the
distributed computation of D = ATB € F5*! must satisfy

(@)
R > HA|B, D=D") Y H(Y|B, Y'B=BTY)

© 3 H({ykj}ke[m]
JE[l]
{ D wkibyy = kéz[;n] bkiykj}iv jem)

ke[m]

9@ > H({ykj}ke[m] ‘ {Ykitrerm), icli—11> {0ki fre[m)
jell]
{ Z Yri = Z ykj}zg je[l])

kEICj ke,

(1 =1)/2) - h(p) , (109)

and similarly for source two, where (a) follows from exploit-
ing the symmetry D = DT € F5*!, and (b) from the elemen-
twise DSBS model in , where Y = A ®; B € F:Inxz
such that yx; ~ Bern(p) for all k € [m], ¢ € [I], and the
fact that given B, the relation D DT is equivalent to
YTB = BTY. Step (¢) follows from employing the chain
rule for entropy, and (d) from setting K; = {k : by,
1, k € [m]} for a given value of i € [I]. Step (e) follows
from noting the following. For the diagonal entries of D, the
relation 3y Ykibhs = Dpeim) Okitihi = Dex, Yri for
{i = j € [I]} holds by definition and therefore provides no
reduction in the entropy of {y;}re[m). For the non-diagonal
entries of D, the corresponding linear side-information terms
Zke[m ykibkj = Zke[m] bkiykj for {,L 7é J € [l]} yleld at
most [ Jl — 1)/2 linearly independent equations in Y when
m > [. Consequently, the entropy of Y is reduced from
mlh(p) by up to (I(I — 1)/2)h(p). Thus, yields the
following tight fundamental limit on REy:

Riw (A, B) > 1(2m —1+1)h(p) .

(e)
> l(m—

(110)

From Proposition [ employing (65), and letting Y =
(Yij)icim), jeq) = A ©2 B where A L Y due to (107),
the following sum rate is achievable for the receiver to
successfully recover D:

Ry on(Y) & 2H(Y | ATB =BTA)

+He, (A]Y, ATY = YTA)

(2 2mih(p) +ml —1(1—1)/2
x F(I(1-1)/2+1;ml,p) , (111)

where (a) is derived from rewriting ATB = BTA by using
= A ®, Y, and (b) by employing (107), which yields
yi; ~ Bern(p) for all i € [m], j € [l], and observing that
ATY = YTA yields at most [({ — 1)/2 linearly independent
equations in A, which holds when Y has more than [({—1)/2
nonzero entries, and which occurs with probability F(I(I —
1)/2 + L;ml,p) = E JE[(I=1)/2+1,ml] ()P (@ = ).
Thus, employmg and -l yields . O

Proposition 9. (Optimality gap for binary square matrix
products.) For distributed computing of square matrix prod-

{yki}ké[m], i€li—1] {bki}ke[m], i€(l]s

, 1€[l]»

ucts, under the elementwise DSBS model of (I07), it holds
that

Rina(A B) _ [5ad . hip) > 5, 112
Ric(A B) ~ sty » h) <3,

where RE,H,rfd provides a refinement over in Theorem
as we detail below, and the upper bound on the right-hand
side of tends to 1 as p — 1/2.

Proof. The square matrix product ATB satisfies Conditions [I]
and 2] in Lemma [f] To prove the optimality gap in the square
case, for ¢ = 2, we thus exploit the tight converse bounds
in (@3) of Theorem [5] Hence, the minimum sum rate for the

distributed computation of a matrix product D = ATB € IFIZXZ
must satisfy
Riik(A, B) > H(B| A) + H(A| B)
= 2mih(p) =2H(A &2 B) , (113)

which follows from the elementwise DSBS(p) model, noting
that A @2 B is independent of A and B, and employing
H(A | B)=H(B | A) =mlh(p).

From Theorem [3] employing (6I), using the element-
wise DSBS model for the matrices A, B € ]F?Xl, where
(aij, bij) ~ DSBS(p), ¢ € [m], j € [l], and letting
Y, =A; @B € Fm/“l and Yy = Ay ®y By € Fy/ 2,
we rewrite the achlevable sum rate for computing D as

Riu(A, B) = H(A;,By)
+ 2max {H((B2 ©2Ys2) @2 (A1 D2 Y1) | AL, By),
H(A](B2 ®2 Y2)
@5 (A1 82 Y1)"B2| A1, Bo, Ay 3, B1) |

a ml
¢ )2 —_— +2maX{H(Y1 Do YQ) s

H(AIY2 @2 YB3 |A1,Bs, Y1 &2 Y2)}
~h(2p(1—p)) ,
HAT(Y;®2Y1) @2 Y{By| Ay, B27Ys)}

= ml + max{ml - h(2p(1 — p)) ,
2H(AIY1 @2 YIBQ ‘ Ala B27 YS)}

2H (Y1)}

)

l
ml+2max{w21

9D i+ max{ml - h(2p(1 — p)) ,

=ml(1+h(2p(1 —p))) , (114)
where (a) follows from Y; @y Y, (A &3 By) &y
(Ay @2 By), with Ay and B given, (b) by letting Y5 =
Y, @2 Yo, under the elementwise DSBS(2p(1 — p)) model
for Y, which follows directly from (107), and (c¢) by not-

ll’lg that H(ATYl Do Y B2|A1,B2, ) ( )

(d)
(ml/2) - h(p) < (ml/2) - h(2p(1 — p)), where (d) is due
to the Schur concavity of A(-). Hence, max{ml - h(2p(1 —
p)), 2H(ATY1©9:Y B2 | A1, By, Y)} = mi-h(2p(1—p)).
Note that (114) remains valid even when Ry = H(D) >

mlh(2p(1 — p)), and it further implies that
Riu(A, B) =mi(1+ h(2p(1 —p)))



Y REw(A. B) = H(A ,B) = mi(1 + h(p)) .

(115)

where (a) follows from the Schur concavity of h(-). The
relation indicates that the computation of D is ensured at
a higher rate compared to [[18]], while our scheme that achieves
the sum rate RYy(A, B) in does not guarantee the
recovery of (A, B).

Motivated by the encoding framework in [13] and its
extension to additions over IF in 14, Lemma 5], we proceed
to examine the achievability of Ry, < 2Ry for the setting
of Theorem [4] To that end, as ¢ — oo for m > I,
2Ry = 212 < 2m = st’ and from RAH < 2ml,
meaning RY;; < 2R; only when [ = m. For m < I,
2R; = 4lm — 2m? > REy = 2lm > REH.

Vertically concatenating the columns of the source matrices
A and B, we obtain X; = [A(:,l);A(:,Q);...;A(:,l)] €
F7', and Xo = [B(;,1);B(:,2);...;B(;,0)] € F3, re-
spectively. Following the steps of Lemma [I] and Proof of
Proposition we let Z = X; @ Xy € F. For fixed
€ >0, 6 > 0, and for sufficiently large n, we choose a binary
encoding matrix C drawn independently and uniformly from
ng xn Then, there exists a decoding function v; : ]Fg’“ — F3,
for each j € [ml], that satisfies [[19]:

2"(j) = ¢;(CX7(5),€X5(4))

£ 9;(CXT(4)) @2 CX5(5))) (116)
such that i) k; < n(H(Z(j)|{Z(j')};<j) + €), where
H(Z(j)) = h(p) for all j € [ml], under (107), and ii)
P(y;(CZ™(j))) # Z™(j)) < 6. Hence, the application of
Lemmas [] and [3] yields that given a linear encoding matrix
CeFy " withk =3, K, the pair (C,C) is an (n, €, 0)-
coding scheme [[14], and the following rate per source can be
achieved for computing Z:

- < H(Z(j), j € [ml]) + € = mlh(p) + € (117)

Thus, the achievable sum rate for computing D becomes
(providing a refinement over (114)):

REH,rfd (Av B)

(@) (H(A1) _ %) + QmaX{H(A &2 B),

H(ATA; ®2 (A1 ®2Y1)T(A2 @2 Y3) | A&y B, Al)}

— (%l — %) + 2max {mlh(p)y
H(ATY2©2 Y[ A2 | Yy, Yo, Al)}
(b) (%l _ ;) + 2max {mlh( )

@ |51 +30(p) . h(p) =3,

L hp) <3,
<2ml (118)
where (a) follows from several observations. We begin by

linearly encoding A using a matrix C € F5*", and applying
an (n,e€,0)-coding scheme to compute both Y = A3 B
and AIA2 @ BIBy. This results in an encoding rate of
k/n for each of A and B. The codewords used to compute
Y (with H(Y) = mlh(p) from (107)) additionally enable
recovery of the mixed terms Ay @9 B; and A; @5 Bs.
Given access to these intermediate terms, fully recovering A
requires an extra rate of H(A1)—x/(2n). With this additional
information, the receiver can reconstruct Ay, By, Ay @, By,
and ATA,®,BIB,, from which ATB can be fully recovered
using the identity in (63). Step (b) follows by conditioning,
(¢) from that Y I A and Y 1L B, and A; 1L A, and
(d) by choosing k/n < mi - max{h(p),1/2} from (L17).
From (118), it holds that R%y ¢4 < R&w = ml(l + h(p)),
where Ry ¢ can be further reduced below (114) by setting
Kk/n<1- max{mh( ), 1}

Given the elementwise DSBS model for matrices A, B €
F7<!, we have

H(AT(A®,Y))
:H({ > akilari @2 Z/ki)}ie[z]’

ke[m]
{ Z aki(ar; B2 yka)}z JG[l])

R (a)

ke[m]
E) H({ Z (1 D2 ylﬂ) ie[l])
keK;
+H({ Y ay @20}, s 1 2 (@2 uw) biew)
keK; 7 kek;
(C) ({ Z D) ylm ])
ke,

+H({ Z bk]}z le]'{ Z 1@, ykz ze[l])
keK; 7] keK;
d
9 ({ > (1 @2 yri) Ze[l]) +H({ > bt ‘jel[l])
kek; kek; i#J

e _ 1

© (1 - 7)m(( p)IKilyy (1 - ﬁ)z(z —1)

(€2) 1

> (1 - 2—m>l(h(p) +i-1), (119)
where (a) follows from Y = A @3 B, where {yr; }repm, je
are i.i.d., and {ag; }re[m), iy are independently and uniformly
distributed, and A 1 Y, (b) from letting &; = {k : ap; =
1, k € [m]} for a given ¢, (¢) from using by; = ax; B2
yr; ~ Bern(1/2), (d) is because by; L by; for any j # ¢ and
brj L {yr;j, yr:i}, and (e) from using 1 @s yg; ~ Bern(1 —p)
and letting p*) = p+=1(1 — p) + (1 — p*—)p, for k >
2, setting p(!) = p, by substituting 1 — p for p, and noting
that >, cc. (1 @2 yki) ~ Bern((1 — p) KDY for |IC;| > 1,
and ), i, brj ~ Bern(1/2), based on the uniform and i.i.d.
nature of the components of B, provided |K;| > 1. Step (f)
follows from the Schur concavity of h(-). Contrasting
with (118), the necessary condition for REH’rfd < 2R; in the
special case of p=1/2is | > m/(l — 2*7").

Using REH’rfd in 1) and the converse REK in

yields the optimality gap in (I12). O



V. CONCLUSIONS

We tackle the well-known open problem of distributed com-
puting of bilinear functions, including dot and matrix products,
which form an important class of non-linear functions. Our key
contribution is a class of structured source codes over finite
fields for distributed computing of dot and matrix products.
These codes underpin our achievability schemes. To this end,
we introduced a non-linear source transformation-based design
principle by leveraging the linear coding scheme of Korner-
Marton, and for general square matrix products, a careful
calibration of the Ahlswede-Han approach demonstrated op-
timality as ¢ — oo for matrices drawn independently and
uniformly from ]F;”Xl. Our scheme for ¢ = 2 is within
a constant factor of optimal, under the elementwise DSBS
model. Our designs also include a hybrid encoding scheme
that combines Korner’s characteristic graphs with the Orlitsky-
Roche approach, as well as additional constructions based on
recursive and nested applications of distributed dot products.
The proposed schemes can surpass the performance of the
state of the art, providing savings in the communication cost.
Our schemes are complemented by calibrated converse bounds
derived via the Han-Kobayashi approach and the strong con-
verse theorem of Ahlswede-Gacs-Korner, yielding relatively
tight sum-rate converses. Furthermore, the exact optimality
of our achievability result in Theorem [3] is guaranteed for
the distributed computation of products of independently and
uniformly drawn source matrices from ]F;"'Xl as ¢ — oo, as
stated in Corollary [5]

Further research is required to extend our coding con-
structions to general source classes. While our results hold
asymptotically, practical coding schemes may rely on zero-
error adaptations for exact recovery [59], [60] or on one-shot
models for finite-length and approximate representations [61]],
[62]. One can also explore how computational costs, measured
in terms of the required number of multiplications, can be
reduced by leveraging a class of algorithms like the Strassen-
type algorithms, e.g., [42], [57]], for matrix multiplication. Our
future directions include expanding the proposed design to
a wider range of non-linear functions, such as general bilin-
ear maps, including tensor products, chain matrix products,
sorting or classification functions, and non-linearly separable
functions, and addressing the problems of distributed rank
computation, matrix decomposition, and low-rank matrix fac-
torization [63]. An interesting research direction can involve
security and privacy-related ramifications. In particular, one
may explore adapting our schemes to the coded distributed
matrix multiplication framework by devising resilient poly-
nomial codes with security and privacy guarantees while
keeping communication and computation overheads minimal.
Our design and analysis tools are also relevant to coded
distributed computing scenarios over real numbers [64], and
to deep neural network and large language model literature,
where large-scale matrix multiplication is a key component,
and hardware memory is the main bottleneck [65]]. Thus,
approximate matrix multiplication via quantization becomes
the natural solution, and can be achieved using lossy general-
izations of the Korner-Marton scheme [66], to allow a receiver

to estimate the product, and analyze the approximation error
as a function of the quantization rate.
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