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Abstract—We propose a new class of polynomial codes, dis-
tributed structured PolyDot codes (DSPolyDot codes), for cooper-
ative computation in vehicular edge computing networks, where
computational tasks are abstracted by a matrix multiplication
problem ATB, where A captures input data (features) and B
the model parameters (weights), with entries over F,, where the
matrices are stored in separate source nodes, e.g., the central
cloud network and the base station. In cooperative vehicular
networks, source data must be processed across distributed
vehicles and roadside units that may not be fully trusted,
motivating the need for information-theoretic secrecy in terms of
bounded information leakage at each cooperative node. Leverag-
ing the algebraic structure of matrix multiplication, we design a
coded computation framework that ensures information-theoretic
secrecy with bounded information leakage at each cooperative
node while naturally tolerating stragglers and achieving the
same communication and computation efficiency as state-of-the-
art polynomial codes in the asymptotic regime. These make
DSPolyDot codes well-suited for secrecy-constrained cooperative
signal processing applications in vehicular wireless networks.

Index Terms—Storage-communication-computation trade-offs,
distributed matrix multiplication, vehicular networks, secrecy.

I. INTRODUCTION

Modern vehicular communication systems increasingly rely
on computationally intensive signal processing tasks such as
edge and cloud computing [1]—-[3], real-time control for con-
nected and autonomous vehicles [4], sensing and perception
[5], internet of vehicles [6], estimation and learning [7]—
[11], and cooperative congestion control [12]. These tasks
are heavily based on large-scale matrix computations that
must be performed under stringent latency and reliability
constraints, while operating over wireless links subject to
mobility, fading, and intermittent connectivity. To meet these
requirements, vehicular networks are increasingly adopting
cooperative edge computing architectures, in which processing
tasks are offloaded from the source nodes, such as the central
cloud network and base stations, to nearby cooperative vehicle
nodes, e.g., sensing cars, as illustrated in Figure 1. The
resulting intermediate computations are then transmitted to the
mobile end-user, e.g., the navigating car.

In vehicular networks, lacking direct access to source nodes
necessitates distributing computational tasks across intermedi-
ate nodes, which are cooperative vehicles. In such dynamic
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Fig. 1: A task-orchestrated vehicular edge computing architecture.

wireless environments, mobility and channel variability in-
troduce uncertainty in task offloading and result aggregation,
leading to varying response times among cooperative vehicles
and potential data confidentiality risks. Consequently, conven-
tional distributed signal processing schemes become suscep-
tible to mobility-induced stragglers and information leakage
during the computation process at the intermediate nodes.
To satisfy stringent secrecy requirements by ensuring that no
vehicle’s local observation uniquely identifies the underlying
source matrices and also to alleviate end-to-end computational
latency at the vehicle nodes, the encoded data from source
nodes is transmitted to the vehicles for parallel processing,
and the end-users then aggregate the resulting intermediate
computations.

To mitigate the end-to-end computational latency caused by
straggling nodes, several coded computation frameworks have
been devised, such as convolutional coding [13], and more
specifically, polynomial and Lagrange coding techniques for
distributed matrix multiplication (DMM) [14]-[19]. Existing
solutions primarily rely on linear encoding schemes, such
as polynomial (Poly) codes [14], [16], [20] and PolyDot
codes [19]. These methods reduce the computational complex-
ity of DMM by exploiting linear polynomial constructions.
However, these approaches are restricted to linear transfor-
mations of the source matrices. In contrast, incorporating
structural or non-linear transformations that go beyond lin-
ear coding schemes can offer robustness against untrusted
nodes [21], [22].

In this paper, by drawing on a recent source coding scheme
for non-linear function computation, particularly bilinear func-
tions, including dot products and matrix products [23], [24],



and combining it with the PolyDot code framework, we design
novel distributed structured PolyDot codes — referred to as
DSPolyDot codes — for DMM.

Our main contributions are summarized as follows.

o Integration of structured source coding into PolyDot
codes: We consider the distributed computing of general
matrix products, where two source nodes generate length-
n sequences of matrices {A;}ic(n and {B;}iepn) over
finite fields, where [n] £ {1,...,n}. The matrices are
independently and identically distributed (i.i.d.) across
n realizations, according to some joint probability dis-
tribution. Given ¢ € [n], A; and B; may be corre-
lated, reflecting statistical or structural dependence arising
from shared sensing data, common model parameters, or
temporally related observations in vehicular applications.
However, there is no correlation between A; and Aj,
and between A; and B; for j # 4. This formulation
enables the analysis of cooperative coded computation
schemes. Building on [23], which employs the design of
non-linear transformations of the source matrices A; and
B, and by incorporating PolyDot codes [19], we devise
novel DSPolyDot codes for DMM in a practical task-
orchestrated vehicular edge computing model detailed
in Section II, where each cooperative vehicle node has
bounded storage reflecting a bounded computational ca-
pability.

o Structural information-theoretic secrecy guarantees:
DSPolyDot codes leverage the computation structure of
the two given source matrices A; and B;, yielding
structural secrecy with only bounded information leakage
at the untrusted vehicle nodes, arising directly from our
structured coding scheme (cf. Proposition 1). Moreover,
it enables the navigating car (receiver) to reconstruct
the desired matrix product ATB; without revealing the
source matrices in their entirety and without imposing
structural constraints on A; and B;. On large scales, our
model offers secrecy without incurring additional com-
munication or computation costs compared to PolyDot
codes [19].

o Distributed and practical implementation: DSPolyDot
codes utilize the distributed design of the structured
linear encoding scheme of [25], thus, naturally support
distributed implementations, e.g., [3], [26] by separate
non-linear operations on A,; and B; directly at two
distributed source nodes, each containing one matrix.

Organization. The rest of the paper is organized as follows.

Section II outlines the DMM model and the construction
details of the proposed DSPolyDot codes. The main results
are then presented in Section III. Before concluding the paper
in Section V, the numerical analysis is detailed in Section IV.

II. DSPoLYDOT CODES

We consider a distributed computing system with two dis-
tributed source nodes, N cooperative vehicles, and a receiver,
as demonstrated in Figure 2. We assume large sequences of
two source matrices {A;}icin), {Bi}icin), Where Ay, B; €

Distributed Source Nodes Cooperative Vehicles End-User

CF,"(0)
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{Ai}iem
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Fig. 2: The DMM framework considered in the current work. The
length-n vectors FT'(w), F5'(w) are encoded using a common linear
encoding matrix C, based on Korner-Marton encoding [25]. Worker
w € § then builds a set of polynomials p;(w) with Kérner-Marton
decoding of the transmitted vectors, computes the desired output
subfunction, and sends it to the receiver to recover the demanded
ATB; for the i-th realization with polynomial interpolation.

Source node 11
{Bi}ien)
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IF;"AX”‘, q > 2, stored in source nodes I and II, respectively,
where ¢ € [n] represents the i-th realization. Each vehicle
will construct a set of polynomials, utilizing Kérner-Marton
encoding [25], as will be detailed later on in this section,
on the pre-processed subfunctions of submatrices of A; and
B,;, transmitted by the source nodes. Exploiting a set of IV
distributed vehicles, each computing a function of the set
of Korner-Marton encoded polynomials, the receiver aims to
compute ATB; for each realization ¢ € [n], where A denotes
the transpose of A;.

We next detail the construction of our proposed DSPolyDot
codes for DMM. The steps are implemented for each realiza-
tion ¢ € [n] whenever applicable.

a) Splitting source matrices: Source node I splits A;
into submatrices «;(j,k) and source node II splits B; into
submatrices 3;(j, k) for j € S,, k € S., assuming that
S.2{0,...,8.—1}, S. £ {0,...,s.— 1}, where s, divides
m 4 and s. divides m. Matrix A; is then described as

«;(0,0) a;(0,s. — 1)
A; & , (D
a;(s. —1,0) a;(sr—1,8.—1)

ma ., m mA . m

where o; (4, k) € ]Fq"Txg and similarly 5;(j, k) € Fgm
for matrix B;, where ¢ > 2.

b) Polynomial construction: Given the block representa-
tion in (1), to determine ATB; € [yt inspired by PolyDot
codes in [19], we define the following linear pre-processing
functions at the source nodes for different coefficients x,,

across the vehicles w € Q = {1,--- | N}.
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To devise non-linear mappings of the constructed polyno-
mials in (2) for DSPolyDot codes, each source node uses
the following row-block representations to construct the cor-



responding submatrices of the polynomial evaluations:

< A“(w)] = [Bﬂ(w)]
A;(w) =% , Bi(w)=|= , wen, 3
) [Am(w) ) Biz(w)
_ B B B ma L m
where A“(OJ), A (UJ), Bﬂ(o.)), Bis (w) S F;ST e .
c) Non-linear pre-processing: To devise novel polyno-
mial codes that capture the computation structure for eval-

uating ATBZ, and following [23], source nodes I and II
mA m m
construct non-linear mappings f1;(w), fa;(w) € IF( TR

of A;(w) and B;(w), for each i € [n], w € Q, respectively as

é 2(w) ]?il(w)
fri(w) £ _ An(w) , fai(w) £ _ Bix(w)
(W) A1 (w) B (w)Bi2(w)

“)

Each source node then reshapes the non-linear mappings
f1i(w), f2;(w), as the vector representations of the form

Fli(w) [fli(:’ 1) fl’i(:’Q) s fl’i(:’ g)]T ’
in(w) 2 [fgi(:, 1) fgi(l,Q) . fgi(l, g)]T s

(72A+;n);n ><1
where Fy;(w), Fai(w) € Fg ™ e e
The source nodes concatenate the above mentioned vectors

to build new vectors

mA mym
Fln] EF( tee ) ,

(mA +m m ) m

Fi'(w) £
F3(w) £ (5)

d) Korner-Marton encoding: Given two length-n source
sequences X" and Y, the Kérner-Marton approach addresses
the rate region for computing the sum of binary sources in the
ii.d. setting, provided that the joint distribution of sources is
symmetric [25]. In this framework, both encoders apply the
same linear mapping C € IB";X" to their respective source se-
quences, and the decoder reconstructs the sum Z" = X" @Y™
by exploiting the linearity of the encoding. As shown in [25,
Theorem 1], there exist such linear encoders each with rate %
arbitrarily close to H(Z) for which Z™ can be recovered with
small probability of error as n — oo, where H(Z) denotes the
entropy of the binary random variable Z = X @Y. Extensions
of the Kdrner-Marton framework to finite fields I, with ¢ > 2
can be found in, e.g., [23], [27].

Each source node then encodes vectors FJ'(w), Fi(w),
given in (5), with a common linear encoder C € FS"X"I,
where dimensions k,, and n’ are expressed as

J— maxH o(FI'(w) &4 F3 (W) ,

[F11, Fig, ...,

[For, Fao, ..., Fa,]T € Fy

Sr Sc” Se
Each source node then transmits the Kérner-Marton encoded
data CF}'(w), CFy(w) € F’;"Xl to each vehicle w € Q at an
operating rate of ’;—T;
e) Korner—Marton decoding: Worker w first recovers the
modulo-g sum F}'(w) &, F§'(w) by applying Kérner—Marton
decoding to the received sequence CFY'(w) @&, CF3'(w).

The validity of this decoding follows from a generalization
of Elias’ lemma [28], which guarantees reliable recovery of
Fl (w) @4 F§'(w) whenever 2 > H (F'(w) &4 F3(w)).
Consequently, the decoder can reconstruct Fy;(w) ®q Fa;(w)
in an asymptotically lossless manner. Next, from the recovered

sum Fy;(w) @4 Foi(w), vehicle w computes the correspond-
ing polynomial outputs p;(w) = {p(l)( ),p )(w)7p§3)(w)},

given by
PV (W) 2 A (w) @y B (w) € IFELT?X‘% , (6)
PP (w) £ Air(w) @, Bialw) € F& 5
pES)(w) 2 AL (WA (w) @y B (w)Bia(w) € JF; s

Here, p( )( ) and p(?)

;”(w) are linear polynomials in the
submatrices defined in (3), while p53) (w) is a parity polyno-
mial obtained through non-linear processing as defined in (4).
Although pgg) (w) involves non-linear terms, it remains linearly
separable in A;(w) and B;(w), which enables the asymptoti-
cally lossless construction of p;(w) using the Kérner-Marton
encoding.

f) Post-processing: After evaluating p;(w), each vehicle
w € Q performs a local post-processing step. Specifically,

vehicle w, using (2), (3), and (6), computes
pi@) 2 V@) PP W) e pPw). )

Under the relaxed condition AT (w)B;(w) = B (w)A;(w),
the post-processing operation in (7) yields the desired partial
matrix product. As a result, each vehicle w € ) obtains and
transmits the computational output

piw) = AT(W)Bi(w)= Y ol(
(4,k.5",k")ES
X:L.(;];Jl‘sc(sr_1_j/+k)+sc(23r_1)k/ (8)

k)Bi (", k')

to the receiver, where S £ S. x S, x S, x S. denotes the
Cartesian product of the corresponding index sets.

g) Receiver-side decoding: The receiver collects evalu-
ations of AT (w)B;(w) from a subset of cooperative vehicles
w € 2. Once a sufficient number of such evaluations (equal
to the recovery threshold V,.) is obtained, the receiver applies
polynomial interpolation, following the approach in [19], to re-
construct the desired matrix product AiTBi (cf. Proposition 3).

Next, we evaluate the structural information-theoretic se-
crecy, computation, and communication functionality of the
aforementioned system model.

III. MAIN RESULTS

We formalize a structural secrecy property of DSPolyDot
codes via a normalized information leakage as follows.

Definition 1 (Structural secrecy with normalized information
leakage). Let M £ ({A;}icin), {Biticpn)) and Z., denotes
the observation of vehicle w in a coded DMM scheme. The
scheme provides structural information-theoretic secrecy via
normalized information leakage ratio if there exists a constant



€ [0,1), independent of n, such that for every vehicle w
and every blocklength n, we have that
I,(M; 2,) < a
Hy(M)
Consequently, each vehicle’s observation reveals at most an
a-fraction of the entire information in the source matrices.

€))

The following result demonstrates the robustness of
DSPolyDot codes against information leakage at vehicles.

Proposition 1. (Structural secrecy of DSPolyDot codes.) In
the DSPolyDot-coded DMM framework described in Section I1
with an input sequence M that captures the length-n i.i.d.
realizations of the source matrices A; and By, the information
leakage from the source matrices to any vehicle w is bounded
by a constant fraction o < 1 of the total source information
Hq(/\/l), i.e., each vehicle learns at most an a-fraction of the
total information in the source matrices.

Proof. Given M = ({A;}ic[n], {Bi}ie[n)), Where each of
A;,B; € F'"4*™ has mam independently and uniformly
distributed entries over IF,, the total source entropy is
H,(M) = 2nmam. Furthermore, the transmissions from
the source nodes to vehicle w € Q are described by Z, =
(CF}'(w), CF3'(w)), where C € le xn" s the Korner-
Marton encoder with blocklength n’ = n(mA + 2 ); where
s and s, divide m 4 and m, respectively. Since each encoded
vector CF"(w) lies in lE";”, the observation Z,, takes values
in a set of size at most ¢?*~, and hence H,(Z2,) < 2k,. By
the non-negativity of conditional entropy,

I,(M; 2,) = Hy(2,) — Hy(Z, | M) < Hy(Z,) < 2k, .
Considering the encoding matrix C, k,, < n/, and therefore
IQ(Mlzw) < 2k, 2n’ _ (mA + Se ) Se
Hy(M) ~ 2nmgm ~— 2nmam nmam
1 m 1 4
= = a7
SrSc M4 82

where we have that a < 1 by considering the possible values
for parameters s, S¢,m,m4. O

On the other hand, the normalized information leakage
for PolyDot codes [19] is equal to 1 because Z, &
(A™(w),B™(w)), where A"(w),B™(w) are the vectorized

forms of (2) for n realizations, and
]q(M§ Z,) = Hq(M) — Hy(M | Zw)

We next provide a cost analysis for computation and com-
munication of the proposed framework shown in Figure 2,
respectively.

= Hq(M) .

A. Computation Cost of DSPolyDot Codes

In this part, we detail the complexity of computation at
the source nodes as well as the vehicle nodes, respectively.
Note that we ignore the bounded complexity terms imposed
by reshape or concatenation operations.

Proposition 2. (Computation cost per source node.) The
total computation cost of each source node, including the
Korner-Marton linear encoding matrix, equals

QO A

25,82 ) '
Proof. For_each w € €, each source node first computes
A;(w) or Bj(w) (cf. (2)) with a complexity of s x s, x ™4 x
T Each source node then computes one of the non- llnear
mappings f1; and fa;, each with a complexity of 7+ x 54 x .

Considering N vehicles and summing the aforementloned
costs completes the proof. O

N(mAm—i— (10)

The encoding process in (6), incorporating the dimensions
of polynomials, dictates to each vehicle a storage limit
MgpolyDot = ——— (1n
The proposed DSPolyDot codes require storage no greater
than that of PolyDot codes, given as Mpgypoy = 2:1‘5‘:”
in [19], when 2 < mA
We next charactenze the minimum number of vehicles

needed to successfully evaluate ATB at the receiver, known
as the recovery threshold, for DSPolyDot codes.

Proposition 3. The recovery threshold of DSPolyDot codes
for the proposed DMM framework is expressed as

N, = s2(2s, — 1). (12)

Proof. Exploiting (6)-(8), the degree of p;(w) = AJBl is
deg(pi(w)) = (s¢—1)+8c(sr—148,—1)+5:(28-—1)(5.—1).
The recovery threshold is then obtained as (12). O]

The recovery threshold of DSPolyDot codes for the pro-
posed DMM scheme is equivalent to that of PolyDot codes
specified in [19], allowing us to have a fair comparison.

Proposition 4. (Computation cost of a vehicle node.) The
computation cost of the vehicle w € Q is equal to

2 2

mam 2m

2

mam

13)

+
Sp8c 25,52 52

Proof. Each vehicle w € ) evaluates the summation of f;
and fo; with a cost of mAST + I 7 1o build the polynomials
1(1)( ), pz(» )(w), and p; )( ). Each vehicle then computes
pi(w) (cf. (7), (8)), exploiting the d1mens10ns of each com-

putational term, with a cost of {* x 54 x 2 for multiplying

(P (@) and pP (W), followed by the addition of the

terms (p{") (@) 7 (@) € By and pP(w) € Fg
with a complexity of @-. Summing all the costs, the total
computation cost per Veh1cle equals (13). [

B. Communication Cost of DSPolyDot Codes

We here determine the communication complexity from the
source node to the vehicle nodes as well as from the vehicles
to the receiver, respectively, as follows.
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Proposition 5. (Communication cost per source node.) The
total communication cost of each source node for transmitting
CFii(w), CFy(w) to all vehicles w € 2 is given by
mam  m?
L
s

c

H, (Fui(w) @y Fai(w)) = N (14)

SrSe
Proof. Exploiting the dimensions of each polynomial in (6),
the communication cost of each source node for transmitting
CFy;(w), CFyi(w) to N vehicles equals (14). O

Proposition 6. (Communication cost per vehicle node.) The
communication cost of vehicle w €  is
~ ~ m2
Hypi(w)) = HyAT@)Biw) = 5. (19)
c
Proof. Employing (8), vehicle w €  transmits p;(w) €
IF;T e to the receiver with a cost equivalent to (15). O

Given N, responding (active) vehicles, the total communi-
cation cost of vehicles is given as

m2

2
— X Np=m*(2s, — 1).

c

(16)
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We next present the numerical results for the proposed
DMM framework with DSPolyDot codes and compare them
to the state-of-the-art.

IV. NUMERICAL EVALUATIONS OF DSPOLYDOT CODES

We here provide numerical evaluations for DSPolyDot
codes in a task-orchestrated vehicular edge computing frame-
work and contrast them with the prior works [14], [19]. All
numerical simulations assume that the elements of each source
matrix are independently and uniformly distributed over FF,.

As shown in Figure 3, the proposed framework provides
intrinsic secrecy guarantees by bounding information leakage
at cooperative vehicule nodes, which is vital in vehicular
networks with sensor faults, unreliable links, and node failures.

In Figure 4, utilizing (16), we numerically evaluate the total
communication cost of vehicles for computing an element
of ATB ¢ IFZI"X’”, i.e., the total number of transmitted
symbols normalized by m?2. The curves for PolyDot and
DSPolyDot codes overlap because in both approaches vehicle
w € € computes and then transmits AZ-TBZ-. Furthermore, for
the total communication cost (from source nodes to vehicles
and vehicles to the receiver), as shown in Figure 5, the
proposed approach incurs a modest increase in cost when only
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a small number of vehicles are active, given the same set
of parameters. This modest increase in communication cost
is essential to guarantee secrecy. However, as the number of
responding vehicles increases, the performance converges to
that of PolyDot codes [19].

In Figure 6, exploiting (13), we illustrate the computation
cost per vehicle for computing ATB, i.e., the total number
of operations normalized by N, which demonstrates sav-
ings for a limited number of responding vehicles, however,
asymptotically converging to that of PolyDot codes [19].
Finally, Figure 7 illustrates the total computation cost of the
proposed DMM framework, including contributions from the
source nodes, vehicles, and the receiver. When only a small
number of vehicles participate, the proposed approach incurs a
bounded increase in total computation cost. As the number of
responding vehicles increases, the computation cost decreases
and asymptotically converges to that of PolyDot codes [19].

V. CONCLUSION

We introduced a new class of polynomial codes for DMM
(DSPolyDot codes) tailored to cooperative vehicular edge
computing architectures involving vehicles and roadside units.
By exploiting structured source coding and the algebraic struc-
ture of matrix multiplication via a non-linear parity polyno-
mial, DSPolyDot codes generalize existing polynomial coding
schemes to support cooperative computation under secrecy
constraints. The proposed framework guarantees information-
theoretic secrecy with bounded information leakage at indi-
vidual cooperative nodes, while remaining robust to mobility-
induced stragglers in vehicular networks. Compared to existing
polynomial coding approaches [14], [19], these properties are
achieved without increasing the asymptotic communication
and computation overheads, making DSPolyDot codes well-
suited for secrecy-constrained and straggler-resilient coopera-
tive computation in vehicular networks.
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