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“Ma che colpa abbiamo, io e voi, se le parole, per sé, sono vuote? Vuote,
caro mio. E voi le riempite del senso vostro, nel dirmele; e io nell’accoglierle,
inevitabilmente, le riempio del senso mio. Abbiamo creduto d’intenderci, non

ci siamo intesi affatto.”

— Luigi Pirandello, Uno, Nessuno e Centomila






Abstract

In his seminal communication model, C. Shannon deliberately excluded semantic aspects
and message effectiveness from the scope of the communication problem. While this ab-
straction has been fundamental for decades of progress in information science, the growing
need for goal-oriented data usage, including learning, inference, and decision-making, has
revived interest in communication frameworks that account for semantics and utility.
In this thesis, we discuss a general theoretical framework that extends rate-distortion
theory to incorporate perceptual and semantic metrics. By imposing divergence-based
constraints, we characterize how information can be effectively transmitted and recon-
structed to align with specific goals, such as preserving human-perceived quality or se-
mantic meaning. We analyze this problem for both discrete and continuous information
sources, deriving structural properties that characterize the optimal tradeoff between per-
ceptual quality and traditional fidelity metrics. We also propose novel algorithmic solu-
tions and robust coding strategies that provide guarantees on both fidelity and perceptual
relevance, even under model uncertainty. The theoretical and algorithmic contributions
of this work support the development of scalable, resource-efficient communication sys-
tems, enabling more effective integration of compression, perception, and semantics in

intelligent networked systems.






Résumé

Dans son modele de communication fondateur, C. Shannon a délibérément exclu les as-
pects sémantiques et l'efficacité des messages du cadre du probléeme de communication.
Bien que cette abstraction ait été fondamentale pour des décennies de progres en sci-
ences de 'information, le besoin croissant d’une utilisation finalisée des données — in-
cluant ’apprentissage, 'inférence et la prise de décision — a ravivé 'intérét pour des
cadres de communication prenant en compte la sémantique et 'utilité. Dans cette these,
nous présentons un cadre théorique général qui étend la théorie du débit-distorsion afin
d’y intégrer des métriques perceptuelles et sémantiques. En imposant des contraintes
fondées sur des divergences, nous caractérisons comment l'information peut étre efficace-
ment transmise et reconstruite de maniére a répondre a des objectifs spécifiques, tels que
la préservation de la qualité percue par 'humain ou du sens sémantique. Nous analysons
ce probleme pour des sources d’information discretes et continues, en dérivant des pro-
priétés structurelles qui caractérisent le compromis optimal entre qualité perceptuelle et
fidélité traditionnelle. Nous proposons également de nouvelles solutions algorithmiques
et des stratégies de codage robustes qui offrent des garanties a la fois sur la fidélité et
la pertinence perceptuelle, méme en présence d’incertitude sur le modele de la source.
Les contributions théoriques et algorithmiques de ce travail soutiennent le développement
de systemes de communication évolutifs et économes en ressources, permettant une in-
tégration plus efficace de la compression, de la perception et de la sémantique dans des

systeémes intelligents interconnectés.
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Chapter 1

Introduction

Over the past two decades, internet traffic has undergone a significant transformation,
driven by content creation and delivery. The widespread adoption of smartphones, high-
resolution cameras, streaming services, and social media platforms has driven a massive
surge in the transmission and storage of human-centric data—primarily images, video,
and audio. Recent reports indicate that multimedia content constitutes the vast majority
of global internet traffic, with video alone accounting for over 65% of all data [2].

A key enabling factor for the efficient handling of such data volumes is source coding,
i.e., the process of compressing data from an information source into a compact repre-
sentation for transmission or storage. In its lossless form, source coding ensures exact
reconstruction of the original data, albeit with stringent requirements in terms of the
amount of information to encode. However, for many practical sources such as images,
video, and audio, perfect reconstruction is largely unnecessary. In these cases, lossy source
coding provides a far more efficient alternative by allowing controlled degradation of the
reconstructed signal in exchange for reduced bitrates. Lossy compression techniques are
deeply embedded in modern digital infrastructure. For example, streaming and confer-
encing platforms like YouTube, Netflix, and Zoom rely on aggressive video compression
algorithms (e.g., H.264, AV1) to maintain smooth real-time playback under bandwidth
constraints. Social media platforms also apply lossy compression to uploaded media to
reduce storage demands and accelerate content delivery. These systems must carefully
balance compression rates with perceptual quality, aiming to minimize artifacts and pre-
serve subjective fidelity. Classical rate-distortion (RD) theory, introduced by Shannon [3],
has traditionally served as a theoretical framework for navigating this tradeoff, quantify-
ing the minimum rate needed to keep the expected distortion between the original and

reconstructed signal below a given threshold.

Goal-Oriented Compression and Human Perception Rate-distortion theory relies
on the assumption that a single distortion metric can adequately capture all relevant
aspects of signal fidelity, thereby implicitly inducing decisions about which signal features

matter most for reconstruction. Traditionally, metrics like mean squared error (MSE) or
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Bad Perceptual Quality - Low Distortion

| Good Perceptual Quality # Low Distortion |

Figure 1.1: Comparison between video frames compressed under MSE distortion with
(top) and without (bottom) perceptual regularization [1].

peak-signal-to-noise ratio (PSNR) were favored due to their mathematical interpretability
and ease of implementation. However, such metrics often fail to reflect the actual goals
of the sender and receiver, especially in modern applications. The recent field of goal-
oriented compression seeks to address this by designing distortion metrics that are tailored
to specific tasks, while attempting to incorporate varying degrees of mutual intent and
contextual relevance for both sender and receiver [4-6].

Nevertheless, when the goal is to produce perceptually pleasing outputs, distortion
metrics alone may still be fundamentally inadequate. A growing body of empirical evi-
dence [1, 7, 8] shows that commonly used measures like MSE or PSNR correlate poorly
with human perception, especially in heavily constrained compression scenarios. In image
and video compression, for instance, minimizing MSE often results in blurry or unnatural
reconstructions, while visually appealing outputs can score worse under traditional met-
rics. This gap has widened with the rise of deep generative models, which are capable of
producing realistic samples that diverge substantially from the source in terms of classical

distortion, as shown in Figure 1.1.

Rate-Distortion-Perception Tradeoff The rate-distortion-perception (RDP) trade-
off studies the problem of lossy compression under perceptual quality constraints, thus
generalizing the classical RD analysis. It was concurrently proposed by Blau and Michaeli
in [9] and Matsumoto in [10, 11], motivated by the growing need for a theoretical frame-
work that can capture observations raised by a wide body of research spanning machine

learning and multimedia applications (see [12-15]), which highlights an inherent tension
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between perceptual quality and fidelity of the compressed samples, where perceptual qual-
ity refers to the property of a sample appearing visually pleasing to a human observer.
The mathematical representation of the RDP tradeoff is embodied by the rate-distortion-

perception function (RDPF), which complements the classical rate-distortion function
(RDF) with a divergence constraint between the source and reconstruction distributions.
The additional constraint acts as a proxy for human perception, measuring the deviation
from the real source distribution, also referred to as the “natural scene statistic”, following
principles similar to those used in a class of no-reference image quality metrics [16, 17].
It is worth noting, however, that the selection of a specific divergence metrics may be
application-dependent and is still an active area of research. An alternative interpreta-
tion of the divergence constraint is as a semantic quality metric, i.e., a quantification of the
importance of the reconstructed source from the observer’s perspective [18]. For example,
in [19], a comparison between the segmentation capabilities of models trained on tradi-
tionally compressed samples and compressed samples with enhanced perceptual quality
through Generative Adversarial Network (GAN)-based restoration shows a remarkable

improvement in segmentation performance, especially for smaller scene objects.

1.1 Open Questions

Due to the novelty of the RDP framework, many of its theoretical properties and opti-

mization aspects remain open problems. For example:

1. As with the classical RDF, are there general algorithms for estimating the RDPF

for both discrete and continuous sources?

2. What are the structural properties of the distributions that achieve the RDPF? Are
there conceptual links between the RDPF and other distributionally constrained

problems, such as optimal transport?

3. How does uncertainty on the statistics of the source distribution affect the RDPF?
Can robust coding schemes be developed to address general lossy compression tasks

under such uncertainty?

This thesis addresses these open problems, offering both algorithmic and theoretical con-

tributions. The main results are outlined in the following section.

1.2 Contributions and Thesis Qutline

This thesis is structured around three main areas of contribution. The chapters are

organized as follows, alongside the publications whose results they report:
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RDPF for Discrete Sources

e In Chapter 2, we study the computation of the RDPF for discrete memoryless
sources under single-letter average distortion and f-divergence perception constraints.
We develop an Optimal Alternating Minimization (OAM) scheme with convergence
guarantees, though it cannot directly implement a generalized Blahut-Arimoto algo-
rithm due to implicit equations in the iteration structure. To address this limitation,
we propose two alternative approaches: a Newton-based Alternating Minimization
(NAM) scheme for smooth perception metrics and a Relaxed Alternating Minimiza-
tion (RAM) scheme based on a relation of the OAM iterates. We prove that both
schemes converge to globally optimal solutions through necessary and sufficient con-

ditions, and establish sufficient conditions for exponential convergence rates.

> [20] "Computation of rate-distortion-perception function under f-divergence per-
ception constraints.” 2023 IEEE International Symposium on Information
Theory (ISIT). IEEE, 2023.

> [21] "Alternating minimization schemes for computing rate-distortion-perception
functions with f-divergence perception constraints.” IEEE Transactions on In-
formation Theory, vol. 71, no. 11, pp. 9100-9115, 2025.

RDPF for Continuous Sources

e In Chapter 3, we study the computation of the RDPF for multivariate Gaussian
sources under jointly Gaussian reconstruction, MSE distortion, and various per-
ception metrics. We first characterize analytical bounds for the scalar Gaussian
RDPF and provide the corresponding RDPF-achieving forward test-channel real-
izations for these divergence functions. For the multivariate case with tensorizable
distortion and perception metrics, we establish that the optimization problem can
be expressed in terms of scalar Gaussian RDPFs of source marginals subject to
global constraints. We design an alternating minimization scheme that optimally
solves the problem while identifying the RDPF-achieving realization, and we provide

algorithmic implementation details and a convergence characterization.

> [22] "Computation of the Multivariate Gaussian Rate-Distortion-Perception
Function." 2024 IEEE International Symposium on Information Theory (ISIT).
IEEE, 2024.

> [23] "On the computation of the Gaussian rate—distortion—perception function."
IEEE Journal on Selected Areas in Information Theory, vol. 5, pp. 314-330,
2024

 In Chapter 4, we focus on the RDPF of a source modeled as a Gaussian Process (GP)
over a measure space under mean squared error distortion and squared Wasserstein-

2 perception metric. First, we show that the optimal reconstruction process is itself

4
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a GP, whose covariance operator shares the same set of eigenvectors as the source’s
covariance operator. This structural property allows us to reformulate the RDPF
problem in terms of the Karhunen—Loéve (KL) transform coefficients of the involved
GPs, which in turn enables us to derive a tight analytical upper bound on the RDPF
for GPs. Finally, for stationary GPs over the interval [0, 7] with Lebesgue measure,
we derive an upper bound on the rate and distortion for a fixed perceptual level as

T — o0, as a function of the spectral density of the source process.

> [24] "On the Rate-Distortion-Perception Function for Gaussian Processes," IEEE
International Symposium on Information Theory (ISIT), 2025.

o In Chapter 5, we present a novel method to estimate the RDPF in the perfect real-
ism regime (PR-RDPF) for general multivariate continuous sources. The proposed
approach is not only able to solve this specific problem but also two related prob-
lems: entropic optimal transport (EOT) and the output-constrained rate-distortion
function (OC-RDF), of which the PR-RDPF represents a special case. Using copula
distributions, we show that the OC-RDF can be cast as an I-projection problem
on a convex set, based on which we develop a parametric solution for the optimal
projection. Additionally, we characterize a Shannon lower bound (SLB) for the
PR-RDPF under a mean squared error (MSE) distortion constraint. We support
our theoretical findings with numerical examples by assessing the estimation per-
formance of our iterative scheme for the PR-RDPF against the obtained SLB for

various sources.

> [25] "Copula-based estimation of continuous sources for a class of constrained
rate-distortion functions." 2024 IEEE International Symposium on Information
Theory (ISIT). IEEE, 2024.

Distributionally Robust Source Compression

e In Chapter 6, we investigate the problem of distributionally robust source coding,
i.e., source coding under uncertainty about the source distribution. We propose
two extensions of the so-called Strong Functional Representation Lemma (SFRL),
considering the cases where, for a fixed conditional distribution, the marginal in-
ducing the joint coupling belongs to an uncertainty set. Using these extensions, we
derive distributionally robust coding schemes for both the one-shot and asymptotic
regimes, generalizing previous results in the literature. Focusing on the case where
the source distribution belongs to a given KL-sphere, we derive an implicit charac-
terization of the points attaining the robust rate-distortion function (R-RDF), later

exploited to implement a novel algorithm for its computation.

> [26] "On Distributionally Robust Lossy Source Coding." 2025 IEEE Information
Theory Workshop (ITW). IEEE, 2025.
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1.3 Notation

Number Sets Let N denote the set of natural numbers, and [a : b] C N denote the
integer interval including both endpoints. Let R denote the set of real numbers, with R
the extended set R U {—o0, +00}, and Ry the set of non-negative real numbers. For any
set S C R", we define its complement set by S¢ £ {z € R" : z ¢ S}.

Real Analysis We denote by C" the set of n-times differentiable functions on R. Given
a function f € CY, we denote by Jf its sub-gradient [27, Definition 8.3], while, if f €
C?, we denote by f”(-) the second derivative with respect to its argument. Given a
multivariate function (z,y) — f(x,y) with x € R™ and y € R™, we denote by Vf the
gradient of the function f(x,y) and with V,f (or V, f) the gradient with respect to the

specific variable.

Vectors and Matrices The identity operator is denoted as id(-), whereas the identity
matrix is denoted by I. Given a vector v € R™, we denote by diagv € R™*™ the matrix
with the elements of v on its diagonal and zeros otherwise. Given a matrix A € R"*"™,
we denote by s4 = [s4,i]i=1:n the vector of its singular values and, if A is diagonalizable,
by Aa = [Aailic1:n the vector of its eigenvalues. However, in the cases where the nota-
tion s4 or A4 is inadequate, we indicate the eigenvalues and singular values using the
operators A[A] and s[A], respectively. We introduce the notations A\*[-] or s*[-] and AT[]
or ST[-], respectively, for the vectors whose coordinates are the eigenvalues or singular
values arranged in decreasing or increasing order. We denote positive definiteness (resp.
positive semi-definiteness) with the notation A > 0 (resp. A > 0). The trace operator is
denoted by Tr[-], while || - |1, || - ||, and (-, -) 7 denote the, respectively, Schatten-1 norm
[28, Section 4.2], Frobenius norm, and Frobenius inner product [29, Equation 5.2.7].

Measures and Divergences For a Polish space X', we denote by (X,B(X)) the Borel
measurable space induced by the metric, with P(X’) denoting the set of probability mea-
sures defined thereon. Given v, u € P(X), we denote by v < u the absolute continuity
of v with respect to p, meaning that for any set A € B(X),u(A) =0 = v(A) = 0.
For v € P(X) and pu € P()), we denote their independent product measure as p X v.
Furthermore, given any joint measure pxy € P(X x)), we denote by mx(uxy) and
my (px,y) the marginal measures on X and Y, respectively. We denote by L(X x )) the
set of Markov kernels @ such that @ -p € P(X x Y) for all p € P(X). Depending on the
context, we explicitly indicate the functional dependency between mathematical objects
with square brackets, for example, p[h] and Q[h] express the functional dependence of
a distribution p € P(X) or a transition matrix @ € L(X x )) on another distribution
h e P(X).
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Random Variables For a random variable (RV) X on X C R", we specialize our
notation by denoting by Px € P(X) as its distribution function (shortly, d.f.) and with px
its probability density function (shortly, pdf). For a discrete RV X, px will equivalently
indicate its probability mass function (shortly, pmf). We denote by E [-] the expectation
operator, and by E,, [-] we specify the probability distribution z on which the expectation
operator is applied. For a RV X, we denote by px and X x its mean and covariance matrix,
respectively. Given RVs X and Y, X L Y indicates their statistical independence, while
we denote by h(X), h(X|Y), and I(X,Y), respectively, the (differential) entropy of X,
the conditional (differential) entropy of X given Y, and the mutual information between
X and Y. When necessary, the mutual information I(X,Y") for (X,Y) ~ pxQy x will be
alternatively indicated with I(Px, QY‘ ) to highlight the dependency on (P, Qy| x) €
P(X) x L(X x D).

Others The Lambert W function [30] is denoted by W(-), whereas its primary and
secondary branches are denoted by Wy(-) and W_(+), respectively.

1.4 Preliminaries

1.4.1 The Rate-Distortion-Perception Tradeoff

Since its introduction, the RDP tradeoff has received substantial interest from the informa-
tion theory community, deriving operational characterizations in a variety of operational
scenarios. Focusing on the case where infinite common randomness is available both at
the encoder and the decoder, Theis and Wagner [31] provide variable-length codes for
both the one-shot and asymptotic regimes exploiting the properties of the strong func-
tional representation lemma [32]. In the context of the output-constrained RDF, but also
valid for the "perfect realism" RDPF case, Saldi et al. [33] provide coding theorems for
the case where only finite common randomness between encoder and decoder is available.
In [34], Chen et al. derives coding theorems for the asymptotic case, focusing on the
differences between three operational cases defined by the availability of randomness be-
tween encoder and decoder, i.e. infinite common randomness, only private randomness,
and the deterministic case.

Similar to its classical counterpart, the RDPF does not enjoy any general analyt-
ical solution. However, for specific source distributions and particular choices of the
distortion and perception measures, there exist closed-form expressions, such as for bi-
nary sources subject to Hamming distortion and total variation (TV) distance [9] and
Gaussian sources under mean squared-error distortion and various perception measures
[23, 35, 36]. The available closed forms, while providing theoretical insights on the RDP
tradeoff, have limited applicability when considering arbitrary distortion and perception
metrics. Therefore, numerical solutions for the estimation of the RDPF have been ex-

plored to great extent. Data-driven solutions have been proposed, usually employing a
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generative adversarial scheme minimizing a linear combination of distortion and percep-
tion metrics, see e.g., [9, 35, 37, 38]. Despite the advantage of directly optimizing the
image/video codec using only source samples, these methodologies still require particular
effort as they are generally highly computational and data-intensive and may suffer from
a lack of generalization capabilities. Algorithmic solutions for the RDPF estimation are
also present. In the case of discrete alphabets, Chen et al. in [39] cast the RDPF problem
as an entropic-regularized Wasserstein barycenter problem and propose a solving method
based on the Sinkhorn algorithm applicable to arbitrary distortion measures and percep-
tion measure being either a Wasserstein-type distance, the Kullback-Leibler divergence,
or the TV distance.

The Rate-Distortion-Perception Function We provide in the following definition

of the information-theoretic characterization of the RDPF for general alphabets [9].

Definition 1.4.1. (RDPF) Let a source X be a random variable defined in an alphabet
X and distributed according to Px € P(X). Then, the RDPF for X ~ Px under the
distortion measure d : X x X — R and divergence function D : P(X) x P(X) — R{ is
defined as follows:

R(D, P) = Ieng?XXX)I(X,Y) (1.4.1)
Y|X

st. E[d(X,Y) <D (1.4.2)

D(Px||Qy) < P (1.4.3)

where D € [Drin, Dmax] C [0,00), P € [Puin; Pmax] C [0,00), and Qy = my (PxQy|x)-

In what follows, we remark on certain functional properties related to the Definition
1.4.1.

Remark 1.4.1. (On Definition 1.4.1 - Functional properties in (D, P)) Following [9],
it can be shown that (1.4.1) has some useful properties, under mild regularity conditions.
In particular, [9, Theorem 1] showed that, for D € [Dmyin, Dmax] C [0,00) and P €
[Pmin, Pmax] C [0,00), R(D,P) is (i) monotonically non-increasing function in both D
and P; (ii) convex in both D and P if the divergence D(:||-) is convex in its second

argument.

Remark 1.4.2. (On Definition 1.4.1 - Functional properties in QYlX) The program de-
fined by (1.4.1)-(1.4.3) is convez in the transition kernel Qy|x for a given Px if the di-
vergence D(+||-) is convex in its second argument, since (1.4.1) and (1.4.2) are respectively

convex and linear functionals in Qy,x [40].

Operational Aspects of the RDPF In the following section, we provide further

details on the operational significance of the RDPF. Multiple works have shown the con-
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nection between the RDPF various operational setups, considering both deterministic/s-
tochastic codes with discrete/continuous sources and various formulation of perceptual
qualities [31, 33, 34]. In the following, we report the setup proposed in [31], focusing on
the asymptotic case. We remark, however, that similar results apply also for the case of
one-shot codes, as presented in the same work.

We assume that we are given an i. 1. d. sequence of n-length random variables X" € X"
with probability distribution Px € P(X). Formally, a stochastic encoder fp is any
function belonging to the set Fp = {f : A" x R — N}, whereas a stochastic decoder
g7 is any function in the set G}, = {g: N x R — X™}. A stochastic code is an element
of Fi x Gf. Without loss of generality, the randomness at the encoder and decoder is
represented as a single real number, i.e., an infinite number of bits, and is assumed shared
by the pair, i.e., common randomness.

We let d : X x X — R denote a single-letter distortion function and D : P(X) x
P(X) — R{ denote a divergence measure. Moreover, we define the sets of fidelity criteria
{Ai}iepin) and {®;}ic[1.n) as follows

A2 Epg, XYl 2 D(Px,|Qx)

where A; is the expected i*" symbol distortion and ®; is the i** symbol divergence with
respect to the reconstructed symbol Y;. We are now ready to introduce the definition of

achievability and that of the infimum of all achievable rates.

Definition 1.4.2. (Achievability) Given a distortion level D > 0 and a perception con-
straint P > 0, a rate R is said to be (D, P)-achievable if there exists a random variable

U and a sequence of codes (f1,9%) € Fpp x Gy with
K, = fp(X",U), Y"=gp(K,U)

such that, for i =1,...,n, the joint distribution px, y, satisfies A; < D and ®; < P and

H(K,U) _

lim R.
n—o0 n

Then, we define
Re.(D, P) 2 inf{R : R is (D, P)-achievable}.

The following theorem connects the operationally defined R.,.(D, P) with R(D, P) for
general alphabets.

Theorem 1.4.1. For D >0, P > 0, we obtain R.-(D,P)= R(D, P).

Proof. See [31, Theorem 3]. O



CHAPTER 1. INTRODUCTION

1.4.2 Statistical Divergences

Statistical divergences are fundamental measures ubiquitously used in information theory
and statistics to quantify the dissimilarity between probability distributions, thus occu-
pying a central role in the RDP framework. In their general definition, a divergence on
P(X) is a function D : P(X) x P(X) — R{ such that D(u|lv) > 0 for all p,v € P(X),
holding with equality if and only if y = v.

The family of f-Divergences A particularly rich and widely studied class of diver-
gences is the family of f-divergences, first introduced in [41] (see also [42]). This family

is defined as follows.

Definition 1.4.3. (f-divergence) Let f : (0,00) — R be a convex function with f(1) = 0.
Then the f-divergence Dy(-||-) associated with f is defined as

Diul) 2 [ vide) f(Lw).  mver)
under the conventions
(i) J0) = tim f(@), (i) 0f<8) ~0, (ii)Va>0, Of(g) — 4 f/(c0).

Many commonly used divergences belong to this class. Notable examples include:
o KL divergence Dk (-||), obtained by setting f(x) = zlog(z)

o Jensen-Shannon divergence D ys(+||-), where f(z) = xlog (%) + log (%—&-1)

o Total Variation distance TV (-||-), where f(z) = 1|z — 1|

o a-diwvergence D, (-||-), parameterized by a € R:

2 —ar—(1—aw)
dy ala—1)
Da(pllv) = /XV(dl") fa (dy(x>> , fa(z) = zlog(x) —xz+1 a=1

—In(z)+2z—1 a=0

The family of f-divergences also enjoys several useful structural properties. For any f-

divergence D¢ (-||-), the following hold:
« (Linearity) Dy, 45, (-[|-) = Dy, (-[|-) + Dp, (-[]-)

o (Joint Convezity) For any t € [0,1] and u1, uo, v1, v € P(X),

Dy(tpr + (1 =t)pz | tn + (1 = t)ve) <t Dy(pllvn) + (1 — 1) Dy(p2llve)

e (Invariance) Let f(x) = f(x) + c(x — 1) for some ¢ € R, then D¢(-||-) = Df(||)

10
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The characterization of the family of f-divergences here provided summarizes the prop-
erties useful for the scope of this thesis. For a more in-depth mathematical analysis, we
refer the reader to [43].

Selected Divergences and Their Properties While the family of f-divergences pro-
vides a general and unified framework, some of the divergences employed in this thesis
require a more detailed treatment. In what follows, we provide precise definitions and dis-
cuss the key properties of the KL divergence, the Geometric Jensen-Shannon divergence,
the squared Hellinger distance, and the squared Wasserstein-2 distance.
Kullback—Leibler (KL) divergence (Dkr,). The KL divergence is defined as:

Dua () 2 [t tos (L)) px.py € P(X)

where Dkr,(p]|v) is finite if and only if 4 < v, i.e., the Radon-Nikodym derivative %‘ is
well defined. It is worth noting that, in general, Dk, (u||v) # Dxkr(v||1) [43, Remark 20].
Therefore, throughout the thesis, we will distinguish between the direct form Dxky, ()
and the reverse form Dkp,(+||i), depending on the placement of the source distribution .

Geometric Jensen-Shannon (GJS) divergence (Dgjs). The GJS divergence is
a close relative of the classical Jensen-Shannon divergence, deviating from the latter in
that the symmetrization of the KL divergence is induced by a geometric mean rather
than an arithmetic mean. This distinction allows the GJS divergence to admit a closed-
form expression for Gaussian distributions, which the classical JS divergence does not.

Following [44, Theorem 2|, it is defined as follows.

Definition 1.4.4 (GJS Divergence). Given n,v € P(X), the GJS divergence is defined

as:
L1 1
Dasllv) £ 5 Dict(nllog) + 5 Drr(vlipy) (1.4.4)

11 iy
where pg denotes the geometric mean measure py = %172 v2, with normalizing constant

1 1
Z= [y (Z—Z(u)) ? (%\(U)) > Xdu) for some common dominating measure X. In the Gaus-
sian case, where X ~ N(ux,Xx) andY ~ N(uy,Zy), the geometric mean py is itself

Gaussian with mean pg and covariance X4 given by:

Toq 1o\t
o= (555 + 357 (1.4.5)
fg = 2 52)( px + §EY Ky |- (1.4.6)

Squared Hellinger distance (H?). Following [43], the squared Hellinger distance

11
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2
H2(p,v) 2 ;A(@_ \/g) dX (1.4.7)

where )\ is any dominating measure for both @ and v. Note that this definition is indepen-

is defined as:

dent of the choice of A\. The squared Hellinger distance can be interpreted as the squared

¢? norm between VI and /v, yielding the upper bound

2
du dv
Vax|| * H\/d)\
2

Squared Wasserstein-2 distance (W3). Unlike the divergences above, the squared

H? (1, v) <

2
=2
2

Wasserstein-2 distance does not belong to the family of f-divergences but arises naturally
from the theory of optimal transport [45, Chapter 7]. Originally introduced in [46], it is
defined as:

W(v) 2 min [ o =yl n(do, dy) (1.4.8)
X xX

O(p,v)

where TI(u, v) denotes the set of all joint measures 7 on X x X with marginals p and v.

12
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Chapter 2

Blahut-Arimoto Type Algorithms for
the RDPF

In this chapter, we develop a generic algorithmic approach for the computation of the
RDPF, focusing on the case of discrete memoryless sources subject to a single-letter
average distortion constraint and a perception constraint that belongs to the class of f-
divergences. Our results leverage the fact that the RDPF forms a convex program under
mild regularity conditions on the perception constraint (i.e., convexity on the second
argument), which are satisfied by the considered class of divergences. This enables us
to derive a parametric characterization of the optimal solution of the RDPF (Lemma
2.2.1), which is subsequently utilized to construct an alternating minimization procedure,
thereon referred to as the Optimal Alternating Minimization (OAM) scheme, for which we
also establish convergence guarantees (Theorem 2.2.1). However, the resulting structure
of the OAM scheme relies on a set of implicit equations in the variables of interest,
thus prohibiting the direct implementation of a generic BA algorithm similar to what
is already known for the classical rate-distortion theory for i.i.d. sources and single-
letter distortions [47]. Motivated by this technical difficulty, we propose two alternative
minimization approaches that solve the implementability issue and whose applicability

depends on the smoothness of the considered perception function.

o In Section 2.2.1, we design a Newton-based Alternating Minimization (NAM) scheme
where, noticing that the solution of the OAM iterate is equivalent to a root-finding
problem (Lemma 2.2.3), we use Newton’s root-finding method [48] for the compu-

tation of the optimal iteration step (Theorem 2.2.2).

o In Section 2.2.2, we introduce a Relazed Alternating Minimization (RAM) scheme,
where we leverage a new relaxed formulation of the structure of the iterations in
the OAM scheme and, subsequently, we derive necessary and sufficient conditions

to ensure convergence to a globally optimal solution (Theorem 2.2.3).

In Section 2.3 we design the algorithmic embodiment for the NAM and RAM schemes
(see Algorithm 1 and Algorithm 2, respectively) and develop suitable stopping criteria

14
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for both algorithms (Theorem 2.3.1). Moreover, we also provide sufficient conditions
on the structure of the distortion and the perception constraints based on which our
algorithms converge exponentially fast in the number of iterations (Theorems 2.3.3 and
2.3.4). We corroborate our theoretical findings with numerical simulations (Section 2.4),
with emphasis on the case of the TV perception metric, for which we develop a smooth

approximation (Lemma 2.4.2).

2.1 Preliminaries

Given the relevance for this work, in this section we provide an overview of the alternating

minimization methodology and its applications in information theory.

2.1.1 Alternating Minimization and BA-type algorithms

The alternating minimization method is a framework for the minimization of functions of

two constrained variables. Consider the following optimization problem

min x,
reX,ycy f( y)

where X and ) are two arbitrary non-empty sets and the function f(x,y) satisfies —oo <
flx,y) < +oo for each x € X and y € Y. Furthermore, we assume that, for each
x € X, there exists y € Y with f(z,y) < +o0o, implying that s := we)i(lgeyf(x,y) < +o0.
Depending on the case, the existence or uniqueness of the minimizer (z*,y*) such that
f(x*,y*) = s may also be assumed.

The goal of the alternating minimization method is to create a sequence {(z(™,3(™)}
such that nh_{rgo f (:C("), y(")) = s. Under specific conditions, such sequence can be defined

using the solutions of two sub-problems; for x; € X, h(x;) = argmin f(z;,y) and, for
yeY

yi € YV, g(y;) = argmin f(z,y;). For some initial point y©, we can define the n-th
zeX

element of the sequence as:
2™ =gy Dy g =pM)  forn=1,2....

Depending on the problem, various sufficient conditions for the existence and opti-

mality of the sequence limit have been studied. For instance,

o In [49], Csiszér and Tusnady prove that, if the sequence {(z(™,y(™)} guarantees
Flay) + fly® D) = flay™) + f@™ g0 Y) veex vy ey

referred to as Five-Point property, then the optimality of the limit is ensured.

o In [50], Grippo and Sciandrone prove convergence of the sequence to a stationary

point of f, under the assumption of convexity of the feasible sets X and ) and

15



CHAPTER 2. BLAHUT-ARIMOTO TYPE ALGORITHMS FOR THE RDPF

existence of the sequence limit.

BA-type algorithms, introduced for the numerical computation of channel capacity [51]
and RD [47] tradeoffs, represent specific instances of alternating minimization algorithms
[52, Chapter 9]. In fact, in their classic formulation, both problems can be expressed
as constrained minimization of a convex function on the sets of marginal distributions
and transition matrices, where the properties of the sets (e.g., convexity) depend on the

constraints for which the problem is formulated.

2.2 Main Results

In this section, we present the derivation of our main theoretical results. We start by
providing in the following lemma the parametric characterization of the solution of the

RDPF problem, obtained by casting (1.4.1) as a double minimization problem.

Lemma 2.2.1. (Double minimization) Let D > 0, P > 0 and let D(:||-) = Dy(:||-).
Moreover, let s = (sp, sp) with sp > 0, sp > 0 being the Lagrangian multipliers associated

with constraints (1.4.2) and (1.4.3). Then (1.4.1) can be expressed as a double minimum

as
R(D,P)= ~ min  Dgr(pxQyxlpxry)+sp (E[d(z,y)] — D) + sp(Ds(pxllay) — P)
Qy | x €L(X7)
ry €P(X)

(2.2.1)

where D = IEQ*{/'X [d(x,y)] and P = D¢ (px||r3-), with (Q;p{’ ry) achieving the minimum.
Furthermore, for fized QY|X’ the right side of (2.2.1) is minimized by

ry[Qyx] W) = X px(2)Qy x (ylo) (2.2.2)

reX

while, for fixed ry, the right side of (2.2.1) is minimized by

ry (y) - Algy [ryll(z, ¥, 5)

Qyx[ryl(ylz) = S ) Algy ] (r.5) (2.2.3)
where
A[U](ﬂf y,S) = exp {—spd(z,y) — spg(px(y),u(y))} (2.2.4)
;{QY\X (ylz)px (x) (2.2.5)
sen=1(5)-51(5)
Proof. See Appendix 2.5.1. O

We remark that, although showing a close resemblance to the classical BA solution

16
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[563, Theorem 6.3.3], Lemma 2.2.1 differs from it in (2.2.3). In particular, the perception
constraint (1.4.3) induces the presence of an additional exponential term, i.e., spg(-,-).
Clearly, the classical BA implicit solution can be obtained as a special case of (2.2.3) by
considering sp = 0, effectively removing the perceptual constraint. The next corollary

follows as a direct consequence of Lemma 2.2.1.

Corollary 2.2.1. Let s = (sp,sp) with sp >0, sp > 0. Then R(D, P)in (2.2.1) can be

reformulated as follows

R(Ds,P)) = —spDs—spP+ min = sp > px(y)of <px(y)>

DY Iy 1)
= >_px(@)log [ > ry (W) Alay[ryll(z,y,s)
rEX yeX
(2.2.6)
where
px (@)ry (y) Alry](, y, 5) )
Dy = e > —d(x,y Ps; = D¢(px||r
2 e A1) 1Y) siexlire)
with 13 € P(X) achieving the minimum of (2.2.6).
Proof. The proof follows by substitution of (2.2.3) in (2.2.1). O

We note that in Corollary 2.2.1 and in subsequent analysis, the subscript notation
(Ds, Ps) is introduced to explicitly indicate the dependence of the constraint levels (D, P)
from the fixed Lagrangian multipliers s = (sp, sp). The following lemma characterizes
a necessary and sufficient condition to ensure that, for given Lagrangian multipliers s =
(sp,sp), a distribution 7§ € P(X) is the optimal solution of (2.2.6), i.e., (1}, QYlX[r;])
defines a point achieving the RDPF.

Lemma 2.2.2. Let Dy(-||) be such that f € C*(0,00) continuous and differentiable on
(0,00) and let the vector function c[-,-] : P(X)? — RI¥| be such that

bx ($)A[T] (m,y, 5)
TEX icx u(d)Alr](z,i, ) ’

clu,r](y) = (2.2.7)

Then, a probability vector 1y yields a point on the R(D, P) curve via the transition matriz
QY|X defined in (2.2.3) if and only if c[ry,qy[ry]](y) < 1 for ally € X, holding with

equality for any y for which 1y (y) is nonzero.
Proof. See Appendix 2.5.2. O
Remark 2.2.1. It can be shown that the function c|-,-] characterizes also the relation

between a distribution ry and the result of the functional qy-[ry]. In fact, we can verify

17
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that for all i € X,

ayryl() _ g~ @rixlrvlCle)

s @) = eyl )
TEX

Using the results of Lemma 2.2.1, we now proceed to construct an alternating min-
imization procedure, thereon referred to as Optimal Alternating Minimization (OAM),

proving its convergence to a point of R(D, P).

Theorem 2.2.1. (OAM) Let the Lagrangian multipliers s = (sp,sp) with sp > 0,

sp > 0 be given. Let r§9) denote any probability vector with nonzero components and let

ng&l) = Qy|X[r§/n)] and r&H) = qY[rgl)] be functions of the current iteration rg/n) as

defined in (2.2.3) and (2.2.5), respectively. Then, as n — oo, we obtain
D(QV)y) = Doy P(QVy) = Pu, 1(px. Q) = R(Ds, P.).

Proof. See Appendix 2.5.3. O

Despite being optimal, the OAM scheme does not allow the implementation of a
BA-type algorithmic embodiment. The reason stands in the parametric dependencies
underlying (2.2.3) and (2.2.5), as highlighted in the following remark.

Remark 2.2.2. (Implicit Iterate) Due to the structure of the iterations in (2.2.3) and

1)

.4.90), an 1mpiuict epenaency oy r on 1tseLf appears, 1.€.,
2.2.5 implicit depend {nt itsel '

) 5o {cspdy) —ang (o 1))
(n)

Ty (y) C€X DicX Tgl) (i) exp {_SDd(377 i) — spg (an r§/"+1), Z)}

= [\, ") (y)

(2.2.8)
showing that the updated term r§,n+1) exists in both the left- and the right-hand side of the
equation. Consequently, the structure of (2.2.8) impedes the characterization of a closed

form expression of the "updated term” rgfﬂ) as a function of only the current iteration

(n)

term ry .

The implementation problem of the OAM scheme prompts us to find alternative ways
to compute the alternating minimization iterates. We detail in the following section two
different approaches to solve the OAM issue, leveraging either the numerical solution of

the implicit equation or through the relaxation of the structure of the iterations.

2.2.1 NAM scheme

The implicit definition of rgf i (2.2.8) suggests the application of numerical methods

for its approximation. To this end, we introduce a variation to the OAM scheme, re-
ferred to as NAM scheme, where r§/n D g approximated at each minimization step using

Newton’s root-finding method [48].

18
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We first demonstrate that the iteration step for rgLH), i.e., (2.2.8), can be cast as a

root finding problem.

Lemma 2.2.3. Let r§,+ ) be defined as in Theorem 2.2.1 and let T : RIXI — RIXI pe the

vector function defined as
Ty, ul(i) £ u(i) =y 0) -y, u)(i), Vi€ X (2.2.9)

where c|-, -] is defined in (2.2.7). Then, r§,+ ) is a root ofT[rY .0, e, T[ry),r&nﬂ)] =0.

Proof. The proof follows from the evaluation of (2.2.9) in rgl 1) and the substitution of

2.2.8) therein. O
(2.2.8)

The application of Newton’s method requires the existence and the invertibility of
the Jacobian matrix Jr of the functional T' [48, Section 10.2]. In our case, ensuring
the existence of Jr requires a more restrictive continuity assumption on the divergence
measure, i.e., D(-||-) needs to be twice differentiable in its second argument. Although
this limitation reduces the generality of the NAM scheme, we note that the majority of
the commonly used divergences, i.e., see Section 1.4.2, respect this assumption. Under

this restriction, the invertibility of Jr is shown in the following lemma.

Lemma 2.2.4. Let T[r&l),-] be the function defined in (2.2.9) and let the divergence

measure Dy(-||-) be twice differentiable in its second argument. Then, the Jacobian Jr :

(n)
RIX| 5 RIXXIX] of the functional T[r\", ], defined as Jr[ri™ u] 2 [dT[gv( u ] :
(i,5)ex?
1s positive definite and has the form
JT[r$)7 ul =1+ (C’[Tgl),u] — M[rgl),u]) F[rg/n),u] (2.2.10)
where
M[’I“(n), — ZpX ](JI,Z,S) A[U](.’IJ,],S) (2211)
v (™) (1) A 2
e (Srean WA k) |
n n 82D p v
F[rg/),u] = sPdlag[ ( )(Z) 8};((2))(2") 1 (2.2.12)
ulieX
Clr{,u] = diag [C[r(y")m](i)]ig- (2.2.13)
Proof. See Appendix 2.5.4. O

We are now ready to define the structure of the iteration of Newton’s root-finding
method applied to the functional T'(-), which, as shown in Lemma 2.2.3, provides an

approximation of r(nﬂ).

Theorem 2.2.2. (Newton’s method) Assume the divergence measure Dy (-||-) to be twice

differentiable in its second argument and let r(nH) and r( be defined as in Theorem 2.2.1.
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Let T[Tgf), -] and Jr [rg’), /] be as defined in (2.2.9) and (2.2.10), respectively. Furthermore,

let the sequence {u(k)}k:m“_, for some initial point uw©® e RI¥ pe defined as

w2, (k) (JT[,,«gl)’u(k)])_l .T[Tgl)’u(k)]‘

Then, limj_,oo u®) = r§f+1).

Proof. The proof follows by direct application of Newton’s root-finding method [48, Sec-
tion 10.2], since Lemma 2.2.3 proves that the set of solutions r§7 ™) and the set of the
roots of T'(-) coincide, while Lemma 2.2.4 proves that T'(-) satisfies the assumption for

the convergence of the method. O

The implementation of the NAM algorithm illustrated in Algorithm 1 is obtained by
introducing the results of Theorem 2.2.2 in the OAM scheme defined in Theorem 2.2.1.
However, despite solving the main technical issues of the OAM scheme, the NAM scheme
imposes limitations on the choice of the perception metric. In the next section, we provide

an alternative minimization scheme that circumvents these issues.

2.2.2 RAM scheme

An alternative approach to solve the implementation problems of the OAM scheme stems
from a relaxed formulation of the OAM iterations. Through the introduction of an auxil-
iary design variable v in (2.2.3), we define an approximation to the original OAM scheme,
referred to as the RAM scheme. The main advantage of the RAM scheme stands in the
fact that, for v properly selected, the iterative scheme is directly implementable and does
not require additional assumptions on the continuity of the perception constraints, while
still being able to achieve a globally optimal solution. The following theorem provides

the formal formulation of the RAM iterative scheme.

Theorem 2.2.3. (RAM) Let the Lagrangian multipliers s = (sp,sp) with sp > 0,

sp € [0, Spmax) be given and define

u(y)Alv[ul](z, y, 5)
Yiex u(i)Afv[ul](z, i, s)
[

£ Qyixlulylz)px () (2.2.15)

reX

QAY|XM(?J’$) (2.2.14)

where A[-] is defined in (2.2.4) and v[-] : P(X) — P(X) is any functional defining a
probability distribution. Let r;) be any probability vector with nonzero components and
let Q;&l QY‘X[rgl)], rgfﬂ) = cjy[fg/n)], and v(M) = v[fg/n)]. Then, as n — oo, we

obtain

D(QV)y) = Ds. P(QVy) = Pu, I(px, QSy) — R(Ds, Pr)

(n+1)

if limy, o0 ||y — v™|| = 0 with at least linear rate of convergence.
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Proof. See Appendix 2.5.5. O

Theorem 2.2.3 enables the implementation of the alternating minimization scheme by

introducing an auxiliary variable v[rg}1 )], which approximates the correct iteration r& +1)

while still being a function of only the current iteration of rgfl ), Nevertheless, depending on
v, this approximation may incur restrictions on the domain of the Lagrangian multiplier
sp that affect convergence guarantees, as we will later discuss in Section 2.3.

We conclude this section with the following technical remark, highlighting the differ-

ences between the NAM and RAM schemes.

Remark 2.2.3. (NAM vs. RAM) The main advantage of NAM is the convergence for
any value of the Lagrangian multipliers (sp, sp), without needing any additional condition.
Howewver, the introduction of Newton’s method requires the differentiability of the percep-
tual metric and the introduction of additional complexity at each iteration. RAM, on the
other hand, lifts the differentiability requirement and avoids the additional computational
cost at each iteration, but at the expense of a potentially smaller set of (sp,sp) for which
the algorithm achieves the optimal solution, potentially prohibiting the computation of the

complete RDP curve.

2.3 Algorithmic Implementation and Convergence Analysis

This section is about the algorithmic implementation of the alternating minimization
schemes derived in Section 2.2 and the characterization of their convergence rate.

We start by presenting the implementation of the NAM and RAM schemes, respec-
tively, in Algorithm 1 and 2. Subsequently, we discuss the derivation of stopping condi-

tions suitable for both algorithms.

Algorithm 1 Newton-based Alternating Minimization (NAM)

Require: source distribution px; Lagrangian parameters s = (sp,sp) with sp > 0 and
sp > 0; error tolerances € > 0, § > 0; distortion measure d(x,y); initial assignment

0)
1: w4 4oo;n <0
2: while w > ¢ do
3: r§7+1> < NEWTON APPROXIMATION( px, r§,"), s, 0)
4 ™ ¢ [rgf),rgfﬂ)

5w« logc(y) — Syex e (y) log(c™ (y))
6: n+<n-+1
7: end while

Ensure: Dy = E oy [d(z,y)], Ps = Df(pX,rg/n)), R(Ds, Ps) = W[rgl)] — spDy —

pXQYIX

spPs — Y ex i ™ log(c™), W] = (2.3.3).
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Algorithm 2 Relaxed Alternating Minimization (RAM)

Require: source distribution px; Lagrangian multipliers s = (sp,sp) with sp > 0 and
sp € [0, Spmax]; error tolerance € > 0; divergence measure Dy (:|-); distortion measure
d(-,-); initial assignment, fg? ),

1: w4 400; n + 0;

2: while w > ¢ ((i(g

3 ™ cfry” v

g AT )

5w logcdih(y) — Xyen 7™ (y) log(c™ (y)
6: n<n+1

7: end while
Ensure: D, = E Q(n) [d(z,y)], Ps = Ds(px,7 Al )), R(Ds, Ps) = W[rg/n)] — spDg —

spPs =Y ex Ty )C(n) log(c™), W[] = (2.3.3).

Stopping Criterion We first focus on the derivation of a stopping criterion for the

RAM case, as the NAM case can be obtained by fixing the auxiliary variable v[rg,n )} =

qy [rg," )} in Theorem 2.2.3, i.e., recovering the original OAM iterates. For this purpose,

we need the following theorem in which we derive bounds on the RDPF.

Theorem 2.3.1. (Bounds on RDPF') Let QY|X and gy be defined as in Theorem 2.2.3,
c(y) be as defined as in Lemma 2.2.2, and cmax = MaXycx c[Py, ¢y [y ]](y). Then, at the
point D = E [d(z,y)], and P = D¢(px|dy[?y]), the following bounds hold

pxQy
R(D, P) > Ri[fy](D,P) = —spD — spP + W[fy] — 10g(cmax) (2.3.1)

R(D, P) < Ry[fy)(D, P) = —spD — spP + W|iy]
= 3 iy )iy ay [Py (9) log(clry ay [l 9) (332

yeX
where W] is given by
px(y) px(y)
mez;vpx z) log (y;{ W) Al[u])(z,y, s ) + SPEQY ](y)af (U[u](y))
R px(y) \ . (rx(y)
+ar| 2 dvlu <f<qy[u]<y>> f(wu](y)))]'

(2.3.3)
Proof. See Appendix 2.5.6. O

Leveraging the bounds in (2.3.1) and (2.3.2), we can estimate the precision of the
estimation of R(D,P) at the n-th iteration by considering the estimation error w =
Ry [r;)](D pP)— RL[A(H)](D P), as implemented in line 5 of both Algorithm 1 and 2.
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2.3.1 Asymptotic Convergence Rate Analysis

In this section, we characterize the asymptotic convergence rate of the proposed minimiza-
tion schemes. We start with the analysis of the convergence rate of the OAM scheme,
which, although not directly implementable, serves as a reference for the characterization
of the convergence rate of both the NAM and RAM schemes.

OAM Convergence Rate We remark that the iteration structure in Theorem 2.2.1,

ie., r§/n ) _ qy [rg/n )] given the current iteration n, can be described as an implicit vector

function S : R — RI* with S[ry](i) = 7y (i) - ¢[ry, S[ry]](i), such that r§/n+1) = S[rgf)].
The results of Lemma 2.2.2 characterize a distribution 7§, achieving the RDPF as a fixed
point of S(ry), i.e. ry = S[ry], since c[ry, S[ry]](i) =1, ¢ = 1...,|X|. Under these
observations, we can analyze the convergence rate of the OAM scheme following similar
steps as in [54].

The first order Taylor expansion of S[ry] around a fixed point 3. is defined as

Slryl = Slryl + Jlry] - (ry —ry) +o([lry —ry|)

where J[ry] is the Jacobian matrix of S[ry-] with entries J[ry](i, j) £ 657[TY(]].(;) (i, 5) € X2
Y

The next theorem provides the functional form of the Jacobian for the case of Theorem
2.2.1.

Theorem 2.3.2. (Jacobian form) The Jacobian J(ry) computed at the fized point ry- is
given as

Jiryl = — M*) (I -T*J[ry]) (2.3.4)

where M* = M[ry, 1y ] and T = T[ry, i ] as defined in (2.2.11) and (2.2.12), respectively.
Proof. See Appendix 2.5.7. O

Next, we introduce two lemmas, in which we use the structure of (2.3.4) to identify

properties of matrix M*.

Lemma 2.3.1. Let A+ = {Ai}igi vy be the set of eigenvalues of M* = M|ry,ry].
Given a distortion function d : X x Y — Rg that induces a full-rank matric D =
[e‘st(i’j)}(i,j)exz, then \; > 0,Yi € [1:|X]], i.e., M* has only positive eigenvalues.

Proof. See Appendix 2.5.8. O

Remark 2.3.1. (On Lemma 2.3.1) We note that a popular example that satisfies the
assumptions imposed on Lemma 2.3.1 is the Hamming distortion denoted hereinafter as
dg [55].

Lemma 2.3.2. Let A+ = {Ai}iepixy) be the set of eigenvalues of M* = M|ry,, 3.
Then, we have that \; < 1,Vi € [1: |X|].
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Proof. See Appendix 2.5.9. O

Using Lemmas 2.3.1 and 2.3.2, we can characterize the interval that contains the set

of eigenvalues of J[rj| and subsequently the convergence rate of Theorem 2.2.1.

Theorem 2.3.3. (Convergence rate of Theorem 2.2.1) Let {0;};cp: x| be the eigenvalues
of J[ry]. Then,

0 < {bi}ienxy < 1.

Moreover, let v € [Omax, 1). Then, there exists 6 > 0 and K > 0 such that if r§9) € {ry:

|y — 3|l <6}, we obtain
1) =1 < K = o3 4" (2.3.5)

i.e., the iterations converge exponentially.
Proof. See Appendix 2.5.10. O

Summarizing, under the structural constraints on the distortion function d reported in
Lemma 2.3.1, the exponential convergence of the OAM scheme is guaranteed by Theorem
2.3.3.

NAM Convergence Rate The convergence rate of the NAM scheme is immediate
from the OAM scheme analysis, given the close relation between the two schemes. Since
the only difference lies in the introduction of Newton’s root-finding method for the esti-
mation of the optimal iteration step, the NAM scheme enjoys the same convergence rate
in terms of the number of iterations as the OAM scheme, i.e., an exponential conver-
gence O(e~™) under the assumptions of Lemma 2.3.1. However, the added complexity
from the application of Newton’s method at each iteration increases the overall iteration
complexity, due to the at least linear convergence rate (’)(%) of the root approximant.
Therefore, the total complexity is approximately (9(%), where n and m depend on the

error tolerances € and § given as input in Algo. 1.

RAM Convergence Rate Following similar steps that led to Theorem 2.3.3, the Ja-

cobian .J (ry) associated with the iteration scheme in Theorem 2.2.3 is characterized as
Jiryl = = Mry, ry)(I = Tlry, 1y])

where M and I' are given by (2.2.11) and (2.2.12), respectively. Unlike Theorem 2.2.1,
where the structure of (2.3.4) bounds its own eigenvalues, in this case, we need to bound
the Lagrangian multiplier sp, hence matrix I', to guarantee exponential convergence of

the algorithm. This is proved in the following theorem.
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Theorem 2.3.4. For a given sp > 0, let I, = [0, Spmax] be the domain of sp, {04}icx
the set of eigenvalues of J(r3) and Omax the mazimum eigenvalue of J(r%) in (2.3.4).
Define the set I§, = [0, 5pmax — €] for 0 < € < Spmax. Then, there exists an € such that
if sp € Ig; then 0 < {6qi}icx < 1.

Proof. See Appendix 2.5.11. O

Theorem 2.3.4 guarantees exponential convergence for Theorem 2.2.3 only for sp € Ig,
which means that we can consider P € [Ppyin(€), Pmax|, depending on the characteristics

of the input in a specific problem.

2.4 Numerical Results

In this section, we validate our theoretical findings with simulations. In particular, we
consider the computation of the RDPF under the NAM and RAM schemes, respectively
using Algorithms 1 and 2.

2.4.1 RDPF Computation - NAM scheme

Example 2.4.1. Suppose that X = {0,1} with px ~ Ber(0.15), and let d(-,-) = du(-,")
with perception constraint chosen to be either (a) D¢(-||-) = Dys(-||-), (b) Ds(:|]-) =
Dt (11): (¢) DyCll) = D). (@) Dy() = Daces(1)s (&) DyCll) = Doy (1)
(f) Ds(-|]-) = Da:%(H) In Fig. 2.1, we display the R(D, P) estimates resulting from

Algorithm 1 for each divergence metric.

We observe that all the computed RDPFs share similarities in the structure of the
operating regions on the (D, P) plane. Taking as a reference the plot of Fig. 2.0(a), we

distinguish three cases:

e C(Case I, where the perception level P is not met with equality. In this region, the
RDPF is equal to the RDF.

e (Case II, where, due to the distortion level D not met with equality, the RDPF

function is identically zero.

e Case III, where both the distortion level D and perception level P are met with
equality.

The results show that Algorithm 1 can completely cover the Case I1I region. The bound-
ary between Cases I-III (black line) representing the RDF is obtained by setting the
Lagrangian multiplier sp = 0. Furthermore, the Case I region can be obtained by exten-
sion of the relative boundaries, since all the (D, P) points share the solution given by the
RD problem.
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® NAM E

® NAM

RDF i

D 0.25 01 P

(@): Dys(ll-)

® NAM E

0.05
0. 0.1
0.2

0'% 25 ’
D - 03 p

(d) Da:,1 (E): Da:% (f) Da:%

Figure 2.1: R(D, P) for a Bernoulli source under a Hamming distortion and various
perception constraints.

2.4.2 RDPF Computation - RAM scheme

Example 2.4.2. Suppose that X = X = {0,1} with px ~ Ber(0.15), and let d(-,-) =
du(-,-) with perception constraint chosen to be either (a) Ds(px|ry) = Dys(:[]-), (b)

Dy(-[l-) = Drr(ll), (¢) DiCll-) = Dy2(ll-), (d) Dy(-[l-) = Da=-1([-), (¢) Ds(-[l-) =
Da:%(-H-), (f) Ds(-||-) =TV (-||-). In Fig. 2.2, we display the R(D, P) estimates resulting

from Algorithm 2 for each divergence metric.
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® RAM Q

® RAM
RDF \‘i
0.7 \

06

D 0.25 0.1 P

(@): Dys([)
(c): Dy ([l

® RAM
RDF
Blau et al. [9]

0.6

04

(d): Do——1(-||) (e): Dy—1 (") (F): TV([|)

Figure 2.2: R(D, P) for a Bernoulli source under a Hamming distortion and various
perception constraints.

Remarks similar to those in Example 2.4.1 can be made regarding the operating re-
gions of the computed RDPFs. In addition, in Fig. 2.1(f) we compare the theoretical
results of [9, Equation 6] with the numerical results obtained using Algorithm 2. This
case is of particular interest due to the non-differentiability of the T'V distance. We ob-
serve that Algorithm 2 achieves exactly the theoretical solution of [9, Equation 6] as long
as D < Dpax = 0.15. We attribute this behavior to the limitations in the domain of the

Lagrangian multiplier sp, as discussed in Theorem 2.3.4. We address this issue in detail
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in the following section.

2.4.3 On the convergence under TV perception constraint

As observed in Example 2.4.2, in the case of TV distance the RAM algorithm is not able
to converge to proper solutions in the region 2 = {(D, P) € Ri : D >p=0.15}. We
argue that the problem stems from the values of the Lagrangian multipliers s = (sp, sp)
associated with €2 requires values of sp that do not guarantee the convergence of the
algorithm, as reported in Theorem 2.3.4.

To solve the issue, we propose an approximation of the T'V(-||-) distance through a
sequence of f-divergences {Dy, }nen such that Dy — TV for n — co. We start with the

following general property.

Lemma 2.4.1. For a divergence metric Dy(-|-), let the set Lp, (D, P) be defined as
Lp,(D,P) £ {Qyx € L(X?) : Eq,,  [d(z,y)] < D A Dy(pxllgy) < P}

Given Dy, Dy divergence metrics with Dy(pllq) < Dgy(pllq),Vp,q € P, then Lp,(D,P) C
Lp,(D, P). Moreover, for the associated RDPF problems

Rp,(D,P) = min I(px, and Rp (D,P)= min I(px,
0, (D, P) Qy xELD, (D.P) (Px Qyyx) 0,(D, P) Qy x €L, (D.P) (P, @y x)

the inequality Rp,(D, P) > Rp,(D, P) holds.

Proof. The inequality Rp,(D,P) > Rp,(D, P) holds if Lp, C Lp,, which is a trivial
implication of D¢(p|lq) < Dy(pllq),¥p,q € P. O

We can now characterize a sequence {Dy,} such that Dy, — TV for n — oo and
Dy, <TV.

Lemma 2.4.2. Let f, be the sequence of convex functions defined as fn(z) = 2(z —
1) arctan(n(x — 1)) and let {Dy, (-||) }n=1,2,... be the sequence of associated f-divergences.
Then, for n — oo, Dy, — TV wuniformly. Furthermore, for n = 1,2,... and for all

p.q € P(X), Dy, (pllg) < TV(pllq)-

Proof. See Appendix 2.5.12. O

The results from Lemmas 2.4.1 and 2.4.2 guarantee that, Vn € N, the RDP problem
defined for the perception metric Dy, (-||-) act as lower-bound for the RDP problem defined
with TV (-||-) perception metric. Furthermore, since Dy, (-||-) is a smooth function, we
can apply NAM scheme to compute the associate RDPF. Fig. 2.3 shows the RDPFs
for a source X ~ Ber(0.15) under Hamming distortion and perception measure Dy, , for
n = {1,10,100}. As expected, for increasing n, the Dy, perception metric becomes a

better approximation of the T'V'(+||-) perception.
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® RAM
RDF
Blau et. al. [9]

(c): n=10 (d): n =100

Figure 2.3: Comparison between the RDPF under TV perception, computed with
the RAM scheme, and the RDPF under Dy, , computed with the NAM scheme, for
n = {1,10,100}.

2.5 Appendix

2.5.1 Proof of Lemma 2.2.1

The double minimization follows immediately from properties of the KL divergence, re-
ported in [53, Theorem 5.2.6], which allows rewriting (1.4.1) as (2.2.1). Moreover, the
characterization (2.2.2) of the minimizer r,- follows from the same properties.

On the other hand, we remark that (1.4.1) is a convex program in the variable QY‘  for
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a given px, and respects Slater’s condition, since it is easy to show that Qy| < Wlz) = by=¢
is an interior point of the constraint set, as highlighted in Remark 1.4.2. Therefore,
the minimizer Q’{/‘ « can be characterized by applying the Karush-Kuhn-Tucker (KKT)
conditions [56] on the dual formulation of (1.4.1).

The Lagrangian associated with the primal problem has the form:
L@yix5.7:0) = Dict. (pxQyxlpxry ) + sp (B [d(x,9)] — D) + sp (Ds(px lay) — P)

+ Z Ve (1 — Z QY|X(y‘$)) - Z C$,yQY|X(y‘x)

zeX yeX (z,y)ex?

where the last two sets of constraints refer to the positivity and normalization con-
straints on Qy| - Differentiating L(QY| +»5,7,¢) with respect to the primal variables
Qyxylz), V(z,y) € X2, we obtain:

OL(Qyx»$.7,6) _ ODkr(pxQyxllpxry) G OEAX Y] 0Ds(pxllay) ¢
0Qyx (Wlz) 0Qyx (W) P 0Qyixwlr) T 0Qy ) T T
where:

aDKL(pXQy|XHPX7”Y) B QY|X7(3/|73) )

By = (log< )41
9E[d(X,Y)]
aQy|x(y|x)

9Ds(pxllay) _
0Qyx (v]z) = px(2)9(px. qy, y)-

= px(z)d(z,y)

Enforcing stationarity and complementary slackness

8L(QY‘X7 S,7, C) .
0Qy x(ylz) (2.5.1)
(2, y)Qyx (ylz) = 0

we solve for Qy|x(y|r) while choosing v(x) such that > .y Qy|X(y\m) =1, Vr e X,
resulting in (2.2.3) and (2.2.4). This completes the proof.

2.5.2 Proof of Lemma 2.2.2

Using the results of Corollary 2.2.1, we can apply KKT conditions to (2.2.6). Thus, a

minimum for 7y must satisfy:

Ty(?/) reX yex yeX yeX

30
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which reduces to

v —clry,aylryll(y) > 0.

The Lagrangian multiplier « is evaluated by multiplying by 7y and summing over

y € X, giving v = 1. This concludes the proof.

2.5.3 Proof of Theorem 2.2.1

Let h = (r§9), rg/l), ...), and Q = (QY‘X, Qy|X, ...) be the sequences of probability vec-
(n)

tors and transition matrices obtained by the chain of alternating minimization ry’ —
ngl}l — rgfﬂ) Let A = A[r‘(;ﬂ)] and define the functionals V[rgf)] and Wr (n)]

VIRl = Dice (px - QY lox - r7) + spB o, [d(e,y)] + spDy(ox )

Y|X
(2.5.2)
W[r$>1=5psz<y>af( W) ) S px(a 1og(zry YA (2, y, s >).
yeX Ty y) reX yeX
(2.5.3)

Using Theorem 2.2.1 and Corollary 2.2.1, we can show that V[q] is non-increasing on

the sequence q by first fixing r§/) and minimizing over Q (resulting in Q;l;l)) and then

fixing QY|X) and minimizing over q (resulting in rg, Jrl)). W[rgflJr )] is the result of the
minimization over Q between V|[r (n)] and V[r%ﬁl H)], resulting in a non-increasing sequence
Vir gfl )} >Wir (")} >Vir ("H)] Given V|[q] non-increasing and bounded from below, V[q]
converges to some number V'*°.

Let now 7} be any probability vector and Q%X = QY‘X[’F;}] such that R(D,P) =

Viry] —spD — spP and let

Wy Qlx
> pxQyixlog Q| = > pxQyixlog NG

(zy)ex? Y|X (z,y)eX? Ty

(z,y)eX?
+ Z pr;‘X log <Z rgf)(i)A(")(x,i,S)>
(z,y)ex? ieX

where

Z pXQ;‘/LX log (A(n)(:v,y, 8)) = —SDEQYlX IL‘ y —sp Z TY (%)

(z,y)ex? yex

31



CHAPTER 2. BLAHUT-ARIMOTO TYPE ALGORITHMS FOR THE RDPF

top 2 i) gﬁlg())af( Gap )

yeX Yy Ty (y)

We can introduce an upper bound to (2.5.4) by noticing that

O Q¥
Z pXQ;qu log “w | Z pXQy|X log ( )
Ty Y

(z,y)eX? (z,y)eX?

Qy(x 13
= > pxQyxlog ((YXY) < ) pXQY‘Xlog <Y)> -1=0.

7“1;1) ) Q*Y|X §/

(z,y)eX? (z,y)eXx?
(2.5.5)
As a result, we obtain
Q(”)
Z pxQy|x log (é/f{l)) <
(z.y)€X? QY|X
Q*
< Y Qi 1og< v >+3DEQ;X (A y)] + 5pDypxr3)
(z,y)ex? ry
+sp | S w)f (ff@) - Dy <pX||r;>>]
yeX ( )
[ S pxQixlog (Z A (24, s ) +sp Y Py (n+1()y) 5f< (Z::il(jy) )]
(z,y)EX? X yex (y) Ty (y)
X n+1 () ( px(y) )_ = () px(y) 6f< px(y) )]
sp y%;(r n+l ( ) (n+1) (y) y%;{"”y (Y T§l7,+1)(y) rg/rzﬂ)(y)
< V[ry] - |+ sp Z <n+1()y)> - Df(pXHTikf)]
ex 7"y (y)
+ n+1 () 8f< pX(y) )_ *() pX(y) 8f< pX(y) )]
| e g ) - R g

Notice that for any iteration n > 0, we have W[r&" )] > V[rg,n H)] > V[ry] and, subse-

quently, the following inequalities

0<Wir (n)] Viry] < G[r%ﬁl)] (2.5.6)
where
Q(nH) PX
G’[T&)] = Z pXQYXIOg( (l) ) +sp {E [f ((m—D)] — Dy (pXHT;)}
(z,y)€X? QY‘X "y

Px Px
+SP{ET§,"“) [ (n+1) Bf( (n+1) ﬂ —Epy [ (n+1) 8f< (n+1)>‘| }
Y Y Ty Ty
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Since sp > 0 and due to the fact that

PX * DX DX DX DX
ET; [f <(n+U>] — Dy (pxliry) + Erg/nﬂ) [ (n+1)8f ( (n+1)> ET{’ [ (n-l—l)af ( (n-l—l))]
Ty Ty Ty Ty Ty
n * % /- n . P )
= Dy(px|Iry™) = Dy oxIry)) = 3 (196 ="V @) £ ( fi{)

i€X

P (30— 00 (nil)) f< ;131)) >

ieX

= Dy (pxl4+7) = Dy (px ) = X (r47410) — ri()) 2PL X

1€EX

. ) @
= (Df (pXHTY) - TDf(p”,)’,,g,’Wl)(TY)) <0

(n+1)
Ty

where T Do)l (n+1)(73)) is the first order Taylor expansion of Df(px|-), centered in

7’§7 *1) and evaluated in rg ), and (a) is verified since Ds(px||-) is a convex function in its

second argument. Therefore Vn € N, we obtain

Q(n+1

n Y|X

Wi - vl < Y pXQy|Xlog< e )
( Y)EX? QY|X

Summing over N terms, we obtain

N Q(n-i-l)
Z(W[rgl)] —Viry]) < Z pXQY|X Zlog ( QYX )

n=1 (z,y)ex? Y|X
s
(z,y)eXx? QY|X

(%) Z PXQy|X log (QE/I)X)
(@,y)eX? QY | X
where (b) follows using the logarithm inequality.
Since at any iteration n, W[Tgf )] — V[ry] > 0 and for all integers N > 0 the partial
sum is upper-bounded by a constant L(ry, rg,)) dependent only on the initial probability
assignment r( ) , we have that limy_, o anl(W[rgf )] — V[ry-]) exists and it is finite hence
limy, s 0 W[rgﬁl )] — VIry] = 0. This completes the proof.

2.5.4 Proof of Lemma 2.2.4

We first derive the functional form of Jp:

2 1o DA (2i,5)
oT[r\" v (i) _ )Y 9u(7)
ouGj) T Pl 2
xEX ZkeX Ty (k)A[U] (337 k, 3)

33



CHAPTER 2. BLAHUT-ARIMOTO TYPE ALGORITHMS FOR THE RDPF

Al @) (Shex ry (k) 2Alke))

"‘Ty ZPX

(n) ?
sex (Shex (W) Alu)(a, b, 5)
OA[u)(z,i,s) . *D(px|v)| | <
T(j) = A[u](l‘,Z,S) (_SP(?U(Z')); u) 52,].

By defining matrices M, I" and C, respectively, as in (2.2.11), (2.2.12), (2.2.13), the matrix
Jr(-) can be rewritten as in (2.2.10). To prove its invertibility, we need to ensure that 0
is not part of the set of eigenvalues of Jr(y), i.e., 0 & Ay, Yy € RI¥l. Noticing that
M[rgl),u](i,j) > 0,V(i,7) € X? and ZieXM[rg/n), ul(i,j) = C[rgf),u](i), we can define
the sets D; as:

Di={ eR: A= (CO,ul() — M, u)(,))| < COY,ul(G) — M, (G, )}
(2.5.7)
Since U;cx Di C R{, we can apply Gershgorin Circle Theorem [29] to prove that C [rg,n ), u]—
M [rgl ),u] has only non-negative eigenvalues. Moreover, since D(px]||-) is a convex func-
tion in its second argument, I‘[r&n ),u] is a positive semi-definite matrix. Therefore, we

obtain
ol ul = 1+ (Clr? ] = M u]) - T 0] > 1> 0
This concludes the proof.

2.5.5 Proof of Theorem 2.2.3

Let V-], W]] be the functionals defined in (2.5.2) and (2.5.3), respectively Moreover,

let W[] be a functional obtained by the alternating sequence rY — Q;ﬁ}l §/" +1)

substituting QY| y with fixed 7y as follows

(n n (n px(y) rx(y)
—— 3" px(a)log (Z 0 (y) A (2, , s>) +op 3 W) 5 500 (véf) (w)

TEX yeX yeX
((n+1) px(y) (n+1) , [ Px(Y)
+sp| D7y f<n )‘Z’"Y f( n
yeX T§/ +1)(y) yeX v )(y)

(2.5.8)
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where A = A[v()]. Similarly to Theorem 2.2.1, we let ry- be any probability vector
and Q;\X = Qy|X[7"§kf] such that R(D,P) = V[T’{/] — spD — spP and consider that

QY Q
> px@Y|x1°g(Q<’;ﬁ>)— 2 px@ml(’g< 12'?)— > x@iplog (47 .0.9))

(z,y)ex? Y|X (z,y)ex? (zy)ex?

+ Z pxQy|x log <Z Py ( (i) A™ (x, i s)) .

(z,y)€X? i€eX

Substituting the definition of A(x,y,s) and using (2.5.5), we obtain

Q\g;r}))( * Trraln
Z pXQY‘X log (Q(nil) < Viry]— W[r&)]

(eg)ex? YIX
vor| S rvf ({505) - Privxtvi) + A o7 (2505)
B y;{ () ﬁf)((yy)) o7 (zg)(y)) N ng At ¢ ( I:il()y()y) ) X A ¢ < ﬁf)((yy))) ]
2.5.9)
Note that the right-hand side of (2.5.9) can be bounded by
y;(r*y(y)f (ﬁf)((yy))) Dy (px|r3) +y;( e )U<n(gJy))8f< (( ))>
Ll Bor (254) +;4;("“)f< fiy()y ) yeX (5 >(<y)>)
= Dy (px[[v™) = Dy (px]lry) +i;{(r*y —o™ [ ( ((yy) ) ( ) (y) ]
+ Dy (px[Iry"™) = Dy (pxlo™) +§( ) f(um(( ))> u<n>(( )) f<v<”>((y))ﬂ

= (D5 @xlird) = Ty ()] + [Df(pX”Tng)) ~Tp, oyt ()]
(a)

= D (px ") = Tt (1)

where TDf(p” ) (rgl +1)> is the first order Taylor expansion of D(px||-), centered in
v(™ and evaluated in rg/ ntl) , and (a) is verified since D¢ (px||-) is a convex function in its
second argument.

Since W7 (n)] > Wi (n)] > V[r}y] we can rewrite
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where

Q(”"Fl)
SUAEEDY prwxlog(Q(') )*SP D5 (pxlI5") = T, ()]

(zy)eX? Y|X

Summing over N terms we obtain

X oy’
Z A(n Z pXQY\X Z log ( Q | >

n=1 (z y)€X2 Y|X

+ sp Z Dy (anT'gH_l)) — TDf(PH')ﬂ)(") (TgH_l))
n=1

@y, n
2. pxQiylog (Q(m )*Z (I = 1)

(z,y)€X? Y|X
< Loy

(n+1) _

where L (1, rg) )) is finite if the limit limy, oo |7y v(™|| = 0 converges at least linearly.

Thus, we can rewrite

0< lim ZW A - V] < Ly, i)

N—)oo

proving the convergence as in Theorem 2.2.1. This completes the proof.

2.5.6 Proof of Theorem 2.3.1

We start by first introducing the following auxiliary lemma.

Lemma 2.5.1. Let sp > 0, sp € [0, spmax) be given with s = (sp,sp) and let Qy|X be

a transition matriz included in the set Lp p) defined as follows:

Lp,p) ={Qyx : Eq,  [d(z,y)] < DA Df(pxllay) < P}

where qy = ) cx PXQy|X' Furthermore, let Asﬂ,[qy] be the set defined as
ol E{yeRY V€ X y(2) 2 0AVy € X, Y px(a)y(z)Allay]l(z,y,s) < 1}.
TEX

Then, ¥y € A we obtain

va[qyb

> px(x)log (v(x)) —spD —sp Y px(2)Qyx(z,y)9(px (y), vlav](y))-

zeX (z,y)eX?
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Proof. Let v € As’v[qy] and QY‘X € L(p,p), then:

I(px.Qyix) + Y px(x) 10g< (1 )> +spD+sp Y, px(@)Qyx(%,9)9(px(y), vlav](y))

reX (z,y)€X?

Qy|X
> Y pxQyxlog <qyfy av])(x,y, s ))

(z,y)eXx?
x )

>1-— Z pXQY\X <qY'V Q gy ]l(z,y ))

(z,y)€X? Y|X
=1-> ay Y pxv(@)Aplay](z,y, s)

yeX reX
>1-> gy =0.

yeX

The equality is ensured by the possibility of choosing v(z) € A as

s,wlay]

1
yex @ (Y)Alvlay]l(z,y, s)

Y(z) = >

that once substituted describes the optimization problem found in Corollary 2.2.1. This

completes the proof of the lemma. O

Now we use Lemma 2.5.1 to prove Theorem 2.3.1. In particular, (2.3.2) can be derived

from the following inequality:

R(D,P)< I (PX7QA}/\X[7QY]>

= > px(= QYX[TY](y|5U)10g(

(z,y)eXx?

Oy Ly (3. 2)
> zex PX (x)Qyp( [Py ](ylz)

= —spD — spP — Y Fy (y)elu) loa(e(w) + sp Y ayliy]() 2 8f< Px (1)
yex jex olfyl(y) (

yeX reX yeX

SP{qu[fﬂ(y)f(j[’fY(ﬁ;)) } > e 1og(zfy<y>A[v[fyn<w,y,s

= —spD —spP — Y iy (y)e(y) log(c(y)) + Wiy].
yeX

(2.3.1) is derived as an application of Lemma 2.5.1 by choosing (x) as

-1
v(z) = (Cmax > Ay () Aplry])(e, y, 8))

yeX

which respects the assumption of the theorem. This completes the proof.
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2.5.7 Proof of Theorem 2.3.2

The functional form of J[ry](7, j) in the case of Theorem 2.2.1 is obtained from

OSIry)(i) _ . o0 A[S[ry])(z, i, s) clro STl (D)8 -
o) 0 2 X @5 <zkexry<k>A[S[ry]]<x,k,s>> elry: Sl ll00:
where
O ke ry WAl k. 9) = DAISI e ks) | o
8Ty(j) _k%;v Y(k) 8Ty(]) +A[S[ Y]]( » s )
0A(xi,5) _ (e i s px (i) px (1) '\ 95[ry](i)
aryGy . or ATyl ) e e (S[Ty(i)]> Iry ()
By noticing that
PX(i)2 px (k) B 02
Sl 0r (smu)) = g 2wl

and defining the matrices M and I" as in (2.2.11) and (2.2.12), we can rewrite the entries
of J[ry ] as

JIry] (@, 5) = clry, ry (i) (055 — Dlry, ry ) (6) J[ry (i, 7))

+ D Ty, ry ) (k)M [y, vy )(i, k) T | (K, ) = My, m3)(0, )
keXx

(2.5.10)

where 6; ; is the Kronecker delta. As a result, we can express (2.5.10) in matrix form as

follows

Jry] = Clry, ryl(I = Llry, ry ] J[ry]) = Mry, 3] + Mry, 1y Uy vy [ T [ry ]
= (Clry,ry] = Mlry,ry)(I =TJ[ry])
where C[-, -] is defined in (2.2.13). Finally, we obtain (2.3.4) noticing that C[r},rjy] =1

due to the optimality conditions found in Lemma 2.2.2, thus concluding the proof.

2.5.8 Proof of Lemma 2.3.1

Let matrices ® and @ be defined as

Alry](z,i,s)
ZkeX TY(k)A[T;;] (3:7 k’ S) (i,z)EX?2

Q 2 diag [13(i)]

i l px ()

z‘eX'

Then, the following identity can be verified
Q:M'Q 2 = Q2007Q2 = (Q29)(Q2®)”
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where Q%M *Qfé is necessarily symmetric and at least semi-positive definite. To guar-

antee positive definiteness of Q%M *Q_%, and thus the fact that the eigenvalues of M are

strictly positive, we need to impose conditions on the full rank of ®. To address them,
we can factorize @ into the product ® = UDV, where

D— [e—st(i,j)}

(4,§)EX XX

U = diag {eiSPg(pX”?»i)} .
(2

V = diag l px(2) ] .
ex

Drex Ty (R)Alry](z, k) |

Since both U and V are positive definite matrices, it is easy to verify that @ is a full-rank

matrix if and only if D is full rank too. This completes the proof.

2.5.9 Proof of Lemma 2.3.2

We can verify that the lemma is the result of the Gershgorin Circle Theorem [29] applied
to the columns of M*. Noticing that all entries M*(i,7) are strictly positive, the disk

radius R(j) for column j is:

R(j) + M*(i,i) = ZM*Z]

1EX
where
*(i.9) = r ](l’ i S)A[r;}('%j?*g)
;{M ( ’]) g?:( Y ;Cp (Zke/\’ TY(k)A[T;](%ka))z
S (o) Als) ( i " )
) e e /4-5)

= ry,ry](G) = 1.

Thus the eigenvalues of M* are each in at least one of the disks I; = {z € R : |z —
M*(i,i)] <1 — M*(i,4)}, which are all contained in the disk I = {z € R : |z| < 1}. This

completes the proof.

2.5.10 Proof of Theorem 2.3.3

Using Lemmas 2.3.1 and 2.3.2, the following inequalities hold

0<AM* <1 = 0<A\I-M]<1
0< A= M <1 % 1< AT+ (I - M)

L<ANI+ (I -MT] = 0< NI+ (I —-MHT*) <1
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where (a) is due to I" being a positive definite matrix. Using the previous inequalities, we

can rewrite (2.3.4) as follows:
J(ry) = I+ (I — M*T)1(I - M*).

Define Osup = Amax[] — M*] - Amax[] + (I — M*)I'*)7!. Then, we can show that 0 <
A Jprg) < Osup < 1 is always verified. The second part of the theorem follows directly from

[54, Theorem 5] hence we omit it. This completes the proof.

2.5.11 Proof of Theorem 2.3.4

Since R(D, P) is a non-increasing convex function in D and Ps, we can derive:

O°R(D.P)  dsp
- _ >
0P op, =

meaning that more constrained values of P, are associated with larger sp. Thus, for a
given sp, let spmax be the value of the Lagrangian sp associated with the constraint
P = 0. Then the solution 7§ is necessarily unique and must be 7§, = px. Then, due to

the properties of the Jacobian J(r3),

-
emaxf//(o) '

(I - FJ(T;)) >0 = S P,max <

In order to guarantee 0 < {6, ;}icx < 1, it is sufficient to have

1
(I_F)ZO g sP,max§ ~

£7(0)’

Since in the non-degenerate case we have 0 < fy.x < 1, we can construct €' considering ;

. 1 1
¢ = min {sp o 70) (=-1)}>0

and define the set [ ;;D where the exponential convergence of the approximate algorithm

is guaranteed. This concludes the proof.

2.5.12 Proof of Lemma 2.4.2

We remind that f = |z — 1] is the function associated with the TV distance TV (+||-). The
first statement can be proved by first establishing the uniform convergence of f, — f as
n — oo

sup |fn(z) — f(x)] = sup g(w — 1)arctan(n(z — 1)) — |z — 1|

z€R zeR | T
2

= sup |—xarctan(nz) — x
xeR:{ Q
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2 s
= sup —x (2 - arctan(nx))

xeRg 4
2 ( : )
= sup —xarctan [ —
xeRg 4 nx
2 2
< sup — = —
xeRg nm nm
meaning that lim, . sup,cp |fn(z) — f(z)] = 0. A direct consequence of the above is

that Dy, — TV uniformly in the limit of n — oo since, for any p,q € P(X),

Zoo ()1 (:3)
() 158

Instead, the inequality f,(z) < f(z),Vz € R, implies that for all n € N and Vp, ¢ € P(X),
the inequality Dy, (p|lq) < TV (p||q) holds. This concludes the proof.

lim |Dy, (pllg) — TV (pllg)| = lim

< Y alz) lim
TeEX
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Chapter 3

Vector Gaussian RDPF

With this chapter, we shift our attention on the RDP framework from discrete to con-
tinuous sources, focusing on Gaussian sources. The objective is twofold. First, we aim
to derive analytical expressions of the RDPF under MSE distortion when the percep-
tion constraint belongs to certain well-known and widely-used divergence, that is, the KL
divergence [43], the geometric Jensen-Shannon divergence [44], the squared Hellinger dis-
tance [43], and the squared Wasserstein-2 distance [46] for scalar-valued Gaussian sources
with jointly Gaussian reconstruction. Although the assumption of jointly Gaussian recon-
struction generally induces an upper bound to the RDPF, it can be shown that depending
on the specific perception metric, the bound can become exact, and this observation ex-
tends to multivariate Gaussian sources with jointly Gaussian reconstructions. The second
and most important goal is the construction of a generic algorithmic approach for the op-
timal computation of the RDPF of a multivariate Gaussian source with jointly Gaussian
reconstruction, under convex and tensorizable distortion and perception metrics, when an
analytical solution of the associated scalar Gaussian RDPF is available. To summarize,

in this chapter we derive the following new results:

e In Section 3.1, we characterize closed-forms expressions of the scalar Gaussian RDPF
for direct or reverse KL divergence, the geometric Jensen-Shannon divergence, the
squared Hellinger distance, and the squared Wasserstein-2 distance perception con-

straints.

e In Section 3.2.1, we prove that, under tensorizable distortion and divergence con-
straints, the optimal solution of the multivariate Gaussian RDPF subject to convex
and tensorizable distortion and perception metrics, can be found on the space of
the eigenvectors of the source covariance matrix (to obtain this result we make
use of Lemma 3.4.1 in Appendix 3.4). In other words, under the assumption of
jointly Gaussian reconstruction, the problem achieves the optimal solution when
the involved covariance matrices commute by pairs [29, Section 0.7.7]. The result-
ing optimization problem can be solved optimally using an alternating minimization

approach, by means of the block nonlinear Gauss—Seidel method [50], for which we
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also develop its algorithmic embodiment (see Alg. 3). For the specific algorithm, we
show convergence (Theorem 3.2.1) and provide an upper bound on the worst-case

convergence rate (Theorem 3.2.2).

e In Section 3.2.2, we provide, as an application example, the implementation of Al-
gorithm 3 for the MSE distortion and squared Wasserstein-2 divergence constraints.
Although only the solution of one of the subproblems of Algorithm 3 is available
in closed-form (Theorems 3.2.3), the complementary subproblem can be solved op-
timally through numerical methods (Theorem 3.2.4). We note that similar imple-
mentations can be derived for the other divergence constraints that are used in this

work via the results summarized in Table 3.1.

e In Section 3.2.3, we leverage the analytical results obtained from the alternating
minimization approach that led to Algorithm 3, to characterize the closed-form so-
lution of the multivariate Gaussian RDPF in the regime of perfect realism (Corollary
3.2.2). Specifically, this result provides the optimal stagewise distortion allocation,
i.e., the distortion introduced on each dimension of the Gaussian reconstruction,
according to which can be interpreted as an adaptive water-level (see Figure 3.4).
In fact, unlike the reverse water-filling solution in the classical RDF problem, the
obtained solution presents dependency on the stagewise second-order moment of the

source.

We highlight that for the KL divergence and the squared Wasserstein-2 distance in
the scalar case, we solve the problem differently from [35, 57] in a way that allows to
also find the optimal linear encoder and decoder that achieve the specific closed-form ex-
pression (i.e., the optimal forward test-channel realization). When it comes to the vector
Gaussian case, we note that the reverse water-filling parametric solutions in [57] are only
applicable to specific problems. In contrast, our alternating minimization approach and
the corresponding algorithmic embodiment obtained here can be applied to any Gaus-
sian RDPF problem with MSE distortion, as long as the scalar Gaussian RDPF admits
a characterization. In addition, our approach provides, similar to the scalar case, the
optimal linear encoder and decoder pair that achieves the Gaussian RDPF as a result of

the optimization procedure.

3.1 RDPF for Scalar-valued Gaussian sources

In this section, we derive closed-form expressions of the RDPF for a scalar-valued
Gaussian source assuming jointly Gaussian reconstruction, under MSE distortion con-
straint and various perception constraints. The considered class of perception constraints

consists of direct or reverse Dkr,, Days, H2, and W3 perception constraints!, respectively.

!For the squared Wasserstein-2 divergence, the same closed-form solution is derived using a different
methodology in [35, Theorem 1].
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Moreover, on top of the closed-form expressions of Gaussian RDPF for the previous class
of perception constraints, our methodology completely specifies the design variables of
the optimal linear realization (i.e., the optimal selection of encoder and decoder policies)
that achieve the obtained Gaussian RDPF bounds for each perception constraint. In what
follows, we characterize the RDPF (1.4.1) for jointly Gaussian random variables and MSE
distortion constraint.

Problem 3.1.1. Given a Gaussian source X ~ /\/'(,uX,ag(), ag( > 0, assume that the
reconstructed message Y is chosen such that the joint tuple (X,Y) is also Gaussian. Then,
the reconstructed message admits a linear (forward) realization of the formY = aX + W,
where a € R, W ~ N(uw,0%,), W L X and o, > 0, such that py = apx + pw and
0% = a*0% + o¥,. By considering the case where px = py (by setting uw = (1 —a)ux),
and E[d(X,Y)] =E [(X —Y)?], we can cast (1.4.1)-(1.4.3) as follows:

1 2
R(D,P) < RG(D,P) = min =log <1 + a20§(>
o

aER,U‘%VZO w (311)

s.t. (1—a)*0%k +oi <D, D(px|lpy) < P

where RE(D, P) indicates the Gaussian RDPF (assuming jointly Gaussian reconstruc-

tion) and D(-||-) depends on the specific choice of perception constraint.
We point out the following technical remarks on Problem 3.1.1.

Remark 3.1.1. (On Problem 3.1.1) If in Problem 8.1.1 the choice of the perception
constraint is restricted to W3(-,-) or the reverse Dky(:||-), it can be shown that their
respective minimizing distribution is itself Gaussian, (see e.g., [58] and [35, Appendix
AJ]). This guarantees that (3.1.1) in these two cases provides an exact characterization
of the Gaussian RDPF, i.e., R(D,P) = R%(D,P). Alas, the same property does not
hold, in general, for many divergences such as the cases of direct-Dky,(+||-), Days(¢||:) or
H2(-,-). In such cases, the characterization in (3.1.1) serves as an upper bound to the

optimal solution.

Remark 3.1.2. (Mean Matching) The assumption pux = py does not hinder the general-
ity of the derivation, which can be proved to be optimal. In fact, matching the mean of the
source X and the reconstruction'Y does not affect their mutual information I(X,Y") when
minimizing the MSE distortion metric. Moreover, all the considered divergence functions
D(-||-) are minimized by matching the first moment of the involved distributions (for more

details, see Lemma 3.5.1 in Appendiz 3.5).

In the following theorem, we compute in closed-form the characterization of the Gaus-
sian RDPF defined in Problem 3.1.1, when D(||) corresponds to the direct Dxy,(px||py)-

Theorem 3.1.1 (RDPF under direct Dgy,(+||)). Consider the characterization in Problem
3.1.1 with D(-||-) = Dgr(:||-). Then the solution of the Gaussian RDPF in (3.1.1) is
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obtained analytically, as follows:

max {; log (%) ,O} if (D, P) eS¢

2
RY(D, P) = o% (153;;(19)) (3.1.2)
tlog |1+ X . if (D,P) €S
4D—02 <1+£+9(P)>
X
where
P) = ! 3.1.3
g( )_ Wfl (—67(2P+1)) ( .L. )
%-D
S = {(D,P) : |"X72| < g(P)}. (3.1.4)
Ox

Moreover, the solution in (3.1.2) is achieved by a linear realization Y = aX + W such

that the design variables (a,a%v) are obtained in closed-form as follows:

max {1 — 5,0} if (D, P)eS®

a= X (3.1.5)
;(1—(@{— (P)) if (D,P)e S
0%, =min{D, (1 — g(P))o%} — (1 —a)*0%. (3.1.6)
Proof. See Appendix 3.6.1. O

Next, we use Theorem 3.1.1 to obtain a similar result when the perception constraint
of the upper bound characterization in (3.1.1) is the reverse KL divergence, which corre-
sponds to a case where the upper bound is an exact solution of the R(D, P) (see Remark
3.1.1). Our derivation extends [57] providing, on top of a closed-form solution to the prob-
lem, the design of the optimal (forward) realization that achieves the optimal solution.

This is reported in the following corollary.

Corollary 3.1.1 (RDPF under reverse Dgr,(+||-)). Consider the characterization in Prob-
lem 3.1.1 with D(+||-) = Dir(pyllpx). Then, the exact solution of (3.1.1) corresponds
to R(D,P) = RY(D,P) = (3.1.2), where in place of (3.1.3) we now have g(P) =
Wo (—e_(QP“)). Moreover, the optimal realization Y = aX + W that achieves R(D, P)
corresponds to the choice of the design variables (a,03,) given by (3.1.5) and (3.1.6), with
the updated form of g(P) given above.

Proof. The proof follows almost verbatim to the proof of Theorem 3.1.1 hence we omit
it. O

In the next lemma, we provide an alternative derivation to a closed-form result first
obtained by Zhang et al. in [35, Theorem 1]. This result corresponds to the exact
computation of R(D,P) in (3.1.1) because we consider D(-|-) = W3(px,py). As in
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Corollary 3.1.1, we note that our methodology reveals on top of the closed-form solution
to this problem, the design of the optimal (forward) realization that achieves the optimal

solution. These results are reported in the following lemma.

Lemma 3.1.1. Consider the characterization in Problem 3.1.1 with D(-|-) = W3(-,-).
Then the optimal solution of R(D,P) in (3.1.1) is obtained analytically as follows:

max {;bg ("%) ,o} if (D, P) € 8¢

[0% +(ox —VP)?

R(D,P)=RYD,P) = ) _pJ?
§log (1 + (D—P)[(Qo'x—\/ﬁ)z—D]) 'Lf (D,P) € 8

(3.1.7)

where S = {(D7 P):VP<ox —/lok — D\} Moreover, the solution in (3.1.2) is achieved
by a linear realization Y = aX + W such that the design variables (a,0?,) are obtained

in closed-form as follows:

max{l - D O} if (D,P) eS¢

if (D,P) €S (3.1.8)
0¥, =min{D, 0% + (o6x — VP)?} — (1 — a)® o%.
Proof. See Appendix 3.6.2. O

In the next theorem, we derive the closed-form solution of (3.1.1) when the perception

constraint is the Dgjg divergence.

Theorem 3.1.2 (RDPF under Dgjs(-||)). Consider the characterization in Problem
3.1.1 with D(-||-) = Dgys(-|-). Then, the solution of R%(D,P) in (3.1.1) corresponds

to the following analytical expression:

max {; log ("5{) ,o} if (D, P) € &°
RY(D, P) = e (3.1.9)
1 log (1 + W) if (D,P) €S

where v = % — @ + w with g(P) = —2W_4 (—26*(413*2)), and
X

{(D,P): f1(P) < 0% — D| < fu(P)}
1
Fu(P) = 50% (¢g 1)~ (2~ 9(P)))
1
= 3ox

% (VaP)aP) = 9 - 2= 9(P)).

Moreover, the solution in (3.1.9) is achieved by a linear realization Y = aX + W such
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that the design variables (a,a%v) are obtained in closed-form as follows:

max{l - £,O} if (D, P) eS¢
X ., 0%y =min{D, 0% + f.(P)} — (1 —a)*0%.

a =
! (1— D—;‘X<P>> if (D,P) €S
(3.1.10)
Proof. See Appendix 3.6.3. O

Our last result in this section provides the closed-form solution of R%(D, P) in (3.1.1)

when the perception constraint is the H? distance.

Theorem 3.1.3 (RDPF under H?(-,-)). Consider the characterization in Problem 3.1.1
with D(-||-) = H2(-,-). Then, the solution of R%(D,P) in (3.1.1) corresponds to the

following analytical expression:
max {; log ("%) ,o} if (D,P) € 5°
2
RY(D,P) = o <g<P)2D2> (3.1.11)
X

%log 1+ 7
D—o% (l—g(P)—&-Qf)

where

1—4/1—(1—F5)
g(P) = (1_53)4 2 : Sz{(DJD):l—g(P)SD Sg(P)}-
2

Moreover, the solution in (3.1.11) is achieved by a linear realization Y = aX + W such

that the design variables (a,a%v) are obtained in closed-form as follows:

max{l - UDQ,O} if (D, P) eS¢

a= X . 0% =min{D,20%g(P)} — (1 —a)*o%.
g(P)_Qfg( Zf(D¢P)€S
(3.1.12)
Proof. See Appendix 3.6.4. O

3.2 RDPF for Vector-Valued Gaussian sources

In this section, our goal is twofold. First, we derive (under certain conditions) a generic
alternating minimization approach and its algorithmic embodiment, which allows the com-
putation of any RDPF for multidimensional Gaussian sources with jointly Gaussian recon-
struction. Second, we apply this algorithm when having an MSE distortion constraint and

the class of perception constraints studied in Section 3.1, namely Dk, Dqgjs, H?, W3.
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3.2.1 A Generic Alternating Minimization Approach

We start with the generalization of Problem 3.1.1 to vector-valued Gaussian sources. In
contrast to Problem 3.1.1 we do not specify the type of fidelity constraints that will
be utilized. This is because we aim to first provide a general approach along with its
algorithmic embodiment, able to tackle any vector-valued jointly Gaussian problems for

RDPF with jointly Gaussian reconstruction.

Problem 3.2.1. Given a Gaussian source X ~ N(ux,Xx), Xx = 0, assume that the
reconstructed random vector Y € RN is chosen such that the joint tuple (X,Y) is jointly
Gaussian. Then, the reconstructed message admits a linear (forward) realization of the
formY = AX + W, where A € RVN W ~ N(uw,Zw), W L X and Sy = 0, such
that pwy = Aux + puw and Sy = AL x AT + Xy,. Moreover, we can cast (5.1.1)-(1.4.3) as

follows:

T
R(D,P)<RY(D,P)=  min L iog AZx A" + S|
ACRNXN 550 2 Xw

s.t. E[d(X,Y) <D, D(px|py)<P

(3.2.1)

where the specific form of the fidelity constraints E [d(-,-)] and D(-||-) are not yet specified.

Assuming that also the fidelity constraints E [d(+,-)] and D(-||-) are tensorizable, i.e.,

N

N
Z d(X:,Yy)])  Dlpxlpy) = Y h(D(px.llpy:))

=1

with g(-) and 7(-) being convex functions, and X; (resp. Y;) being the projection of X
(resp. Y) onto the it" eigenvector of Xx (resp. Xy ), ordered according to M [Xx] (resp.
M[Zy]). Then, applying [Appendix 3.4, Lemma 3.4.1] in (3.2.1) leads to the following
lower bound:
N
RE(D, P)() min Z%log <1+)\A;2V[2X’i

Aa 17)‘EW i i=1

! (3.2.2)
Zg d(X,Y)) <D, Y h(D(pxlpy,)) <P
=1

where (x) holds with equality if the triplet (A, Xy, ¥Xx) commute by pairs [29, Section
0.7.7]. In fact, for jointly Gaussian random vectors (X,Y’), the sufficient condition that
achieves the lower bound in (3.2.2) can easily be realized, since the matrices (A, Xy ) are
design variables and can be chosen such that they have the same eigenvectors as Yx 2,
hence one can replace inequality with equality without loss of generality. We note that
the inequality in (3.2.2) does not hold with equality, in general, beyond i.i.d. random

vectors.

For details see, e.g., [59, Proposition 1].
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Proposed alternating minimization method To solve (3.2.2), we first introduce

the (vector) optimization variables D = [D;];c1.x and P = [Pj];c1.n5 such that

Once the slack variables above are substituted in (3.2.2), we yield:

N N N
RY(D,P)=minY RY(Dy, P) st. > g(D)<D, Y r(P)<P  (323)
=1 =1 =1

where RZ»G(Di, P;) corresponds to the stagewise RDPF given by

1 Mt Ax
RE(D;, P)) = , min Slog (1 + AWX> s.t. D; = E[d(X,Y;)], P = D(px,|py,)-
,1 Wt \

(3.2.4)

Note that in (3.2.3) we have three distinct “rate region” cases, which combined, result
in the complete computation of the Gaussian RDPF. Particularly, we may have only the
distortion constraint to be active (hereinafter referred to as Case I), only the perception
constraint to be active (hereinafter referred to as Case II), or both constraints to be
active (hereinafter referred to as Case III). We note that only Case III is interesting as
the computation of the other two cases follows from the computation of that case.

To find the optimal pair (D*, P*) in (3.2.3) we resort to an application of an alternating

minimization technique. Specifically, we define the following two subproblems of (3.2.3):

 For fixed P, (3.2.3) simplifies to

N N
mDinZ RY(D;, P) st. > g(D;) < D. (3.2.5)
=1 i=1
 For fixed D, (3.2.3) simplifies to
N N
min Y RY(D;,P) st. > r(PR)<P. (3.2.6)
=1 =1

It should be noted that solving the optimization problems of (3.2.5) and (3.2.6) is of pri-
mary interest because the solution of these two problems forms the basis of an alternating
minimization scheme that can optimally solve (3.2.3). To make this point clear, next,
we state and prove the convergence to an optimal point of an alternating minimization
approach that relies on the solution of (3.2.5) and (3.2.6). This is often encountered in
the literature by the name block nonlinear Gauss—Seidel method [50].

Theorem 3.2.1. (Convergence) Let the optimization problem (3.2.3) be defined for fi-
nite distortion and perception levels (D, P). Let (DO P©) be an initial point and
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let the sequence {(DM PM) : n = 1,2,...} be the sequence obtained by the alter-
nating optimization of problems (3.2.5) and (3.2.6). Then the sequence has a limit
lim,, 00 (D™, PM) = (D* P*) and the limit is an optimal solution of (3.2.3).

Proof. See Appendix 3.6.5. O

Subproblems (3.2.5) and (3.2.6), despite being more manageable than the original
problem (3.2.3), are still constrained optimization problems whose solutions may not
be easily obtained. Therefore, to further simplify the optimization task, we define the
unconstrained optimization problem associated with (3.2.3). Let s = (sp, sp), with sp >
0 and sp > 0, be the vector of Lagrangian multipliers associated with the distortion (i.e.,
sp) and perception (i.e., sp) constraints, respectively. Then, the Lagrangian functional
Lpc(s) associated with (3.2.3) is defined as:

I]I)l}lglLRG(D,P,S) m}n ZR (D, ;) —I—SDzlg +8PZ . (3.2.7)

(]
Similarly to the constrained case, the optimal pair (D*,P*) in (3.2.7) can be char-
acterized through an alternate minimization scheme. Hence, the associated subproblems

are as follows:

e For fixed P,
manR (D, P) —I—sDZg (3.2.8)
=1 =1
e For fixed D,
N
manR (D;, P;) -I-SPZ (3.2.9)
= i=1

Assume the Lagrangian multiplier vector s is given and let D} and P} be the optimal solu-
tions obtained from the Gauss-Seidel method employing subproblems (3.2.8) and (3.2.9),
respectively. Furthermore, let Dy = 32N | 9(D5;) and Ps = Z 17(P7;). Then, leveraging
Lagrangian duality [60], we can easily compute R%(Dy, P;) as

RY(Dy, P,) = Lpc (D%, P%,s) — spDs — spPs. (3.2.10)

Remark 3.2.1. The assumption of strictly positive Lagrangian multipliers (sp,sp) im-
plies finite (D, P) levels in Theorem 3.2.1, hence guaranteeing the convergence of Algo-
rithm 3. However, under the assumption of bounded perception metric D(-||-), the case
sp = 0 does not violate the assumptions of Theorem 3.2.1. In this regime, the perception
constraint of Problem 3.2.1 is inactive, thus making the problem equivalent to the classical
RDF problem.
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Algorithm 3 Algorithm of Theorem 3.2.1

Require: source distribution px = N (ux,¥x) with ¥x > 0; Lagrangian parameters
s = (sp,sp) with sp > 0 and sp > 0; error tolerances ¢; initial point (D(O),P(O)).
1: n <+ 0, w© +00;
2: while w(™ > ¢ do
3: n<—n+1
4: D « Solution Problem (3.2.8) for (P(»~1 sp)
5 P « Solution Problem (3.2.9) for (D™, sp)
6: W Lpe(DCD PO-D) _ [oo(DM PM)
7: end while
Ensure: D, = YN, g(D\"), Po =X, r(P"), RE(D;, P.) =X, RS (D, P™).

(2

In Algorithm 3 we implement the alternating minimization scheme of Theorem 3.2.1
using the unconstrained Lagrangian formulation that was previously discussed, which
allows for the computation of any RY(D, P) of the form characterized in (3.2.1) as long
as we can have a characterization of the problem for the univariate case. In other words,
we can always cast the general jointly Gaussian problem into the optimization problem
in (3.2.3), which further means that the proposed alternating minimization approach can
be applied whenever the RDPF can be obtained in closed-form for scalar-valued Gaussian
sources assuming jointly Gaussian reconstructions.

The computation of the optimal pair (D*, P*) via Algorithm 3, can be used to obtain
numerically the value of matrices (A, Xy). This means that we can numerically compute
the linear realization Y = AX 4 W that achieves R (D, P) in (3.2.1). On top of that,
by leveraging the fact that (A,Y¥w,¥x), commute by pairs, we can expect that the

aforementioned design variables will be of the form:
A - V . dlag ([)\Aui]iZ].:N) : VTa z:I/V = V ’ dlag ([)\EW7i]i=1:N) ’ VT

where V' € RY*¥ is a non-singular orthogonal matrix, and {(Aai, Asp i) 0 4 =1,2,..., N}
are both functions of {(Ax;, D;, P;) : i =1,2,..., N} which are associated with the pa-

rameters for the associated stagewise solution of R(D, P).

Analysis of Algorithm 3 To characterize the worst-case performance of Algorithm 3,

we provide an upper bound on its convergence rate.

Theorem 3.2.2. (Upper bound on the Convergence Rate) Let {(D™ P}, _o 7 be
the sequence of iterations generated by Algorithm 3 in T iterations and let (D*,P*) be a
minimizer of Lra(-,-). Then, there exists positive and finite constant C such that Alg. 3
guarantees that

Lpe(DD) P — Lo (D, P*) < (3.2.11)

NIQ

i.e., the asymptotic rate of convergence of Alg. 3 is upper bounded by O (%) (sublinear
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convergence rate).
Proof. See Appendix 3.6.6. O

In what follows, we demonstrate experimentally that indeed at worst Alg. 3 can
achieve sublinear convergence, but depending on the value of the Lagrangian multipliers

the performance can significantly improve, achieving even a linear convergence rate.

Example 3.2.1. Let X ~ N(0,Xx) with ¥x = diag([1,3,5,7,10]), let Problem 3.2.1
be defined for MSE distortion metric and W3 perception metric and let w™ be defined
as in Alg. 3, ie., 0™ = Lpe(DO=D PO=DY) _ LD PM). Then, Figure 3.1
shows the convergence rate of Alg. 3 for different values of the Lagrangian multipliers
sp € {1071,1072,1073,107%} and sp € {1,1071,1072,1073,1074}. Clearly, Figure 3.1
tllustrates that depending on the values of the Lagrangian multipliers, the convergence rate

of the algorithm can be improved, achieving even linear convergence rates.

s1=1e—01 s1=1e—02 s1=1e—03 s, =1e-04

10757
| | I
0 100 200 300 100 200 300 0 100 200 300 0 100 200 300
Iteration n Iteration n Iteration n Iteration n
— — — — Upper-bound s, = 1e-04 S, = 1e-03
S, = 1e-02 S, = 1e-01 S, = 1e+00

Figure 3.1: Experimental convergence rate of Alg. 3 for a 5-dimensional Gaussian
source.

3.2.2 Application of the Alternating Minimization Approach

In this subsection, we specialize the analysis of Subsection 3.2.1 to the MSE distortion
constraint whereas as perception constraint we consider the squared Wasserstein-2 dis-
tance. We remark that similar specializations can be developed for other divergence
measures, under the assumption that a closed-form solution for scalar-valued Gaussian
RDPF, R(D, P), is available (see e.g., Section 3.1). We start by solving the subproblems
(3.2.8) and (3.2.9). To this end, we leverage Lemma 3.1.1 to characterize the function
R$(D;, P;), which is the stagewise Gaussian RDPF for the it dimension, under MSE
distortion metric and W% perception metric, for a Gaussian source X; ~ N (0, A\x, ;).
Furthermore, Lemma 3.1.1 and Proposition 3.4.3 defines the functional form of the aux-
iliary optimization variables D = [D;];c1.ny and P = [Pj];c1.ny and of the tensorization

functions g(-) and r(-), introduced in (3.2.3), as follows:

Dy =E [||X; = Yil?] = (1 = 2a)*Asy i + Amy s
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Table 3.1: Closed-Form Solutions of Subproblem (3.2.5)

d(px|lpy) D*
r =L ; 1 N [ Z(P) 42
bty D= s (1 ) + by 2020 (250 - 0,
Z(P) = W-y (—e~@P4D)
Df =5 +As, i (1— \/4/\2 —Z(P)) + &
DKL(pYHpX) SD X0 4SD
o ( ~erh)
. . R A 2 N
H*(px,py) D} = gip + 22(F)Asy \/45% +4As, . (22(P) = 1)

Z(P) = (1 Y- ?’V‘) (1-%)"

Dy = st — Anyxi ( Pi)+\/Z(Pi)(Z(]Di)+2)>
_\/—4)\22)”(Z(Pi)+\/Z(H)(Z(]Di)+2)+1)7
Z(P) = W= (—e*(4Pi+2))

Dcss(px|lpy)

Pi = Wi(px,,pv;) = Mgy i — \/>\A,i2)\2X,z’ + Ay
g() = r() = id()

where Y; ~ N(0, A\ x; i) is the stagewise linear realization of the form Y; = A4, X; + W;
with W; ~ N (0, Asy,, 4)-

In the following theorem we derive the characterization of the optimal solution of the
subproblem (3.2.8).

Theorem 3.2.3. Let the Lagrangian multiplier sp > 0 be given. Then, for fized P, the
optimal stagewise distortions levels D*(P) = [D}(P;)]ici:n € S achieving the minimum of
(3.2.8) are

=P+ 2\Aspi (Vs — VR) + ( %AE“\/FX@ VP2 + 2).

5D
(3.2.12)

Proof. See Appendix 3.6.7. O

We remark that similar expressions to (3.2.12) can be derived for other perception
constraints. Such cases are reported in Table 3.1. We now move to the characterization

of the optimal solution of the subproblem (3.2.6).

Theorem 3.2.4. Let the Lagrangian multiplier sp > 0 be given. Then, for fized D, the
optimal stagewise perception levels P*(D) = [P (D;)lici:n € S achieving the minimum
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of (3.2.9) can be characterized as the zeros of the vector function T(-) : RN — RN where

each component is defined as follows:

Ti(@) ap;

+sp (3.2.13)

T

(/ AEX,i*\/E)4*(/\2X,i*Di)2

1 T35)
e 2 \/E(Di—Pi)(\/ﬁi_\/)\EX,i)(Di—(2\/)\2X,i—m)z) ifpies
78131‘ 2.
0 if P, € 8¢,
Proof. See Appendix 3.6.8. O

Remark 3.2.2. Similar expressions to (3.2.13) can be derived for the direct Dxy,, reverse
Dk, and Dgys divergences cases. On the contrary, the case of the H? distance requires

particular care. Using Proposition 3.4.4, we can express the H? tensorization inequality

as
N
H?(px,py) > 7! (Zr (HZ(pxi,pYi))>
i=1
where r : [0,2) — R is the convex strictly increasing bijection defined as r(z) = —log(1—
5) and r~1 is its inverse. Therefore, the perception constraint in (3.2.2) can be expressed

as follows:

r (i (H2<pxi,pyi>)) <p > r (B px,pv)) < r(P).

i=1 =1

where (a) is due to the monotonicity of h. Using the modified perception level P! = r(P),

the new formulation respects the constraint format described in (3.2.3).

Corollary 3.2.1. Let T; : RN — R be the it component of the vector function T(-)
defined in Theorem 3.2.4. Then, T; is a continuous and non-decreasing function on R.

Furthermore, T; has at least one root in S.
Proof. See Appendix 3.6.9. O

Although we are not able to derive a closed-form solution for subproblem (3.2.6), the
optimal P* can be found as zeros of the functions {T;};c1.n. Corollary 3.2.1 guarantees
that the functions {7;};c1.n respect the assumptions required for the application of the
bisection method [48, Chapter 2.1]. More refined root-finding methods, such as the New-
ton Method [48, Chapter 2.3], are not applicable in this instance given the requirement

on the differentiability of T;, which cannot be guaranteed, in general.
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3.2.3 Gaussian RDPF in the “Perfect Realism” regime

The results of Theorem 3.2.3 characterize the optimal distortion vector D for a given
perception vector P. As an additional result, Theorem 3.2.3 gives the closed-form solution
for the case where P = 0 (all zeros vector), or equivalently D(px||py) = 0, referred to as

perfect realism [34, 61].

Corollary 3.2.2. Consider the optimization problem (3.2.7) for perception level P = 0.

Then, for a given Lagrangian multiplier sp > 0, the optimal solution D* = [Df]ic1.n is

1 1
* . _ 2
D =2Xs, i+ g WEXSE 3 (3.2.15)

such that the distortion level D = YN | D;.

given by

Proof. (3.2.15) is obtained from (3.2.12) for P, = 0. O

We stress the following two technical remarks for Corollary 3.2.2.

Remark 3.2.3. The optimal solution D* is well defined in the limit sp — 0, since

hmsD%o D;k = 2)\2)(71'.

Remark 3.2.4. In the water-filling solution of the classical multivariate Gaussian RDF,

the optimal solution D% = [DZRD]iELN for a Lagrangian multiplier sp > 0 is given by

nrp =min (w(sp), Azyci)  w(sp) = %o
where water-level w(sp) is dimension independent and the min(-) operation is required to
guarantee that D} ppy belongs to the constraint set. Heuristically, one can imagine that the
i-th source component is discarded in the reconstruction whenever w(sp) > Asy i, upper
bounding the mazimum distortion observed in the i-th component by As ;. Conversely,
the solution identified in (3.2.15), and in general the results of Theorem 3.2.3, can be in-
terpreted as an adaptive water-level solution. In fact, in (3.2.15), D} gets adapted to each
dimension, guaranteeing that all source components are present in the reconstructed sig-
nal. However, as already observed in [9, Theorem 2], (3.2.15) suggests that the mazimum

distortion on the i-th dimension is greater than Ax ; and is upper bounded by 2Ay ;.

3.3 Numerical Results

In this section, we provide numerical simulations based on the findings of Sections 3.1,
3.2.
3.3.1 Scalar-valued Gaussian Sources

Let X ~ N(0,1) be a scalar Gaussian source. Figure 3.2 shows RY(D, P) for X under
MSE distortion measure and, respectively, direct Kullback—Leibler divergence (3.1(a)), re-
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verse Kullback-Leibler divergence (3.1(b)), Geometric Jensen-Shannon divergence (3.1(c)),
squared Hellinger distance (3.1(d)), and squared Wasserstein-2 distance (3.1(e)) percep-
tion measures. All the derived Gaussian RDPFs share similarities in the structure of the

operating regions on the (D, P) plane. We distinguish three cases:

« Case I, where the RY(D, P) is identically similar to the associated RDF. In this

regime, the perception constraint is not met with equality.

« Case II, where, due to the distortion constraint not met with equality, the R (D, P)

is identically zero.

e Case III, where both the distortion and perception constraints are met with equal-

ity.

In our derivations, we identify the operating regions {Case I} U {Case II} = S¢ and

{Case III} = S, giving us the closed-form solutions of their the operating regions.

3.3.2 Multivariate Gaussian Sources

This section is devoted to the analysis of the numerical results of Algorithm 3. All
the numerical experiments in this section have been conducted considering a multivariate
Gaussian source X ~ N (0,Xx) with ¥x = diag([1, 3,5]) and setting the initialization
point for Algorithm 3 to (D), P(©) = (0,0).

Gaussian RDPF Curves

In Figure 3.3, we illustrate RG(D, P) for the perception metrics introduced in Section 3.1.

Focusing on Figure 3.2(a), we compare R®(D,P) under the squared Wasserstein-
2 perception with the solution of the classical RDF problem using the reverse water-
filling algorithm (black line) where for the classical case the perception measure has been
computed a posteriori using the same divergence metric. The result confirms that for
bounded divergence measure the RD solution can be obtained as an extreme case of
RS(D, P) surface, retrieving the boundary between the regions of Case I and Case III.
Moreover, the surface region of Case I can be retrieved by the rigid translation of the
obtained boundary curve, since any (D, P) point in this region defines a Gaussian RDPF
problem where the perception constraint is not active, and thus equivalent to the classical
RDF problem. Similar remarks can be extended to the case of the R%(D, P) under H?
perception metric. In Figs. 3.2(c), 3.2(d), and 3.2(e), we cannot proceed with the same
kind of comparison due to properties of the Kullback—Leibler and Geometric Jensen-
Shannon divergences; depending on the distortion level D, the classical RDF solution
may induce the variance of one of the marginal distributions of the reconstructed source
U% — 0. In this condition, the absolute continuity between px and py is not guaranteed,
causing the measured perception level P — 400. Since Algorithm 3 presents identical

behavior to the reverse water-filling algorithm for sp — 0 (equivalent to P — o0), for
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RG

(a): W3

(b): HS (d): Reverse KL

(c): Direct KL

(e): GJS

Figure 3.3: RY(D, P) for a multivariate
Figure 3.2:

R%(D, P) for a univariate
Gaussian source X ~ N(0,1) under (a)
direct KL, (b) reverse KL, (c) GJS, (d)

Gaussian source X ~ N (0, diag([1,3,5]))
under (a) W, (b) HS, (c) direct KL, (d)
reverse KL, and (e) GJS perception con-

HS, and (e) W: perception constraints.

straints.

these cases, the various Gaussian RDPFs have been computed bounding the maximum

perception level P imposing sp > 1075.

Adaptive Water-Level

In Figure 3.4 we analyze the per-dimension levels of distortion D; and perception P}
between the source X and its reconstruction Y, comparing Algorithm 3 with the classical
RD reverse water-filling solution. The comparison has been conducted with a target
distortion level D = 6 and varying the target perception level P. The most constrained

case (P = 0) provides a clear example of the behavior mentioned in Remark 3.2.4, with
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D} not following a uniform water-level, but one that adapts to each marginal. Similar
behaviors are also present, although less pronounced, in the remaining two cases (P = 0.7
and P = 2), where the looser perception level P induces a more uniform repartition of the
per-dimension distortions Dy, thus demonstrating a behavior that is closer to the classical

reverse water-filling solution.

5 5 — 5 — 5 — 5 — 5 —

| L= 5 = = N N =

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3
i i i i i i

I Alg. 3 (P = 3e-06) ] AIg. 3 (P = 7e-01) [ AIg. 3 (P =2e+00)
 m— RS C—IWF sol.

Figure 3.4: Comparison of the per-dimension distortion D; and perception P; mea-

sures for a fixed target distortion level D = 6 between the water-filling solution and
Algorithm 3.

3.4 Useful Results Obtained via Tensorization

In this Appendix, we state and when needed prove certain useful results on tensorization
of divergence functions and information measures.
First, we state a proposition which demonstrates how Dky,(+||-) can be tensorized. For

a proof, see for instance [58, Proposition 4].

Proposition 3.4.1. Let Xx = 0 and Xy = 0 on RV*N. Moreover, let X ~ N(0,%x)
andY ~ N(0,Xy). Then, Dkr(px||lpy) can be bounded from below as follows:

N

Dxw(px|lpy) = Y Dkr(px,lpy;)
i=1

and the inequality holds with equality iff Lx and Xy are commuting matrices>.

Similar to the case of KL divergence, the GJS divergence can also be tensorized. This

is stated and proved next.

Proposition 3.4.2. Let Xx = 0 and Xy = 0 on RV*N . Moreover, let X ~ N(0,3y)
and Y ~ N(0,%y). Then, the GJS divergence Dgys(px||py) can be bounded from below

as follows:

N
Daus(px|lpy) > Z cus(px;lpy;)

3The definition of commuting matrices can be found in [29, Section 0.7.7].

99



CHAPTER 3. VECTOR GAUSSIAN RDPF

and the inequality holds with equality iff Xx and Xy are commuting matrices.

Proof. The tensorization of the Dgjg follows by observing that the geometric mean distri-
bution p,, as stated in Definition 1.4.4, is itself Gaussian. Hence, if ¥ x and ¥y commute,
then ¥, necessarily commutes by pairs [29, Section 0.7.7], thus allowing to directly ap-
ply [58, Proposition 4] to (1.4.4) and obtain the result in question. This concludes the
proof. O

Similarly, one can show that W2 and H? can be tensorized. These two results are stated

next without any proof (for completeness one can check the supplementary material).

Proposition 3.4.3. Let Yx = 0 and Xy = 0 on RV*N . Moreover, let X ~ N(0,3x)
and Y ~ N(0,Xy). Then, W3(px,py) can be bounded from below as follows:

2

5(px,py) Z 5(pxisPY;)

and the inequality holds with equality iff Xx and Xy are commuting matrices.

Proposition 3.4.4. Let Yx = 0 and Xy = 0 on RV*N . Moreover, let X ~ N(0,3x)
andY ~ N(0,3y). Then, H*(px,py) can be bounded from below as follows:

H?(px, py) > 2 (1 - 11_\/[ (1 - Hz(p);py)» (3.4.1)
i=1

and the inequality holds with equality iff X x and Xy are commuting matrices with in-

creasing (or decreasing) eigenvalues order.

Next, we derive a tensorization result for mutual information of jointly Gaussian

random vectors.

Lemma 3.4.1. Let (X,Y) be jointly Gaussian random vectors on RY, such that X ~
N(0,2x) with ¥x = 0 and Y = AX + W, with A € RN*N being invertible and diago-
nalizable, and W ~ N (0, Zw) with Sy = 0. Then, the mutual information I(X,Y) can

be bounded from below as follows:
N A
) > Z <1 y CATEX ) (3.4.2)
=1 )\ZW7

I(X,Y) =log (Inyl

and the inequality holds with equality iff A is a symmetric matriz and the matrices Xx,

Yw and A commute by pairs.

Proof. Note that for jointly Gaussian random vectors (X, Y), mutual information between

X and Y can be written as follows:

Sy | );1 <|AEXAT+EW|

I(X,Y)=1lo ( o

_1 _1
= log <|I + S P AT ATS P |>
12y x|
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11 _1 1\ T 1 aNT /1 1
=log | |I+ (EW2 AE)Q() <2W2 AZ%) =log | |I+ (EW2 AZ)z() <2W2 AE)Q()

(@) < 1 NT/ 1 1
=) log |14\ (EWQAE§<) <2W2A2§<>

i=1

© élog <1 + (si {E;V%Azi}y) (3.4.3)

where (a) follows from the fact that for any diagonalizable matrix M the eigenvalues
A+ = 1+ Ay and (b) follows from the definition of singular values of a matrix. In

addition, we can also verify the following majorization inequality:

log (S {EWé ASZ D 1o <5¢ {zwé AD +log (ST [E)é(:|)
s (4 5] e 1) v (o]

£ Jog (Ai {zwﬂ) +1log (] [4]]) + log (AT

= log

|
1} +log (|A4]) + log (AT [2)2(])

1
AT [zgv

where (c) and (d) hold from Lidskii’s theorem [28, Theorem 3.4.6] and hold with equality
for commuting matrices Xx, Xy and A with the correct singular value ordering, while
(e) follows from Weyl’s majorization theorem [28, Theorem 2.3.6] and holds with equality
if and only if X x, A, and Xy are a symmetric matrices.

Now, let f(-) to be the function defined as f(x) £ log(1 + 22). Although f is not convex,
we can readily show that the composite function ¢ — f(e?) is convex and increasing on

R. Thus, we can invoke Weyl’s majorization theorem, which states:

log(z) =y log(y) = f(x) = f(y). (3.4.5)

Therefore, we obtain:

N _1 17N (345)+(3.4.4) N Aa T et
(3.4.3) = Zf <si [ZWQ AZ;D > Zf (‘ Ad | ?“ > = (3.4.2).
i=1 i=1 VASw i

This concludes the proof. ]

We conclude this section by showing that the MSE admits a lower bound via ten-

sorization for jointly Gaussian random vectors.

Lemma 3.4.2. Let (X,Y) be jointly Gaussian random vectors on RN such that X ~
N(0,8x) and Y = AX + W, with A € RVN*N being invertible and diagonalizable, and
W ~ N (0,2w). Moreover, let Xx and Xy be positive definite matrices. Then, the MSE
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can be bounded from below as follows:
N
E[lX-Y?] > Y E[(X; - vi)?]

i=1

whereas the inequality holds with equality if A is symmetric and (A, Xw,YXx) commute by

pairs.
Proof. Note that we can expand the MSE as follows:

E[|X - Y] = Tt (Sx + By —248x) £ T [(7 - H)Sx (T -~ 4T + S|

=Tr[(<I—A>z§()T(<I AZE) + Sw| LI - AR+ TEw

(3.4.6)

where (a) follows from the substitution Xy = AXx AT + Sy and (b) follows from the

definition of Frobenius norm || - | . Moreover, from (3.4.6) we can derive
312 Y, 52 © i 1
I = BRI = o (1= A)SF] 2 3 (st 1T - 1) N (5)
i=1 i=1
A 24 al 1 24
>3 (I =A) A Ex) =D (L= AT [A]]) M (5x)
i=1 i=1

where (c) follows from Lidskii’s theorem [28, Theorem 3.4.6] and hold with equality for
commuting matrices (A, ¥ x) with the correct singular value ordering, while (d) follows
from Weyl’s majorization theorem [28, Theorem 2.3.6] and holds with equality if and only

if A is a symmetric matrix. This concludes the proof. O

3.5 Mean Matching for Divergence Measures

Lemma 3.5.1. (Mean matching) Let D(:||-) be a divergence function chosen between
direct Dky, reverse Dkr, Days, H2, and W3. Let p ~ N(up,Sp) and q ~ N (g, 3y)
and let § be a shifted version of q such that the first moments of § and p match, i.e.

G~ N(up,Xq). Then d(pllq) > d(pllg)-

Proof. The proof follows from the substitutions of the analytical expressions of the con-

sidered divergences in the Gaussian case, for which we can verify that

Y

(direct Dk1,)  Dkwr(pllg) — DxL(plld) = 1g) "S5 (np — p1g)
(reverse Dkr,) Dxkr(qllp) — DxL(qllp) = ( pp) " X, (p ( Ip)

(H2) H2(qu) — H2(pH(j) = ’E:Jiin ( G*i(ﬂp*#q)T(EerEq)_l(Hp*ﬂq)) >0

0
0

v

(W3)  Wiplla) = Wipld) = llep — ngll* > 0
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. 1 _
(Dcss) Deais(pllg) — Dass(plld) = 5(/&(1 — 1) "S5 (g — 1)

[

+ 5 (g — Nq)ngl(ﬂg — f1g) =20

[\

where for the Dgjs divergence, py and 3, are respectively the mean and covariance
matrix of the geometric mean between the distributions p and ¢ (see Section 1.4.2). This

concludes the proof. O

3.6 Appendix

3.6.1 Proof of Theorem 3.1.1

First note that once we substitute the functional form of the direct Dky,(px||py) in (3.1.1),

we obtain the following convex optimization problem:

1 2
RY(D,P)= min -log (1 + a2a‘2x> . (3.6.1)
a€R,02,>0 oW
st. (1—-a)’0c% +0% <D (3.6.2)
1 2 2 2 2
g (X Eow) 9% _4|<p (3.6.3)
2 ox a‘oy + oy

To solve the specific optimization problem, we invoke Karush-Kuhn-Tucker (KKT) condi-
tions [60]. Let sp > 0 and sp > 0 be the Lagrangian multipliers associated with the dis-
tortion and perception constraint, respectively. The Lagrangian function L(a, UIQ/V, Sp,Sp)

associated with (3.6.1)-(3.6.3) can give the unconstrained optimization problem as follows:

1 o2
L(a,0%,sp,sp) = 5log <1 + a205(> +sp((1 —a)?c% + o — D)

w
1 2 2 2 2
+spq = |log aUX;_aW + — QUX >~ — 1| —P;.
2 0% a‘oy + oy

The stationarity conditions and complementary slackness are as follows:

V(a,o‘%v)L(a’ od/,8p,sp) =0 (stationarity condition) (3.6.4)

sp((1—a)®0c% + 0% —D) =0 (3.6.5)
1 2 2 2 2

spd=|log (LX) X 4| _pl_y (3.6.6)
2 0% a“oy + oy

Next, we obtain the complete closed-form solution for the convex programming problem
in (3.6.1)-(3.6.3) by breaking it into three distinct cases.

Case I: Suppose that sp > 0 and sp = 0, namely, only (3.6.2) is active in the optimization
problem. Then, the problem is equivalent to the classical RDF (see, e.g., [62]), which has
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known optimal realization Y = aX + W with design variables (a,c3,) given as follows:
a=(1-2), o2 =D — (1 -a)?03
= 3 | ow = a)“ox. (3.6.7)
Ox

Case II: Let sp = 0 and sp > 0, namely, only (3.6.3) is active in the optimization
problem. Then, from (3.6.6), we obtain:

2
2 2 2 _7x 2
log (";) s PRI P S s SR IR

(3.6.8)

where (3.6.8) is obtained through the application of the Lambert W function [30]. From
(3.6.4) and (3.6.6), we can derive the optimal (a, o3, ), resulting in:

2

_ 2 _ 9x
a=0, o= W (e P (3.6.9)
which, once substituted in (3.6.1), shows that the inactive distortion constraint results in
R(D, P) = 0. Furthermore, since the distortion level D is not met with equality, using
(3.6.9) we can characterize the maximum achievable distortion as D(P) = E [(X — Y)?]| =

2
(1 - W(_;)((zml))> U§<. This allows us to express 0‘2,[/, similarly to Case I, as O'IQ/V =

D(P) — (1 —a)?0%.

Case III: Suppose that sp > 0 and sp > 0, namely, both (3.6.2) and (3.6.3) are active.
Then, from (3.6.5) we have that a’c% + 0%, = D + (2a — 1)0% and by substituting in
(3.6.6) we obtain:

D+ (2a — 1)o% o3
log + =2P+1
< 0% D+ (2a —1)o%

2
2 _ X

O'X e D+(2a71)og(

D+ (2a —1)o%
D+ (2a — 1)o%
7%

2P+1)

> — — _ef(

— —W(—e_(2P+1))

that, upon further simplifications, results into the following choice of the design variables
(a,08):

1 D 1 9 9 9

which once substituted in (3.6.1) give (3.1.2). It remains to determine domain boundaries
for each of the three cases and to identify which branch of the Lambert W function makes
the derived R(D, P) compatible with the properties listed in Remark 1.4.1.

Note that the boundary between Case I and Case I11I can be identified by considering
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only Case I and by substituting its solutions in (3.6.3), which yields

2 %
— X e AP < (2P, (3.6.11)
ox — D

Applying the Lambert W function to inequality (3.6.11) requires a decision between the
distinct branches Wy and W_1, since the two have opposite monotonic behaviors (that is,
monotonically increasing and monotonically decreasing, respectively). However, invoking
the continuity of the RDPF, we select the branch of the Lambert VW function resulting
in R(D, P) being continuous on the border. Of the two branches, only W_; respects this

continuity constraint. Therefore, (3.6.11) becomes

2
D _ __—(2P+1)
7D < Wi (e ). (3.6.12)
Similarly, one can identify the boundary between Case II and Case III by considering
solely Case II and substituting its solution in (3.6.2), which results into the following

strict inequality:

Ugjg_"D > Wy (—em@PH) (3.6.13)
From inequalities (3.6.12) and (3.6.13) we can identify the joint region of Case I and
Case II on the (D, P) plane, denoted by the set S¢ = {(D,P) : (3.6.12) U (3.6.13)}.
Subsequently, the region of Case III is identified as S = (S¢), resulting in (3.1.4). The
derived regions S and S¢ are used to construct the function a and ¢, in (3.1.5) and
(3.1.6), where the term min{D, D(P)} in (3.1.6) is justified by observing that D < D(P)
in Case I and Case III while D > D(P) in Case II. This concludes the proof.

3.6.2 Proof of Lemma 3.1.1

We only sketch the proof as it uses the same logical structure of the proof of Theorem
3.1.1. The W3 distance between two scalar Gaussian random variables X ~ N(0,0%)
and Y ~ N(0,0%) takes the form

Wi(px,py) = (ox —ov)*. (3.6.14)

By substituting (3.6.14) in (3.1.1), we obtain the following convex optimization problem

1 2

R(D,P) = min—log ( 1+ a?ZX (3.6.15)
a,o‘%v2 O'IQ/V

st. (1-a)’c% +0d <D (3.6.16)

(3.6.14) < P. (3.6.17)
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Let sp > 0 and sp > 0 be the Lagrangian multipliers associated with the distortion
and perception constraints, respectively. Similarly to Theorem 3.1.1, we will obtain the
closed-form solution of the optimization problem in (3.6.15)-(3.6.17) by leveraging the
KKT conditions [60], considering specific operating regions of the problem and identifying
the sets where these solutions apply.

Case I: Suppose sp > 0 and sp = 0, namely, only (3.6.16) is active in the optimization
problem. Then, the problem becomes equivalent to the classical RD, therefore, as in
Theorem 3.1.1, the optimal design variables (a, 0,) are equal to (3.6.7).

Case II: Let sp = 0 and sp > 0, namely only (3.6.17) holds with equality. As in
Theorem 3.1.1, the inactive distortion constraint (3.6.16) implies that R(D,P) = 0 on

this operating region. Moreover, we can design the design variables (a, J%V) as:
a=0, of = (ox —VP)~ (3.6.18)

Furthermore, since the distortion level D is not met with equality, using (3.6.18) we can
characterize the maximum attainable distortion as D(P) = E [(X —Y)?] = 0% + (ox —
V/P)2. This allows us to express o2, as 03, = D(P) — (1 — a)?0%.

Case III: Suppose sp > 0 and sp > 0, namely both (3.6.16) and (3.6.17) are active and
holding with equality. We can observe from (3.6.16) that:

oy =D —(1—a)’c% (3.6.19)
0% =d’0% + oty =D+ (20— 1)0% (3.6.20)

and from (3.6.17) we obtain:

ox —\/a*o% + o3,

Note that (3.6.21) behaves as follows:

o ifox >4/a%0% +of:

=VP (3.6.21)

a= (3.6.22)

o ifox <./a?0% + 0¥

102 VvP)?—D
o= Loxt(ox - ) (3.6.23)
2 ox

Between (3.6.22) and (3.6.23), the former holds the minimum once substituted in (3.6.15)
with (3.6.19). Therefore, the optimal design variables (a, 0%,) = ((3.6.22), (3.6.19)).
Regarding the boundaries between the operating regions, similarly to Theorem 3.1.1

the boundary between Cases I-III can be obtained by considering Case I and substi-
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tuting its solution (3.6.7) in (3.6.17), while the boundary between Cases II-IITI can be
obtained by substituting (3.6.18) in (3.6.16). The derived boundaries define the regions
of the piecewise functions a and o3, in (3.1.8), where the term min{D, D(P)} is justified
by observing that D < D(P) in Case I and Case III while D > D(P) in Case II. This

concludes the proof.

3.6.3 Proof of Theorem 3.1.2

The proof follows the same approach as the proof of Theorem 3.1.1, therefore we highlight
only the differences between the two while maintaining the same logical structure.

The Dgjs divergence (1.4.4) between two scalar Gaussian random variables X ~ N(0,0%)
and Y ~ N(0,0%) is defined as

1 1(0% +0%)? 1 (0% + 0%)?
Dass(pxllpr) 2 [—mg (4“;0” T D Y e
XYY XYY

Once (3.6.24) is substituted in (3.1.1), we obtain the following convex optimization prob-

lem:
1 2 0%
R(D,P) =min_log | 1 +a”—5- (3.6.25)
a,0%, 2 o
W w
st. (1—a)’c% +0f, <D (3.6.26)
(3.6.24) < P. (3.6.27)

Similarly to Theorem 3.1.1, we obtain the closed-form solution of the optimization prob-
lem in (3.6.25)-(3.6.27) by leveraging the KKT conditions, considering specific operating
regions of the problem and identifying the sets where these solutions apply. Let sp > 0
and sp > 0 be the Lagrangian multipliers associated with the distortion and perception
constraint, respectively.

Case I: Let sp > 0 and sp = 0, namely, only (3.6.26) is active in the optimization prob-
lem. Then, the problem becomes equivalent to the classical RD, therefore, as in Theorem
3.1.1, the optimal design variables (a,0%,) are equal to (3.6.7).

Case II: Suppose sp = 0 and sp > 0, namely only (3.6.27) holds with equality. As in
Theorem 3.1.1, the inactive distortion constraint (3.6.26) implies that R(D,P) = 0 on

this operating region. Moreover, we can design the design variables (a, 03,) as:
a=0, of = frL(P). (3.6.28)

Furthermore, since the distortion level D is not met with equality, using (3.6.28) we can
characterize the maximum attainable distortion as D(P) =E [(X — Y)?] = 0% + fL(P).
This allows us express 0, as 05, = D(P) — (1 — a)%0%.

Case III: Let sp > 0 and sp > 0, meaning that both (3.6.26) and (3.6.27) are active
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and hold with equality. We can observe from (3.6.26) that
0% =d’c% +ofy =D+ (20— 1)0% (3.6.29)

and from (3.6.27) we obtain

log ((0% + GW) O b o log(a))

2 2 2 2
Oyox 20y0%
2 24\2
2 2\2 _(lox+oy)
o o
_( X—ZI_ 2Y) e 20%03( — _2 . 67(4P+2)
2UYJX
2 212
oy +o0 _
% — OW(—2. e (P,
0yO0x

As in Theorem 3.1.1, it is necessary to understand which branch of the Lambert W
respects the continuity property of RDPF. For the sake of simplicity, we will directly
use the negative branch W_; which can be later proved to be the correct one. Defining
g(P) = —2W_1(—2- e~ (4P*2)) the equation expands two a second degree polynomial in

2.
O-Y-
(0%)% + 030X (2 - g(P)) + (0%)* = 0.

The solutions of the polynomial are both positive for P € [0, 4+00) and we select the one

minimizing 0%, thus obtaining:

7} = 5% |2~ 9(P) = \JaP)o(P) - 1)
Enforcing (3.6.29) and solving for a and o3, results in
e | R RR )| BT
o2y =D —(1—a)0% (3.6.31)

which once substituted in (3.6.25) give (3.1.9).

Regarding the boundaries between the operating regions, similarly to Theorem 3.1.1,
the boundary between Cases I-III can be obtained by considering Case I and substi-
tuting its solution (3.6.7) in (3.6.27), while the boundary between Cases II-III can be
obtained by substituting (3.6.28) in (3.6.26). The derived boundaries define the regions
of the piecewise functions a and 0%, in (3.1.10), where the term min{D, D(P)} is justified
by observing that D < D(P) in Case I and Case III while D > D(P) in Case II. This

concludes the proof.

68



CHAPTER 3. VECTOR GAUSSIAN RDPF

3.6.4 Proof of Theorem 3.1.3

The proof follows the same approach as the proof of Theorem 3.1.1, therefore we highlight
only the differences between the two while maintaining the same logical structure.

The H? distance (1.4.7) between two scalar Gaussian random variables X ~ N(0,0%)
and Y ~ N(0,0%) is defined as:

| 20x0
HQ(pX7pY) S 1- 5 X YQ . (3632)
ox + 0oy

Once (3.6.32) is substituted in (3.1.1), we obtain the following convex optimization prob-

lem:
2
R(D,P) = mm2 log (1 +a® §(> (3.6.33)
(ZUW W
st. (1 —a)’0c% +0d < (3.6.34)
(3.6.32) < P. (3.6.35)

Similarly to Theorem 3.1.1, we obtain the closed-form solution of the optimization prob-
lem in (3.6.33)-(3.6.35) by leveraging the KKT conditions, considering specific operating
regions of the problem and identifying the sets where these solutions apply. Let sp > 0
and sp > 0 be the Lagrangian multipliers associated with the distortion and perception
constraint, respectively.

Case I: Let sp > 0 and sp = 0, namely, only (3.6.34) is active in the optimization prob-
lem. Then, the problem becomes equivalent to the classical RD, therefore, as in Theorem
3.1.1, the optimal design variables (a,03,) are equal to (3.6.7).

Case II: Suppose sp = 0 and sp > 0, namely only (3.6.35) holds with equality. As in
Theorem 3.1.1, the inactive distortion constraint (3.6.34) implies that R(D,P) = 0 on

this operating region. Moreover, we can design the design variables (a, U%V) as:
a=0, o3 =o0% (1 —29(P)). (3.6.36)

Furthermore, since the distortion level D is not met with equality, using (3.6.36) we can
characterize the maximum attainable distortion as D(P) = E [(X — Y)?] = 20%g(P).
This allows us, similarly to Case I, to rewrite 0, as 03, = D(P) — (1 — a)?0%.

Case III: Let sp > 0 and sp > 0, meaning that both (3.6.34) and (3.6.35) are active
and hold with equality. We can observe from (3.6.34) that

0% =d’c% + oty =D+ (20— 1)0% (3.6.37)
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and from (3.6.35) we obtain

2
oY =o0% (1iv1_(1_P)4> : (3.6.38)

(1- Py

Now, solving the equation (3.6.37) — (3.6.38) = 0 for a holds two feasible solutions, of
which we select the one minimizing (3.6.33). Hence, the optimal design variables (a, o3,)

are the following:

D

SR oy =D —(1-a)’c%. (3.6.39)
Ox

a=g(P)

Regarding the boundaries between the operating regions, similarly to Theorem 3.1.1
the boundary between Cases I-III can be obtained by considering Case I and substi-
tuting its solution (3.6.7) in (3.6.35), while the boundary between Cases II-III can be
obtained by substituting (3.6.36) in (3.6.34). The derived boundaries define the regions
of the piecewise functions a and o3, in (3.1.12), where the term min{D, D(P)} is justified
by observing that D < D(P) in Case I and Case III while D > D(P) in Case II. This

concludes the proof.

3.6.5 Proof of Theorem 3.2.1

To prove this result, we use some prior results of Grippo and Sciandrone in [50] in the
study of the 2-block non-linear Gauss-Seidel method under convex constraints.
Let f(D,P) =N, RY(D;, P;) and let the set L (p,p)y be the set of level curves defined

as follows:
£={(D,P)eCpp: f(D,P) < (DO, PO)} (3.6.40)

where Cp py = {(D,P) € R* : SN g(Dy) < DALY r(P) < P}. Since the pair (D, P)
is assumed to be finite, we remark that Cp p) is a compact set, and, as f () is a non-
negative, continuous function in C(p p), the curve level set £ = 710, (DO, POY]) N
C(p,p) is also a compact set. This result together with the convexity of f(-) satisfy the
assumption of [50, Proposition 6], which guarantee that every limit point (D*, P*) of the
sequence {(D™ P™): n =1,2 ...} is a global minimizer of (3.2.3). This concludes the

proof.

3.6.6 Proof of Theorem 3.2.2

Let L(D,P) be the Lagrangian function defined in (3.2.7) for fixed Lagrangian mul-
tipliers s. After T iterations, Algorithm 3 produces the sequences {D(n)}n:O,...7T and
{P(")}nzow.,T applying the alternating minimization scheme P~ — D™ — P®) gp-
tained by the solutions of the optimization problems (3.2.8) and (3.2.9). Therefore, by
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construction, L(-, ) is non-increasing along the produced sequence, i.e.,
L™ PM) > D+ pr)) > (DD ph+l)y), (3.6.41)

Since RZ-G(-, +) is continuous with Lipschitz continuous gradients in both arguments, there
exists K € R such that the Lagrangian L(D, P) is continuous and its gradients Vp L(-, P)
and Vp f(D,-) are K-Lipschitz continuous. Therefore, ¥V D1, Do, P1, Py € RY, it holds

L(D,,Py) < L(Dy,Py) + VpL(Dy,P1)" (Dy — Dy) + gHDQ — Dy 3. (3.6.42)
Considering iteration n, for fixed P(™) we define
D+ — arg min (32.8), D=D" —vVpLDW, PM)
for which, by construction, it holds
L™ PM) > (D, PM) > LD pM), (3.6.43)
From (3.6.41), (3.6.42), and (3.6.43) we can derive

LD pM) — (D) ptl)

Y

(D™ Py — DM+ p)

L
L™ PM) — (D, PM)

A\

AV

~Vpf(DM, PO - D)~ LD - D3

Y

1 n n
57| VD LD, P[5,
(3.6.44)

Furthermore, considering the complete gradient operator V. = (Vp,Vp), the identity
|IVLD®™, PM)|y = |[VpL(D®™,P™)|, holds, since |[VpL(D™,PM)|y = 0 due to
P (") being the minimizer for fixed D™ in the alternating minimization scheme. Therefore,

we have that

L(DM, M) _ (D) pt)y > ﬁuvunwpw)”g. (3.6.45)
Now, let z(™ = (Dgn), e ,Dg\?), 1(n), e ,P](\?))T be the column vector resulting from

the stacking D and P and let L(z™) = L(D™, P™). Moreover, let Z* be the set of
minimizers of L(-) and, similarly to [63], let the maximal distance M (z) from the set Z*

be defined as
M(z) = max max {||z —z"||2: L(z) < L(2)}.

z€R2N z*€Z*

From the definition M (Z), we have that L(z) > L(z) implies M (z) > M(z). Then, from
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the convexity of L(-), for all z* € Z*, we can derive

L(z™) — L(z")

A

VL(z™)T (2" — z*)

< VL) - 12" — 27|
< |IVL(z™) | M (z™)
< ||\ VL(z™)|| M (z?). (3.6.46)

Furthermore, as a result of the descent lemma [60], the following holds
K K
L(z") — L(z*) < 5||z<0> —z*? < 5M2(z<0>). (3.6.47)

Leveraging (3.6.41), (3.6.45), (3.6.46) and (3.6.47), and defining A,, = L(z™) — L(z*)

and v = W(Z(O)), we obtain
(3.6.41) (3.6.45)+(3.6.46) (3.6.46) 1
An 2 AnJr]_, An - An+1 2 ’)/An, Ao S Z (3648)
Y
Applying the relationships obtained in (3.6.48), we derive
11— A? _
i_ 1 :Anl AnZ’Y n—1 :')’Anlz'}/
An An—l AnAn—l AnAn—l An
By summing for n =1,...,T, we have
T T
1 1 { 1 1 ] 1 1
—— o = - - > =Ty = —2>2——+Ty>(T+4)y=>T
o A nZ::l 1A n;v gl 1 24 T2 @4y =Ty

which further implies,

. M2(z0)

.6.4
<= (3.6.49)

with M?(z(?)) < C' < oo. This concludes the proof.

3.6.7 Proof of Theorem 3.2.3

Let L(D, sp) be the objective function of the unconstrained optimization problem defined

in (3.2.8). Imposing the stationarity condition on L(D,sp) we obtain

AL(D, sp)
aD;

3D, +sp=0 (3.6.50)

Dx
1

D

(3
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with

=

8D - D;,—P; 2)\EX 1+21/P)‘ZX i ] :
Z "D P)Di- 2oy VP (Di, Pi) €S

where § is defined in Theorem 3.1.1. We can investigate the optimal solution of (3.6.50)

in the two sets S and S¢ as follows:

o for (D}, P;) € S we have that

1
oD P T 9sp

« for (D}, P;) € S we have that

[ P1_2)\Zx,i+2\/-Pi)\Ex,i + 0
— Sp =
(Di = P)(Di — (24/Asy,i — VPi)?
which admits the following two solutions:
1 1
ZlP+2UX(UX_\/§)+<2(SD_\/40‘%((0'X_\/E)2+4 )

" 1 1
i,2_Pi+20X(UX_VPi)+<2D+\/4U§((UX_ ; )

We select the solution D = D7, since D}y < D75, minimizing D = Z Dy, and
this guarantees continuity of the function D} (sp) on SUS® = R%*. This completes
the proof.

3.6.8 Proof of Theorem 3.2.4

Let L(P, sp) be the objective function of the unconstrained optimization problem defined
n (3.2.9). We can characterize the set of optimal solutions {P*} imposing the stationarity

condition on L(P, sp), thus obtaining

OL(P, sp)

ORY (D, P,)
0P = UV 4 sp=0.

op;
Py Py

K3 3

We notice that set {P*} and the set of the zeros of T'(-) coincide. This concludes the

proof.

3.6.9 Proof of Corollary 3.2.1

Since RZ-G(Di, P;) is convex and differentiable in both arguments, % is necessarily

continuous and non-decreasing on ]Rar . From the definition of the set &, we can charac-
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ORS (D;,b;)

terize b; > 0 such that S = [0, ;] and S¢ = (b;, +00). Due to continuity, —55== = 0,
G (Db
thus implying 7;(b;) > 0. On the other hand, limp,_,o W = —oo implies the exis-

tence of a; € S such that T;(a;) < 0. Hence, since on the extreme of the set [a;, ;] C S
the continuous function 7; has opposite signs, by the Intermediate Value Theorem [48,

Theorem 1.11] there exists at least one root in the set. This concludes the proof.

3.6.10 Proof of Proposition 3.4.3

For jointly Gaussian random variables, the squared Wasserstein-2 distance W2(px, py)

has the following form [46]:

Wi (px,py) = Tr

1 1\3
Sx + Sy — 2 <2§2X2§> 21 . (3.6.51)
By performing eigenvalue decomposition on the covariance matrices X x and Xy and

writing them into their canonical form, i.e., ¥y = Py, PT and 3y = Q\g, QT (3.6.51)

can be expressed as follows:

W%(anpY) =Tr [)\EX] +Tr [)‘ZY] —2Tr

(@, ot a7)] o

Our objective is the minimization of (3.6.52) while maintaining the set eigenvalues Ay
and Ay, . Therefore, our optimization variables will be the orthonormal matrices [29, Sec-
tion 2.1] P and ), whose columns are the set of eigenvectors of ¥ x and Xy, respectively.
Since the first two terms of (3.6.52) do not depend of P and @, the minimization problem

can be rewritten as a maximization problem as follows:

P,QeU

max Tr KQ)‘%YQTPAEX PTQ)\%Y QT> 2] (3.6.53)

where U is the set of orthonormal matrices on RY*Y_ The optimization objective can be

expressed as:
3 of Toxd or)? 3 pTorz o7, @ 2 pTO\2
Tr | (QA5, Q PAsy PP QA Q =[|PAS PP QA Q" [[1 = (A5 PP QAS, I
where (a) is justified by the unitary invariance property of the norm. By defining S £
1 1
Ad PTQ)\éy, we obtain

b c
151 2 (1) < sup Tr(US)
Ueld

where (b) stems from the definition of Schatten-1 norm and by defining |S| = VSTS
with |S| being the unique positive semidefinite root of ST'S; (c) stems from the fact that

using polar decomposition [29, Theorem 7.3.1], there exists a unique matrix U € U such
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that |S| = US and the fact that |S| maximizes Tr(US) over the set of unitary matrices
U € U [64, Proposition 5]. Consequentially, we can reformulate the optimization problem
as follows:

1 1
Tr (UN2 PTQN2 )
g s T (UM IO,

(3.6.54)
Now, let us define the function f: U xU — R as

1 1
FUV)ETH(UNE VTAZ ).
We can verify that f satisfies the properties of an inner product on U [29, Definition
5.1.3], therefore using Cauchy—Schwarz inequality [29, Theorem 5.1.4], we obtain

sup Tr
Ueld

(VA PT@A, ) = sup F0.Q7P) < F(QTP.QTP)
veu

Using the above inequality in (3.6.54) results into the following:

d 1 1
(3.6.54) < Jmax Tr (QTPAgxpTQAgy)

max

1 1
max Tr ( R\ RT)%
R=QT PecU X Y
3 1o 9
R:QTPeuO\ZY’R/\EXR )

11
< (A%, A8,)

Sy Ay /

where (d) and (e) hold with equality for QT P = I, implying that the maximum of (3.6.53),

and consequentially the minimum of (3.6.52), is attained by commuting matrices ¥ x and
Yy. Therefore,

N
1 1
Whox.py) = Tr ] + Tr Dy = 27 [0, AL, | =3 Whos o).

i=1
This concludes the proof.

3.6.11 Proof of Proposition 3.4.4

For jointly Gaussian random variables, the squared H?(px, py) has the following form:

1
YxXy|t
|Yx + Zy |2
By performing eigenvalue decomposition on the covariance matrices ¥ x and Yy and

writing them into their canonical form, i.e., ¥y = Py, PT and 3y = Q\s, QT (3.6.55)
can be expressed as follows:

1
H?(px,py) =2 <1 _92% [PAsy PTQXs, Q"1

1
1)—2(1—21;] Az sy [ 1)
’P)\EXPT—FQ/\EYQT’? |/\2X +R)\EYRT‘5

(3.6.56)
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with R = PTQ € U, where U is the set of orthonormal matrices [29, Section 2.1]. Our
objective is the minimization of (3.6.56) while maintaining the set eigenvalues Ay, and
Ax, . Therefore, our optimization variables will be the orthonormal matrix R. Since only
the denominator of the second term in (3.6.56) depends on R, finding the minimizing R
is equivalent to

_1 _1
argmin |1 + A2 RAg, R 2
ReU X Y

which is itself equivalent to

arg min log <|I + STS|> (3.6.57)
ReU
R
where S = Ag? RA{ . Now, expanding (3.6.57) we obtain

N N N
log (|7 +575]) = " log(\ +578]) @ " log(1 + Ai[S7S]) £ S log(1 + s3,)
=1 =1 =1
(3.6.58)

where (a) follows from the fact that for any diagonalizable matrix M the eigenvalues
Ar+m = 1+ Ay and (b) follows from the definition of singular values of a matrix. In

addition, we can also verify the following majorization inequality:

_1 1 c _1 1
log (s [AE; RAgyb p log <s¢ [AE; RD + log (AT [z XD

Y log (Ai [EX%D +log (5" [R]) + log (AT {Eé( D (3.6.59)

(©) 1 1 ) 3
=log | —F—= | tlog| A" X5
=)

where (c) and (d) hold from Lidskii’s Theorem [28, Theorem 3.4.6] and hold with equality
for commuting matrices Ax,, Ay, and R with the correct singular value ordering, while
(e) follows from R being orthonormal, hence sp; =1 Vi € 1: N. Now, let f(-) to be the
function defined as f(x) £ log(1 + x?). Although f is not convex, we can readily show
that the composite function ¢t — f(e!) is convex and increasing on R. Thus, we can invoke

Weyl’s majorization theorem, which states:

log(x) =y log(y) = f(z) =w f(y)- (3.6.60)

Therefore, we obtain

N 11 (3.6.59)+(3.6.60) AV gl
(3.657) =3 f (si {)\E;R)\gyb S (@)
i=1 i=1 VA
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where the lower bound is achievable iff the matrix R induces the proper ordering between
Axy and Ay, , including the case where Y x and Xy are commuting matrices with eigen-
values in increasing (or decreasing) order. Therefore, assuming that both ¥x and Xy

have the same eigenvalues order, (3.6.56) is lower bounded by

H(px, py) > 2 (1— 1 WEVE) :2(1_ﬂ (l_Hz(PXI?Y)))

i—1 ASxi+ ATy i=1 2

where H2(p X, Py;) is the squared Hellinger distance between the marginals X; ~ N (0, s, ;)
and Y; ~ N(0, Ay, ;). This concludes the proof.

77






Chapter 4

Gaussian Processes RDPF

In this chapter, we build on the results established in Chapter 3 for finite dimensional
Gaussian measures by extending the RDPF framework to sources modeled as Gaussian
processes (GPs). Specifically, we study the case of GP-RDPF over a measure space €,
under Mean Squared Error (MSE) distortion and the squared Wasserstein-2 distance
as the perception metric. To this end, we show that the optimal reconstruction of the
source is itself a GP, designed such that its covariance operator shares the same set of
eigenvectors with the source. The common set of eigenvalues allows the formulation of
the RDPF problem as a function of the Karhunen—-Loéve (KL) transform coefficients of
the involved GPs, similar to the classical RDF for GPs [65, 66]. Noticing the similarities
with the finite-dimensional Gaussian RDPF, we formulate an analytical upper bound to
GP-RDPF able to recover the optimal solution in the “perfect realism” regime. Moreover,
focusing on the specific case where the source is a stationary GP and 2 is the interval
[0,T] equipped with the Lebesgue measure, we characterize a tight upper bound on the
rate and distortion levels for a fixed perceptual level and for T'— oo as a function of the
power spectral density of the source process. We validate our theoretical results through

illustrative numerical simulations.

4.1 Preliminaries

4.1.1 Gaussian Processes

A GP X is a collection of real random variables indexed by an index set 7, such that for
any finite subset 7’ C T, the collection { f(¢) }+c7+ has a joint Gaussian distribution. A GP
is parameterized by m(t) = E [X (¢)] and k(t,s) = E [(X (t) — m(t))(X (s) — m(s))], where
m:T — Rand k(-,-) : T2 — R denote the mean and covariance functions, respectively.
From its definition it follows that k is a positive semidefinite symmetric function. For
a strictly positive k, the associated GP f ~ GP(m,k) is referred to as non-degenerate.
Furthermore, in the case where 7 is the Euclidean space R, a GP is said to be stationary

if the covariance function k(¢,s) = k(7) is a function of the difference vector 7 =t —s. In
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this case, the GP can be alternatively characterized by its power spectral density S(f),

i.e., the Fourier transform of its covariance function k(7), see, e.g., [65, Chapter 8].

4.1.2 Separable Hilbert spaces and L>-spaces

A Hilbert space (H, (-,-)) is said separable if there exists a countable orthonormal set of
vectors B = {e;}5°, i.e., a Schauder basis, such that the closed linear hull of B spans H
[67]. For a separable Hilbert space, the trace Tr(:) of a bounded linear operator 7" on H
is defined as Tr(T) £ Y 5 (Te;, e;), independently of the chosen basis B'. Furthermore, a
bounded operator T is said trace class if and only if Tr[(T' *T)%] < 00, where T* indicates
the adjoint operator of T. Let Q = (X, Y4, 1) be a measure space and let L2(Q) be the
space of L%-integrable functions from X to R. Equipping L?(Q) with the inner product
(f9) = [o f(@)g(z)u(dzx), for f,g € L*(Q), it becomes a Hilbert space!. Throughout
this chapter, we assume that the underlying measure space X is such that (L?(2), (-,-))

is separable.

4.1.3 Covariance Operators and Mercer’s Theorem

Given a covariance function k € L?(Q x §2), we can define the associated Hilbert-Schmidt
(HS) integral operator K : L2(Q) — L*(Q2) as

(Kol(t) = [ k(. 9)s(@nidn)  te X,

Then, K is a self-adjoint, compact, positive, and trace-class operator, and the space of
such covariance operators is a convex space. Moreover, since the mapping k¥ — K is
an isometric isomorphism from L?(2 x Q) to the space of Hilbert-Schmidt operators in
L?(€2), we use interchangeably the notations GP(m, k) and GP(m, K).

The constructed HS operator K also satisfies the conditions of Mercer’s Theorem [68].
Let {4}, and {\;}2, be the sets of eigenfunctions and associated eigenvalues of K.

Then, the covariance function k can be represented by the expansion
oo
k(t,s) = Xidi(t)gi(s)  (t,s) € X2,
i=1

with absolute and uniform convergence on 2 x €2, implying that K can be expressed as

o0

[K9)(t) = X, di)e(t)  teX,

=1

'Formally, (-, ) is a semi-inner product. However, introducing the equivalence classes of functions that
differ only in p-negligible sets, i.e., f =g < f—9g=0 pu— a.e., (-,-) becomes an inner product.
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i.e., K is a diagonizable operator. Furthermore, a zero-mean stochastic process X can be

represented as
o0
X(t) =) Xigi(t) teX
i=1

where X; = (X, ¢;) is a random variable with E [X;] = 0 and E [X;X;] = \;0; ;. Addition-
ally, if X ~ GP(0, K), then X; is Gaussian distributed and, consequently, V(7, j) X; L Xj.
Therefore, given a suitable base of L%(€2), GP X can be represented by a countable set
{X;}2, of independent Gaussians. This representation is commonly referred to as the
KL transform [69] and we refer to {X;}:°, as the KL coefficients of the process X.

4.1.4 Squared Wasserstein-2 distance for GP

Squared Wasserstein-2 distance was originally introduced in [46] as a specific instance
of the optimal transport problem (see, e.g., [45, Chapter 7]). In particular, squared

Wasserstein-2 distance is defined as follows

2 A . 2
Wi(Px, Py)& | min | E (11X = Y] (4.1.1)
where II(Px, Py) is the set of all joint distributions Px y with marginals Px and Py.
Following [70, Definition 1], the Wasserstein-2 distance can be extended to GPs. Let
X ~ gP(mx, kx) and Y ~ gP(my, k‘y) with mx,my € LQ(Q) and kx, ky € Lz(Q X Q),
then the squared Wasserstein-2 distance between GPs X and Y is given by

1 1\ 5
W2(X,Y) = d(mx,my) + Tr | Kx + Ky — 2 (K;(KYK;) 2]

where d?(-,-) is the canonical distance in L?*(Q2) and Kx, Ky are the HS operators asso-

ciated with kx and ky, respectively.

4.2 Main Results

We start this section by providing a formal characterization of the RDPF problem for

sources modeled as GPs.

Theorem 4.2.1. (GP-RDPF) Let D >0, P > 0, and X ~ GP(0, Kx) be a source mod-
eled by a GP. Then, the associated RDPF under MSFE distortion and squared Wasserstein-
2 divergence is achieved by a reconstruction Y ~ GP(0,Ky) (i.e., is itself a GP), such
that Kx and Ky share the same set of eigenvectors. Additionally, the RDPF can be
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expressed as

Rep(D,P)=_ min_ Y I(X;;Vi)

{PYI-|XZ-};'>;1 i=1

(0.)
st. S E[IXi-vi?] <D (4.2.1)
=1

i=1
where {X;}2, and {Y;}2, are the KL coefficients of the GP X (source) and the GP'Y

(reconstruction), respectively.
Proof. See Appendix 4.4.1 O

Theorem 4.2.1 provides a structural characterization of the RDPF problem for GPs
and serves as an optimization problem on the set of joint random variables {(X;, Y;)}5°;
defining the statistics of the source and reconstruction GPs. This process can be seen as
selecting the proper set of orthonormal vectors, i.e., the eigenvectors of Kx, so that the
problem "diagonalizes', similarly to the finite-dimensional Gaussian RDPF [23].

The following corollary further simplifies (4.2.1) leveraging knowledge of the analytic
solution of the scalar Gaussian RDPF under MSE distortion and W3(-,-) perception.

Corollary 4.2.1. The optimization problem in (4.2.1) can be cast as follows

Rep(D,P)= min Rx,(D;, P,
opD, F) {(Di,ﬂ)};ﬁl; x (D )
(4.2.2)

o o
s.t. ZD,SD ZPiSP
i—1 i—1

where Rx,(-,-) is the RDPF under MSE distortion and squared Wasserstein-2 perception
for the Gaussian X; ~ N(0,\;).

Proof. See Appendix 4.4.2 O

In Chapter 3, we analyzed the finite-dimensional version of (4.2.2), designing a solving
algorithm based on alternating minimization for the computation of the optimal alloca-
tions {(D;, P;)}32,. In that case, the solution leveraged an alternating minimization
scheme, where {D;}?°, and {P;}{°, are alternatively optimized while fixing the other set
of variables. Alas, this computational approach cannot be implemented in (4.2.2) due
to the cardinality of the set of optimization variables. However, fixing the perceptual
levels {P;}2, allows us to characterize the optimal distortion allocation and associated

per-dimension rates, as shown in the following theorem.

Theorem 4.2.2. Let the perception allocations {P;}2,, such that >°:2, P; < P, be given.

Then, the associated optimal distortion allocations {D;}22, and the per-dimension rates
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{Rx.}Z are

min {7, \;} if VP > VA — /i —min{\;, 7}

D; =
P 2R (VA — V)
+v — \/4)\2- (Vi — \/]71)2 + 2 otherwise.
blog* () i VPiz VA —vA —min{A;7]
Rx, =

% log Qi A=V P otherwise.
(VAR )

where logT (z) = max{x,0} and v > 0 is chosen such that 2, D; < D.

Proof. The proof of the optimal distortion allocation {D;} follows as a limit case of [23,
Theorem 7] for the finite-dimensional case. The additional assumption Y ;2 P; < P is
required to ensure that > 52, D; < oo independently of ~, since
o0 o¢]
(a)
Z P +2 Z Ai < o0
i=1 i=1

£M8

where (a) derives from {\;}°; being the eigenvalues of the trace-class operator Kx.
The associated per-dimension rates { Rx, }5°; result from the scalar Gaussian RDPF [23]
evaluated at (D;, P;). This concludes the proof. O

We stress the following technical remark for Theorem 4.2.2.

Remark 4.2.1. Fizing the perceptual levels {P;}5°,, the parametric solutions recovered
in Theorem 4.2.2 can be interpreted as an extension of the classical water-filling solution
for GP-RDF. In fact, we note that the first branch of the function D; and RXZ recovers
the classical RDF solutions [66]. Conversely, the second branch of the functions can be
interpreted as an adaptive water-level solution; D;, through the dependence on the it"
dimension second moment \;, gets adapted to each dimension, thus guaranteeing that all

source components are present in the reconstructed signal.

It should be noted that the analytical characterization of optimal perception levels
{P*}$°, remains an open problem, even in the finite-dimensional setting. However, for
any convergent series {P'}Z 1> Theorem 4.2.2 characterizes the associated minimizing
distortion allocation {D;}?°, and the per-dimension rates {Ry,}22,, which identify an
analytical upper bound to the GP-RDPF, i.e.,

o0
Rgp(D,P)= min ZRX D;, P;) gz
{Divp}foll 1 i=1
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Nevertheless, the numerical results for the finite-dimensional Gaussian RDPF from [23,
Alg. 1] hint at a relative proportionality in the perceptual level assignment. Based on
this observation, we propose a heuristic perceptual levels allocation proportional to the

second moments of {X;}2,, i.e.,
~ [e.9]
Pi = Oé)\i — a Z >\z =P (4.2.3)

where « acts as a proportionality constant to enforce the desired perception level P. The
advantage of this allocation is that it recovers the optimal solution for P — 0, i.e., for all

1=1,2,... P, — 0, while still providing an excellent bound in the general case.

4.2.1 GP-RDPF for Stationary Sources

We devote this section to characterizing the particular case of GP-RDPF for stationary
processes. To this end, we consider Q@ = (X, Xy, ) such that X = [0,T], Xy is the
o-algebra of all Lebesgue measurable subsets U C [0, 7], and p is the Lebesgue measure.
Similarly to the classical RDF [65, 66, in this setting, we formulate the RDPF considering

normalized versions of main quantities of interest, i.e.,

1 (0.)
;RX D;,P), D> —ZDZ, P> TZR.
Under the assumption that the source X is a stationary GP, this normalization allows
us to extend the results of Theorem 4.2.2 to the case where T" — 00, as shown in the

following theorem.

Theorem 4.2.3. Let X ~ GP(0,kx) be a stationary process defined on [0,T] C R and let
Sx be the associated power spectral density. Then, for T — oo, the GP-RDPF is upper
bounded by the parametric curve (R, D, ]5) parameterized by v > 0 and 0 < a <1 as

o 2% (f)(1 - ya@)? )
R=— lo X df
2 /S ° (7(\/72 +48% ()1~ Va)? —)

1 Sx(f)
2 Jsin 10g+< XW )df 424
D= [ D(sx(n)if+ / min{y, Sx (f)}df (4.2.5)
D(@) =y +a(1+ (1 - Va)?) — /422(1 — va

and P = a [ Sx(f)df, where the sets Sgp and Sgpp are defined as

pE{fER:Sx(f) >+ (1—-vVa)’Sx(f)}
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Srpp = R/Srp.
Proof. Considering the proportional perceptual level allocation in (4.2.3), the proof follows
as a direct application of [65, Lemma 8.5.3] to the results of Theorem 4.2.2. O
4.3 Numerical Example

In this section, we provide a numerical example to better illustrate the results of Theorem
4.2.3. Let the source X be modeled as a stationary GP with power spectral density Sx

as reported in Figure 4.1.

02
Sx
............... ﬁ (a = 1’7:0.07)
D (a=0,7=10.07)
0.15 | ———=D (@=0.1,7=0.07)
0.1F
0.05
N\
\ =/ \
\\\
0 1 1 L L L —
0 8 6 4 2 0 2 4 6 8 10

Figure 4.1: Source Power Spectrum Sx(f) vs. per-frequency distortion D(Sx(f)) for
v = 0.7 and varying «.

We first investigate the per-frequency distortion ﬁ(S x(f)), defined as the integral
argument of (4.2.5), for fixed v and varying « € [0, 1]. For o = 1, i.e., no perceptual con-
straint is enforced, distortion allocation remains constant and independent of the source
power spectrum Sx (f). In this case, it adheres to the classical RDF water-filling solution
[65]. For lower values of «, i.e., stricter perceptual requirements, distortion allocation is
adapted to the structure of the source power spectrum Sx (f), extending the observations
in Remark 4.2.1.

Figure 4.2 shows the numerically estimated curves of the rate R (Figure 4.1(a)) and
distortion D (Figure 4.1(b)) defined in (4.2.4) and (4.2.5), respectively. The curves are cal-
culated considering the parameters v € [0.01,1] and « € [0,1]. Similarly to the Gaussian
RPDF in the finite-dimensional setting, the rate penalty due to the perceptual constraint
diminishes in significance in the low distortion regime, i.e., as v — 0. However, in the
moderate to high distortion regime, the impact of the perceptual constraint controlled by

a becomes increasingly pronounced.
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107" 10° 10’
107 10° 10" 5

v ‘— « =000

(a)

=020 a= 0.40‘

(b)
Figure 4.2: Rate R (a) and distortion D (b) curves parameterized by (o, ).

4.4 Appendix

4.4.1 Proof of Theorem 4.2.1

Before we delve into the technicalities of the proof, we give some useful notation. We
denote with {¢; };-55 and {\;} - the set of eigenvectors and eigenvalues of K x. Moreover,
let {n;}% C LZ(Q) be any countable orthonormal set of eigenvectors. Then, we can

construct the HS operator Ky and the associated process Y as

o0 o0
[Ky¢) =Y wvil,mym Y =Y Yin, (4.4.1)
i=1 i=1
with E[Y;] = 0 and E [Y;Y;] = 140;;. As a result, the mutual information between

processes X and Y can be expressed as I ({X;}32,;{Y;}32,). Note that until now, we did
not assume that {Y;}5°, is necessarily Gaussian distributed.

We now show that the assumption {n;}32, = {¢;}:2, and {Y;};2, Gaussian distributed
is optimal. Leveraging the equivalence between GP and non-degenerate Gaussian mea-

sures, [71, Proposition 2.4] allows to lower bound the W3(-,-) perception as follows

W3(fx, fy ZW2 X,,Y;)

=1

(b) o0 o0

> ux, — v P+ (VA — )
=1 =1

where (a) and (b) hold with equality iff {n;}32; = {¢i};2; and {X;}°; and {Y;}5°,

are Gaussian distributed, respectively. The optimality of the assumptions considered
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with respect to the mutual information and MSE distortion is derived from their proven
optimality in the classical RDF [66]. Consequently, the MSE of the two processes can be

expressed as

00 2

> (Xi Y

E[|X-Y|?| =E [ D

B [1x: - Y]
1=0

Furthermore, since {Y;}2, is a set of uncorrelated Gaussian random variables, and there-

fore independent, the mutual information I ({X;}5°,;{Y;}?2,) becomes

T{X2 s Vi) = D 1(X4, Vi),
i=1
This concludes the proof.

4.4.2 Proof of Corollary 4.2.1

Introducing the additional constraints E [|X; — YJQ] < D; and W3(X;,Y;) < P;, we can
express (4.2.1) as

oo
Rgp(D,P) = min Z min I1(X;,Y;)
{(Di P} 5 Pyiix;
oo
> o1 DisD - E[|X;-Yi?]<D;
= PP W2(X3,Y:) <P

where each element in the summation can be recognized to be the definition of the RDPF

Rx,(D;, P;) for a Gaussian source X;. This concludes the proof.
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Chapter 5

Copula-based Estimation of Constrained
Rate-Distortion Functionals

In this chapter, we take a step back from the distributional assumptions of previous
chapters and adopts a fully general perspective. Rather than restricting the analysis
to information source belonging a specific family of distributions, such as the Gaussian,
we propose a novel copula-based estimation method for computing the Perfect Realism
RDPF (PR-RDPF) for arbitrary multivariate continuous sources, subject to a single-letter
average distortion constraint. The proposed framework is notably general in scope, as it
also enables the computation of the Entropic Optimal Transport (EOT) and the Output-
Constrained Rate-Distortion Function (OC-RDF), of which the PR-RDPF emerges as a
special case.

The main contributions of this chapter are as follows. (i) We show that there exists
a one-to-one correspondence between the feasible set of solutions of the OC-RDF and
EOT (Theorem 5.1.1), making the two problems equivalent. (ii) Using properties of cop-
ula distributions, we demonstrate that the OC-RDF can be reformulated as a projection
problem in the geometry induced by the Kullback—Leibler divergence, i.e., I-projection,
on a convex constraint set (Problem 5.2.1). However, although this class of projection has
been extensively studied in [72], the existing parametric solution is not directly suitable
for computational purposes. To bypass this technical issue, we introduce a relaxation
of the constraint set of the I-projection, which results in a lower bound to the original
optimization objective (Problem 5.2.2) that we subsequently show that it can be made
arbitrarily tight (Theorem 5.2.2). (iii) We characterize the parametric closed-form solu-
tion of the relaxed I-projection, whose optimal parameters can be directly obtained as the
solution of a strictly convex program (Theorem 5.2.3). (iv) We propose an algorithmic
approach via a stochastic gradient descent method, to estimate the strictly convex opti-
mization problem of Theorem 5.2.3 (see Alg. 4). (v) We derive a Shannon lower bound
(SLB) for the PR-RDPF under MSE distortion (Theorem 5.2.4). We supplement our

theoretical results with various numerical evaluations aiming to estimate the PR-RDPF
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under various sources and different distortion measures via Alg. 4, and to demonstrate

the efficacy of our algorithmic approach compared to the obtained SLB.

5.1 Preliminaries

5.1.1 OC-RDF - A link between PR-RDPF and EOT

We begin this section by providing the mathematical definition of PR-RDPF.

Definition 5.1.1. (PR-RDPF) Let Px € P(X). Then, the PR-RDPF for the source

X ~ Px under a distortion measure d : X x Y — Ra' s given as follows

Rpr(D)= min I(X,Y)
Py x
E[d(X,Y)]<D

xly
where the minimization is on set of Markov kernels Py |x.

It should be noted that the perfect realism regime represents a limit case of the general
problem of the RDPF [9], where one constrains the reconstruction Y to have the same
distribution as the source X. Although PR-RDPF became quite popular through [9],
similar ideas were previously explored by Li et. al. in [73], in the context of distribution-
preserving quantization and distribution-preserving RDF. Multiple coding theorems have
been developed for PR-RDPF. For instance, Chen et. al. in [34] proves the necessity of
some form of randomness, either private or common, between the encoder and decoder, to
achieve the perfect realism regime and derives the associated coding theorems. Wagner, in
[61], provides a coding theorem for the RDPF trade-offs for the perfect and near-perfect
realism cases, when only finite common randomness between the encoder and decoder is
available.

Although our primary goal in this work is to study computational aspects of the PR-
RDPF for continuous sources, we do it by also studying a generalization of this problem.
In particular, we study the problem of OC-RDF that was formally introduced by Saldi et

al. in [33] (see also [73]), for which the mathematical definition is stated next.

Definition 5.1.2. (OC-RDF) Let Px € P(X). Then, the OC-RDF for the source X ~

Px under a distortion measure d : X x Y — ]RS' and a target reconstruction distribution

Py € P(Y) is given as follows

Roc(D) = min I(X,Y) (5.1.1)
Py x €ll(Px,Py)
E[d(X,Y)]<D

where the minimization is on the convex set of Markov kernels fI(PX,Py) = {Px)y :
my (Py|x - Px) = Py}.
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The main difference between the problems of PR-RDPF and OC-RDF lies in how
the constraint on the reconstruction distribution py is handled. While in the PR-RDPF
case, we specifically constrain the reconstruction distribution and source distribution to
be identical, in the OC-RDF we have an additional degree of freedom, allowing for the
distribution of the reconstruction to be chosen freely. This results in the following obser-

vation.

Remark 5.1.1. The problem of the OC-RDF particularizes to the problem of PR-RDPF
by specifying the reconstruction distribution to be equal to the source distribution (i.e.
Py = Px).

Additionally, the OC-RDF highlights an interesting connection to the EOT problem
(see [74, 75]), of which the mathematical definition is stated as follows.

Definition 5.1.3. (EOT) Let Px € P(X) and Py € P()). Then, the EOT for e > 0

and distortion measure d : X x Y — R, is given as follows

Dgor(e) = min E[d(X,Y)]+el(X,Y) (5.1.2)
Px y€ll(Px,Py)

where the minimization is on the convexr set of joint distributios II(Px,Py) = {Pxy :
mx(Pxy) = Px,my(Pxy) = Py}.

Notably, it can be shown that OC-RDF and EOT are closely related in the sense
that for specific values of D and ¢, there exists a one-to-one mapping between the sets of
solutions of the two problems. In other words, we can find the solution to one problem
based on the solution of the other. Although similar links have been observed for the
classical RDF [76, 77], this observation has not been documented in this specific setting,

hence we formalized it in the following theorem.

Theorem 5.1.1. (Connection of OC-RDF and EOT) Let Px € P(X) and Py € P(}).
Then, for any D > 0, there exists an € > 0 such that the problems of OC-RDF and EOT

are equivalent.
Proof. See Appendix 5.4.1. O

In view of Theorem 5.1.1, we can treat the OC-RDF and EOT problems as equivalent
problems. As a result, the computational schemes derived in Section 5.2 applicable to the
OC-RDF problem can be adapted mutatis mutandis to the EOT problem.

5.1.2 Copula distributions

In this subsection, we give some preliminaries to copulas distributions, as these have a
central role in the derivation of the main results of this chapter. The following definitions

and theorems are taken from [78].
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Definition 5.1.4. (Copula distribution) For every d > 2, a d-dimensional copula d.f. is

a d-variate d.f. on [0,1]? whose univariate marginals are uniformly distributed on [0, 1].

The next theorem and the two companion corollaries, demonstrate that copulas are a

powerful tool for the modeling and analysis of multivariate distributions.

Theorem 5.1.2. (Sklar’s Theorem) Let P be a d-dimensional d.f. with marginal d.f.
P, Py,...,P;. Let Aj denote the range of Pj, A; = P; (R) (j =1,2,...,d). Then,
there exists a d-copula d.f. C such that for all (x1, s, ..., xq) € RY,

P(zy,...,zq) = C (Pi(z1),..., Pi(zq)) . (5.1.3)

Such a C is uniquely determined on Ay X As x ---Ag and, hence, it is unique when

P, P, ..., Py are continuous.

Corollary 5.1.1. Let p : R* — Rt be the pdf associated with (5.1.3). Then, p can be

uniquely decomposed as
d
p(x1,. . xq) = ¢ (Pr(x1), ..., Pa(za)) [] pj(xy) (5.1.4)
j=1

where p; ts the pdf associated with the univariate marginal d.f. Pj and c : [0, 1]¢9 — RY is
the pdf associated with the copula d.f. C.

Corollary 5.1.2. Let P, Ps, ..., P; be univariate d.f.’s and C be a copula d.f.. Then,
the function P : R® — [0,1] defined in (5.1.3) is a d-dimensional d.f. with marginals
P, P, ... P,

It is worth noticing that Corollary 5.1.1 guarantees that the pdf of any multivariate
distribution can be factorized as the product of the marginal densities and a unique copula
distribution. This factorization can be effectively thought of as decoupling the correlation
structure embedded in the joint distribution (represented by the copula distribution) from
the information regarding each single marginal. On the other hand, Corollary 5.1.2 guar-
antees that, for a fixed set of marginals distributions, any copula distribution describes a
proper joint distribution.

We conclude this subsection with the definition of the quantile function, which will

also be of use in the derivation of our main results.

Definition 5.1.5. (Quantile function) Let X ~ Px be a univariate RV on X C R. We
define the quantile function Qx : [0,1] = R as Qx(u) 2 sup{z € X : Px(x) <u}. If Py
is continuous and strictly increasing, then Qx = P)zl. However, even if Px may fail to

have an inverse function, Qx guaranties that Qx (Px (X)) = X almost surely (a.s.).

To ease the notation, in the sequel we denote by uniform transformation of an RV
X = (X1,...,Xg) the function @y : X — [0, 1] defined as ® x (X) = (Px,(X1), .., Px,(X4)).
Moreover, we define the function Ux : [0,1] — X as Ux(U) £ (Qx, (U1),...,Qx,(Ua)).
By construction, ¥y is the a.s.-inverse of ®x, that is, U x(Px (X)) = X a.s..
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5.2 Main Results

In this section, we derive our main results.

5.2.1 Copula Lower Bound

First, we prove a lemma with which the functionals in the mathematical formulations of

Definitions 5.1.2 and 5.1.3 can be redefined using copula distributions!.

Lemma 5.2.1. Let (X,Y) ~ pxy € P(X x V) be a 2d-variate RV with marginal pdfs
px € P(X) and py € P(Y). Then, the mutual information I(X,Y) can be equivalently

written as follows
I(X,Y) = DKL(C)(’yHCX x Cy) (5.2.1)

where Cxy,Cx,Cy are the copula d.f.’s associated with distributions Px )y, Px, and Py,
respectively. In addition, given a distortion function d : X x Y — R™T, the following holds

IEPX,Y [d(X7 Y)] = ECX,Y [d (\IIX(UX)7 \IIY(UY))] (5'2'2)

where U = (Ux,Uy) ~ Cxy.
Proof. See Appendix 5.4.2. O

Leveraging Lemma 5.2.1, we can provide an alternative formulation of the mathemat-
ical expression in (5.1.1), which will be the subject of our estimation analysis. This is
stated next as Problem 5.2.1.

Problem 5.2.1. (Copula-based OC-RDF) The mathematical expression (5.1.1) can be

reformulated as follows

Roc(D) = CHEliCI;d Dkr(Cl|Cx x Cy) (5.2.3)
s.t. EC [d(\I/)((Ux>, @X(Uy»] =D (524)

where Coq is the set of 2d-copulas and D € [Dyin, Diax]-

Remark 5.2.1. (On Problem 5.2.1) Problem 5.2.1 is a convex program in the space of
copula d.f. Moreover, the problem is equivalent to finding the I-projection of C'x x Cy on
the set B C Coq of copula d.f. satisfying the modified distortion constraint (5.2.4).

Problem 5.2.1 represents a projection problem in information geometry, where the
goal is to find the copula distribution C' that minimizes the information divergence from

the independent product copula C'x x C'y while respecting a linear set of constraints. This

!An alternative link between the mutual information I(X,Y) and the associated copula entropy
h(Cx,y) can be found in [79].
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class of projection problems has been thoroughly studied by Csiszar in [72], where the
analytical form of the optimal projection for the considered case has been characterized.

Using [72], we derive the following theorem.

Theorem 5.2.1. (Analytical solution of Problem 5.2.1) Let R = Cx x Cy and assume
there exists a copula d.f. P such that Dy, (P||R) < oo and (5.2.4) is satisfied. Then,
Problem 5.2.1 admits a minimizing copula QQ with Radon—Nikodym derivative with respect

to the measure R of the form

dc CHOl(W (1), Ty ()] TT
ﬁ(u):e W T gi(us) (5.2.5)

i=1

for some constants ((,0), and nonnegative uni-variate functions g; such that log(g;(s)) €

L1([0,1]) fori=1,...,2d.
Proof. See Appendix 5.4.3. O

Although Theorem 5.2.1 provides a characterization of the solution of Problem 5.2.1,
the lack of an analytical form for the free functions {g;(-)}i=1.. 24 poses a challenging
problem in the computation of (5.2.5). Following an idea of [80], we circumvent this
technical issue by introducing a relaxation on the constraint set of Problem 5.2.1, that
results into a lower bound on OC-RDF. This is demonstrated next in Problem 5.2.2.

Problem 5.2.2. (Lower bound to Problem 5.2.1) For any integer N, Problem 5.2.1 can

be lower bounded as follows

Roc(D)2Rgd = min, = Dw(@|R)
E[d(W x (Ux ), ¥y (Uy))]=D
Eq[uf]=an, (im)el

where R =Cx x Cy, I = (1,...,2d) x (1,...,N), D € [Dpin, Dmax|, and oy, is the nth

moment of a uniform distribution on [0, 1].

Remark 5.2.2. (Problem 5.2.1 vs Problem 5.2.2) The main technical difference between
Problems 5.2.1 and 5.2.2 concerns their constraint sets. Particularly, in Problem 5.2.1 we
require that the minimizing distribution Q* belongs to the set of copula distributions, which
means that its marginals are uniformly distributed. On the other hand, the marginals of
the minimizing distribution QA}"V of Problem 5.2.2 only require to respect up to N moments
of a uniform distribution. This in turn implies that the constraint set of Problem 5.2.1
s a proper subset of the constraint set of Problem 5.2.2, justifying the lower bound of the

latter.

In the following theorem, we show that, for N — oo, Problem 5.2.2 recovers the
solution of Problem 5.2.1.
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Theorem 5.2.2. Let Q* be the optimal solution of Problem 5.2.1 and Q*j\, be the optimal
solution of Problem 5.2.2. Then, as N — oo,

Di(Q%]1Q%) — 0 and RUY) — Roc.

Proof. See Appendix 5.4.4. O

We now provide the analytical form of the solution of Problem 5.2.2. Unlike Theorem
5.2.1, the optimal solution does not depend on free functions {g;() }i=1... 24, but it depends

only on the Lagrangian multipliers of Problem 5.2.2 obtained as result of its dual problem.

Theorem 5.2.3. (Analytical solution of Problem 5.2.2) Let R = Cx x Cy and assume
there exists a d.f. P on [0,1]*¢ such that DxL(P||R) < oo and (5.2.4) is satisfied. Then,
Problem 5.2.2 admits minimizing copula QQ with Radon—Nikodym derivative with respect

to the measure R of the form

dQ CLOd(x (1) Ty () ] SN
ﬁ(u):e ) By () TT e 2unmo Vit (5.2.6)
=1

where the constants (C,@,{Vi7n}(i7n)61) are the Lagrangian multipliers of Problem 5.2.2

obtained as a result of the following dual program

Eg Bg] —¢—0D— Y wvipan (5.2.7)

min
(Cvev{yi,n}(i,n)EI) (’iﬂ’b)EI

Proof. See Appendix 5.4.5. O

The following result is a consequence of Theorem 5.2.3.

Corollary 5.2.1. Let Q be the minimizing copula d.f. characterized in Theorem 5.2.35.
Then, the mutual information I(X,Y') of the joint distribution (X,Y) defined by marginals
d.f. {Px,}i=1,..a and {Py, }i=1,..a and copula Q is given by

I(X,Y)=DkL(QIR) =—C—0D— > v;non. (5.2.8)
(i,n)el
5.2.2 Copula Estimation

As anticipated in Theorem 5.2.3, the Lagrangian multipliers (¢, 0, {Vin}(in)er) defining
the optimal solution of Problem 5.2.2 can be obtained by solving (5.2.7). Although not
available in closed form, the solution of (5.2.7) can be optimally computed using numerical

methods, given the properties of the problem.

Lemma 5.2.2. The optimization problem (5.2.7) is strictly convez, hence it has a unique

solution.

Proof. See Appendix 5.4.6. O
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To compute (5.2.7), we propose a low-complexity optimization scheme based on gra-
dient methods. The main technical detail to clarify is related to the estimation of the
integral present in (5.2.7), since numerically solving a possibly high dimensional integral
could hinder the complexity of the algorithm. However, since its computation is required
only for the estimation of the gradient and not for the computation of I(X,Y") (as shown
in (5.2.8)), we can approximate the integral using Monte Carlo method [81]. The resulting
iterative scheme can be considered as a mini-batch stochastic gradient descent algorithm

on a convex objective [82]. The algorithm is given in Alg. 4.

Algorithm 4 Copula Estimation Roc(D)

Require: marginal distributions {Px,, Py, }i=1,. q4; distortion level D; number of itera-
tions T’ initial Lagrangian multipliers 1(©) = (¢(0), (), {Vi(gl)}(m)e[);
1: forido=1,...,T

2: Sample {w;};—1. a with u; ~ U([0, 1]2%)
J0) ~ (528) + (7 S §3 (1 w)dR(w)
4: 1) = GradientMethod(1¢—1), f)
5: end for
Ensure: Lagrangian multipliers 17); I(X,Y) = (5.2.8).

@

5.2.3 SLB for PR-RDPF

In this subsection, we prove a generalization of the well-known SLB on the classical RDF
with MSE distortion [62] to the case of PR-RDPF, denoted hereinafter by RP%5. The

bound is stated in the following theorem.

Theorem 5.2.4. (SLB for PR-RDPF) Let S 2 {px : B, [(X —E [X])(X - E[X])T] <
Y} be the set of source distribution with a fized covariance matriz ¥. Then, for all X ~ px
with px € S, the PR-RDPF under MSE distortion constraint admits the following lower

bound

Rpn(D) > REKE(D) = h(X) — h(X*) + RSp(D) (5.2.9)
where R (D) denotes the Gaussian PR-RDPF for a source X* ~ N(0,%).
Proof. See Appendix 5.4.7. O

We stress the following technical remark on Theorem 5.2.4.

Remark 5.2.3. (On Theorem 5.2.4) For the scalar case of the PR-RDPF, let S £ {px :
Ep [(X —E[X])?] < 02|} for a finite variance value 0. Then, (5.2.9) can be further
simplified to

Rpr(D) > REF(D) = | log (ljv_”‘}j)

402

94



CHAPTER 5. COPULA-BASED ESTIMATION OF CONSTRAINED RATE-DISTORTION FUNCTIONALS

with N (X)) denoting the entropy power of source X. For the general vector case, the lower
bound depends on the vector Gaussian PR-RDPF, RgR, which can be easily computed

using the adaptive reverse-water-filling solution developed in [23, Corollary 3].

5.3 Numerical Results

In this section, we provide a numerical estimation of the PR-RDPF for both scalar and

vector sources using Alg. 4.

Scalar Case

We estimate the PR-RDPF for scalar sources under a single-letter constraint on the re-
construction error in terms of (a) the lo norm, i.e., the MSE distortion (see Fig. 5.0(a)),
and (b) the £; norm i.e. the mean-absolute-error (MAE) distortion (see Fig. 5.0(b)).
We compare the results for various source distributions, such as Gaussian, Laplace, expo-
nential, and uniform, assuming that the source X ~ (0,1), i.e., zero mean with variance
ag( = 1. In Fig. 5.0(a), we also compare the estimated result with the SLB derived
in Theorem 5.2.4. In Fig. 5.0(a), the Gaussian source case allows us to quantify the

0.30 1.0
Curve Source
: — Alg. 4 —_— i
0.25 L2 g Ga%lssmn
O W Y OO R PPy R}%%B 0.8 1 Uniform
Expon.
_ 0.20 \ Source = Laplace
?z —— Gaussian 2 0.6 7
S 0.15 A Uniform 5
= =\ N Expon. =
0.10 4 A aplace
0.05 0-21
0.00 ; — 0.0 . ' ; —
0.5 1.0 1.5 2.0 0.2 0.4 0.6 0.8 1.0
Duyse Dyae

(a) (b)

Figure 5.1: PR-RDPF for various source distributions under (a) MSE distortion metric
and (b) MAE distortion metric.

algorithm estimation accuracy by comparing it with the R}%’}%B , which in this case rep-

resents the exact PR-RDPF. Regarding the other cases, the numerical results show that
the bound RISD%B behaves similarly to the SLB of the classical RDF, that is, being tight
only in the low distortion (high resolution) regime, while becoming loose at the moderate

to high distortion regimes.
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Vector Case

We estimate the PR-RDPF under an MSE distortion metric for correlated bivariate
sources, considering the cases where the source marginals are either Gaussian (see Fig.
5.1(a)) or exponentially (see Fig. 5.1(b)) distributed with zero mean and variance o2 = 1.
In both cases, the multivariate distribution is constructed by imposing a Gaussian coupling
[78] with variable correlation coefficient p € [0, 1] on the considered marginal distributions.
By changing p, we analyze the cases where the bivariate source presents independent (p

= 0), mildly correlated (p = 0.5) and highly correlated (p = 0.9) marginals. In Fig.

1.0 1.0
Curve Curve
— Alg. 4 — Alg. 4
084+ L RSLE 08—\ R3LB
a 0.6 1 Correlation a 0.6 1 Correlation
0 0
= p=0 = p=0
% p=05 % p=05
Q%OA- — p=09 ;:E'OA_ — p=09
0.2 1 0.2
0.0 ' ' = 0.0 . ;
0 1 2 3 4 0 1 2 3 4

(a) (b)

Figure 5.2: PR-RDPF under MSE distortion metric for a (a) Gaussian and (b) expo-
nential bivariate source.

5.1(a), we demonstrate a comparison between the Gaussian PR-RDPF estimate obtained
via Alg. 4 with the RPEP obtained in (5.2.9) with the term R%,(D) computed via the
optimal adaptive reverse-water-filling solution of [23, Corollary 3], which results into a
tight RISD%B(D). We observe that Alg. 4 provides a very good estimate of the Gaussian
PR-RDPF for all the selected p. We also notice that the estimation error when using Alg.
4 remains stable in the low to moderate correlation cases while showing a slightly nois-
ier behavior (fluctuations) in the high correlation case. Contrary to Fig. 5.1(a), in Fig.
5.1(b) we observe that beyond high resolution (low distortion), the exponential PR-RDPF
estimate obtained via Alg. 4 is much tighter compared to the RISD%B. In fact, the latter
demonstrates a similar behavior to the SLB of the classical RDF for the multivariate

non-Gaussian case.
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5.4 Appendix

5.4.1 Proof of Theorem 5.1.1

We start by showing that I and II in Definitions 5.1.2 and 5.1.3, define the same set,
i.e., there exists a bijection between two sets. Assuming px to be the source distribution
in OC-RDF, then for any Markov kernel py x € ﬁ, the joint pdf py|x - px lies in II.
Conversely, for any joint distribution pxy € II the Markov kernel Py|x = p;f—)’(y belongs to
II. Hence, there is a one-to-one mapping between the optimization variables of Definitions
5.1.2 and 5.1.3.

Let (D, \) be the pair composed by the distortion level in the constraint of (5.1.1) and
the associated Lagrangian multiplier. Then, the Lagrangian functional of Definition 5.1.2

for distortion level D is defined as
Lrp(py|x, ) 2 I(X,Y) + ABpy, ypy [d(X, Y)]. (5.4.1)
Similarly, the Lagrangian functional associated with Definition 5.1.3 is defined as
Leor(pxy,€) £ Epyy [d(X,Y)] +el(X,Y). (5.4.2)

Based on (5.4.1), (5.4.2), we observe that the following relation holds

1
Lrp (px,y’)\> = Lror (PX,% )
DX A

hence

1
arg min Lpor (pX,Y7 ) = argmin Lgrp (pX’Y ; )\)
pX,YEI:I A px,YGfI Px

= px - argmin Lrp(py|x, A). (5.4.3)
py|x €Ll

As a result, (5.4.3) shows that the solution of Definition 5.1.3 for e = % is uniquely
determined by the solution of Definition 5.1.2 for the pair (D, ). This completes the

proof.

5.4.2 Proof of Lemma 5.2.1

From the definitions of I(X,Y) and Ep, ;. [d(X,Y)], (5.2.1) and (5.2.2) can be derived as

_ ) loe [ PXYXY) N
100Y) = [ pevioey)tos (D2 ) dxay

cxy (@x (%), Uy (9) \ 17 | |
cx(fﬁx(x))cy(\py(y))> g dPx,(z;)dPy. (y;)

@ /R L, Cxy (@x(x), Uy (y)) - log (
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(b) Ccx Y(uaza uy)
= c u;,uy)log | —————— | du,du
o Y (Ve B 108 <cx<ux>cy<uy>> v

=Dk (Cxy||Cx x Cy)

Epgy [d(X,Y)] = [ | dix.y)pxy (x,y)dxdy

d

@ [ o yexy (@x(x), @y () [[dPx. (@:)dP (w)
i=1

b

(:) o2 d (\I/X(u:c)a \I/y(uy)) CX,Y(um, uy>dug;duy

=Eeyy [d(Vx(Ux), ¥y (Uy))]

where (a) follows from the application of Corollary 5.1.1 on px,y,px, and py, and (b)

follows from the change of variables u, = ®x(x) and u, = @y (y).

5.4.3 Proof of Theorem 5.2.1

The proof follows similar steps to the proof of [80, Theorem 3.1] with some technical
differences, hence at certain points we skip the heavy mathematical details for ease of
readability. In particular, we project on the product copula d.f. R, instead of the I-
projection of the uniform distribution U on [0, 1]?¢, which is considered in [80, Theorem

3.1]. First, we inquire about the existence of the projection.

Existence and uniqueness Under the assumption of our Theorem that there exist
P € B with Dkp,(P||R) < oo, if the convex set B is variation closed, i.e., closed in the
topology induced by the total variation distance [83, Corollary 7.45], then there exists a
unique @ being the I-projection of R on B. This property of the set B can be proved
using [80, Lemma B.1].

Parametric form of the density of the projection The projection task can be
facilitated by defining an intermediate projection step onto the set A that corresponds to
the set of d.f. on [0,1]? satisfying the distortion constraint (5.2.4). Clearly, in this case
A is convex and B C A.

Since the set A is defined by linear constraints, then following [72, Theorem 3.1, (Case
A)], we obtain that R4 is the unique I-projection of R onto .4 with density

dﬁf (1) = eS0T x (1) Wy (1)) (5.4.4)
and, for all P € A, holds that

Dkr(P||R) = DkL(P[[Ra) + Dkr(RallR). (5.4.5)
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Moreover, under the result of [72, Theorem 2.3], if R has I-projection R4 on A, and I-
projection @p on B, and if (5.4.5) holds for all P € A, then Qp is the unique I-projection
of Q4 onto B.

Since the set B is defined by imposing a constraint on the marginals of the measure,
and @4 has I-projection on B, then using [72, Theorem 3.1, (Case B)], there exist non
negative scalar functions g; with log(g;) € £1([0,1]) for i = 1,...,2d such that

40 2d
@(u) = i:rllgi(ui)-

Therefore, () has density with respect to R given by % = %%ﬂ = (5.2.5). This

completes the proof.

5.4.4 Proof of Theorem 5.2.2

Let Q; and A; be, respectively, the copula distribution solution of Problem 5.2.2 and its
constraint set, for a number ¢ of constraints on the moments of each marginal. Further-
more, let the constraint set and optimal solution of Problem 5.2.1 be denoted with B and
Q*, respectively. Our goal is to prove that the sequence {Qi}i:071,_._ convergences to Q*.

By construction, for all i = 0,1,..., it holds that B C A;;1 C A;. As a consequence
of [72, Theorem 2.3], we can characterize Qi+1 and Q* as the unique I-projections of Ql
onto the sets A;11 and B, respectively. Then, for all i =0, 1,..., the following geometric
relation holds (see [72, Equation 3.1])

D1 (Qi]|Q") = Dki(Qil|Qi+1) + DxL(Qis1]Q%). (5.4.6)

Recursively, applying (5.4.6) k + 1 times leads to

itk
DL (Qi|Q%) = > Dkr(Q;|Qj11) + Dkr(Qrr1/Q%)
Jj=t

from which we immediately obtain

itk
> DL(Q)]1Qj+1) < Dki(Qi]|Q%).

j=i

Since we assume that DKL(QZ-HQ*) < o0, then, necessarily limg_, oo DKL(QkHQkH) =0,
implying the convergence of the sequence {Qz’}i:(},l,... in KL-divergence.

To prove that the limit of the sequence is Q*, we transform Problem 5.2.1 into a specific
instance of Problem 5.2.2 under an infinite number of marginals moments constraints. As
a consequence of the uniqueness of solutions of the Hausdorff moments problem [84], any
RV on [0, 1] that respects E [u"] = «, for all n € N; is necessarily uniformly distributed.

This allows us to transform the uniform marginal constraints in Problem 5.2.1 into a set
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of countably infinite marginal constraints.

In such form, the only difference between Problems 5.2.1 and 5.2.2 resides in the finite
number ¢ of the moment constraints of the latter. Hence, since Q* exists and is unique and
Q* and Qoo coincide, also Qoo exists and is unique and the limit lim; oo DKL(QZ-HQ*) =
lim; oo DKL(QZHQOO) = 0 holds. This completes the proof.

5.4.5 Proof of Theorem 5.2.3

Let M™(]0,1]?¢) denote the set of measurable functions on [0, 1]?¢. We notice that the
constraint set A of Problem 5.2.2 is defined by linear constraints in the copula d.f. Cx y.
The results of [72, Theorem 3.1, (Case A)] ensure that a unique projection @ of R on
A exists with Dkp,(Q||R) < oo, hence % € M*([0,1]?%). More generally, any function
g € M*([0,1]??) defines a probability measure dG = gdR on [0, 1]?? under the condition
that f[OJPd g(u)dR(u) = 1. This enables the definition of an optimization problem over
the set M* ([0, 1]??) equivalent to Problem 5.2.2 as follows

L /{W log (9(w)) g(u)dR(u). (5.4.7)
.t /[0’1]% g(w)dR(u) = 1 (5.4.8)
/[0 g 10 (02), 0y () g ()R (w) = D (5.4.9)
/ ui'g(u)dR(u) = ay, (i,n) € I (5.4.10)
[071]2d

Indicating with (', 0, {v; » } the Lagrangian multipliers associated with constraints (5.4.8)-

(5.4.10), we define the Lagrangian functional of the problem as

L(g,¢", 0, {vin}) = /S(Q(U),C'ﬁa {vinHdR(u) +V ({0, {vin}) (5.4.11)
where
S(2,¢,0, {vin}) = 2| log(z) — ¢’ — (i%jgui,nu? — 0d(Vx(u,), Ty (w,))]
V(¢ 0,{vin}) = +0D+ uman

(i,n)el

By applying the Euler-Lagrange equation [85], we characterize necessary conditions for
the function g to be an extreme point for (5.4.11). If ¢* is an extreme point of (5.4.11),

then the necessary stationarity condition holds, i.e.,

as

E(Q*) =0
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from which we obtain

_dQ

g = S =ep (¢ =D+ D vinuf +0d(Vx(u). Uy(w))].  (5.412)

(i,n)el

which is equivalent to (5.2.6) by considering ¢ = ¢’ — 1.
To determine the optimal values of the Lagrangian multipliers ¢’, 0, {v; », }, we leverage

Lagrangian duality theorem [56] and define the dual problem as

L(g*a C,a 0, {Vi,ﬂ}(i,n)EI)

max
(glvez{l/i,’n}(i,n)ef)

- min —L g*7<+1707 Vings(in
(gvga{yi,n}(i’n)gj) ( { }(7 )GI)

= (5.2.7).

This concludes the proof.

5.4.6 Proof of Lemma 5.2.2

The proof makes use of the Hessian matrix of the optimization problem in (5.2.7). Specif-
ically, define the vector 1 = (((, ¥, Wintiamer)) € R2+24N and the mapping w(u) 2
(1,d(Wx(ug), Ux(uy)),ur,...,ul, ..., ud}). Then, the Hessian of the optimization prob-

lem (5.2.7) can be expressed as

[ e aQ = Eq [wwm],

which, due to the linear independence of the components of w(u), is a strictly positive
definite matrix. This is a sufficient condition for the strict convexity of (5.2.7). This

completes the proof.

5.4.7 Proof of Theorem 5.2.4

We start by considering the scalar version of the proposed problem, i.e., S £ {px :
E,y [(X —E[X])?] < 0?}. Define the constraint set H(px, D) as follows

H(px, D) = {pyix : Bppyx [IX = Y[ <D, X ~ Y}

Then, by definition of the PR-RDPF, we obtain

R D)=h(X) - h(X|Y
pr(D) = h(X) e (X[Y)
Whx)—  max  A(Y|X)

py|x €H(px,D)
Q)

> h(X)—max max h(Y|Z) (5.4.13)
pz€S py|z€H(pz,D)
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where (a) follows by observing that h(X|Y) = h(Y|X) under the constraint X ~ Y, and
(b) follows from the maximization over the set of sources S.

Consider the joint distribution on (Z,Y") with Z ~ Y. Then, the conditional variance
of the RV Y conditioned on Z can be expressed as a%| g = 02 (1—p?), hence the constraint
set H(pz, D) can be simplified to

E

PZPY |2

2
D
= U%|Z < o3 (1 — (1 - 2) ) =D (5.4.14)

07

12 VIF] =203~ £ D

Since (5.4.14) constraints only the second moment of the distribution Py|z, We can
infer that the maximum h(Y'|Z) is attained by py|; ~ N(0,D’). Furthermore, since
(5.4.14) depends only on the second moment of the source 0%, the maximization over the
set of source distributions has to satisfy only the distribution constraint Z ~ Y. Assuming
Y'|Z to be Gaussian, we can select Z to be also Gaussian distributed with pz ~ N (0, 02),
which ensures that Y will have the same distribution. Therefore, the distribution on
(Y, Z) maximizing h(Y|Z) is itself Gaussian and coincides with the PR-RDPF achieving
distribution assuming a Gaussian source X* ~ N(0,02). This allows the characterization

of the following equality

max max h(Y|Z)= max hMY|Z) (5.4.15)
PzE€S py|z€H(p2,D) py|x*EH(px*,D)
= RER(D) — h(X™) (5.4.16)

which, together with (5.4.13) yields (5.2.9).

For the general vector case, we consider that for every source Z ~ py € S, we have
marginals {Z;};—1, . n with variance O'%Z_ = \;, where {\;};=1 . n is the set of eigenvalues
of ¥. Then, from (5.4.13) we obtain

(a) N
max max _ A(Y]|Z) < max  max Zh(Yl]Zl)
pz€S py|z€H(pz,D) Pz€S py|z€H(pz,D) =]
< > h(vilZ)
< max max Y| Z;
o Di;ZZI,V D;=D PzESPY|z ; v
E[|Zi—Yi|?|<D; Vi=1,...N
Z~Y
< > (i1,
< max max hY;|Z;
Di:ZfLV D;=D ;—1 Pz;€8,py;|z, o
E[|Zi—Yi|?]<D; Vi=1,....N
Zi~Y
(d) N

< max Y REL(D;) - h(X])
DY) Di=D =
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N
= —h(X*)+ max > RGp(D;) (5.4.17)

DY) Di=Dimy
where (a) follows from the property of the differential entropy h(Y;|Zy, Z;) < h(Y;, Zy); (b)
follows from the tensorization properties of the MSE distortion; (c) follows from breaking
the maximization of the sum of functions into the sum of the maximum of each function;
(d) follows from (5.4.16), by considering X* ~ N (0, X) with marginals X; ~ N(0, \;) and
Rg’é(Di) being the PR-RDPF for source X; and distortion level D;. Using [23, Corollary
3], we see that the second term of (5.4.17) can be shown to be equivalent to the PR-RDPF
for the source X*, therefore showing that (5.4.13), and consequently (5.2.9), also hold in

the general vector case. This completes the proof.
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Chapter 6

Distributionally Robust Lossy Source
Coding

This chapter broadens the scope of the RDP tradeoff by relaxing a fundamental assump-
tion made in previous chapters: that the statistical distribution of the information source
is known. In practice, this assumption is rarely satisfied, and the true source distribu-
tion may only be known up to a certain level of precision. Distributionally robust source
coding addresses precisely this challenge, by studying the problem of source coding un-
der statistical uncertainty, where the true source distribution is unknown but assumed to
belong to a set of plausible candidates. This setting is highly relevant in a wide range
of real-world applications, including the compression of IoT sensor data under variable
operating conditions [86] and distributionally resilient deep neural network codecs [87],

where ambiguity in the source statistics can significantly degrade coding performance.

Universal variable-length codes that adjust their encoding rate based on the observed
source statistic have been a long-standing focus of research in information theory. In
the context of lossless compression, Lempel-Ziv codes [88, 89] asymptotically achieve the
entropy rate by learning the statistical structure of the data through an expanding dic-
tionary, capturing all the redundancies in the source without requiring prior knowledge of
the source distribution. Similar ideas have also been employed to some degree in the con-
text of lossy compression, see e.g. [90, 91]. However, in many applications, the worst-case
performance over a class of possible sources is a more representative description of the
operative conditions. In this setting, the fundamental compression limit is characterized
as a zero-sum game [92] between the designer choosing a coding strategy and nature se-
lecting the worst possible source distribution given the chosen code. This idea is expressed
as a min-max optimization problem, known as the compound or robust rate-distortion
function (R-RDF') [93]. Depending on the considered class of sources, various character-
izations of the R-RDF have been studied in the literature, see e.g., [93-96]. However,

although novel extensions of the classical rate-distortion have been introduced for various
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Figure 6.1: A distributionally robust scenario in image compression. Depending on the
environmental conditions (weather, light, etc.), the distribution of images observed
by the sensor changes, requiring the coding procedure to be resilient to distributional
shifts.

applications, their distributionally robust counterparts have remained largely unexplored.
Notably, neither the RDPF nor its generalization, the Information Rate Function (IRF)
[31], have been extended to the robust setting. As shown in [31], both problems have
operational significance when considering an encoding-decoding scheme with access to a
(possibly infinite) source of common randomness. The proposed coding theorems lever-
age the common randomness to construct coding schemes based on the so-called Strong
Functional Representation Lemma (SFRL) [32]. However, the extension to the robust

setting of this code construction has not yet been investigated.

In this chapter, we propose a distributional robust formulation of the IRF (and, by ex-
tension, of the RDPF), discussing both coding and computational aspects of the problem.
To this end, we first propose two novel extensions of the SFRL. For a fixed conditional
distribution Qy|x, we consider the couplings (X,Y) induced by X ~ px with ux belong-
ing to a set S of possible distributions. Considering the cases where S is either a finite
set of distributions (Theorem 6.2.1) or a Kullback—Leibler divergence sphere centered at
a fixed nominal distribution (Theorem 6.2.2), we show that, for any ux € S, Y can be

expressed as a deterministic function of X and an auxiliary random variable Z. Then,
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considering the operational setup in [31], we use the derived robust SFRL extensions to
characterize distributionally robust coding schemes for both the one-shot (Theorem 6.3.1)
and asymptotic regime (Theorem 6.3.3), generalizing previous results present in the liter-
ature [31, 93]. Focusing on the R-RDF defined on abstract spaces, we then consider the
specific case where px belongs to a given KL-Sphere. We first show that, in this setting,
the R-RDF is equivalent to a more tractable max-min problem (Theorem 6.4.1), which
allows us to derive an implicit characterization of the points attaining the R-RDF curve
(Theorem 6.4.2). The derived solutions are later used to implement a novel algorithm for
the computation of the R-RDF in the specific case of finite alphabet sources (Algorithm
5). We corroborate our theoretical results using numerical simulations, comparing the
estimation capabilities of the proposed algorithm against the closed form R-RDF derived

for binary sources (Theorem 6.4.3).

Notation Given a measurable space (X,Xy), let M;(X) be the set of probability
measures on X. For p € M;(X), a function f € Ly(p) if f is a real-valued mea-
surable function and ([ |f|Pdu)? < oco. Given a second measurable space (Y, Xy),
we indicate the set of conditional distributions with £(X x Y) = {Q | Q : X —
Mi(Y) s.t. VA € £y, Q(A|) is measurable}. Given px € M;(X) and a conditional mea-
sure Qy|x € L(AX x ) describing the coupling (X,Y) ~ ux ®Qy|x, we indicate their mu-
tual information as either I(X,Y’) or I(ux, Qy|x), depending on the context. Lastly, given
S C M1(X) and a conditional measure @, we indicate with I(S, Q) = supes I (1, Q).

6.1 Preliminaries

In this section, we provide the main assumptions regarding our setup, as well as the
operational definitions identifying "good" distributionally robust source codes. Although
not necessary, throughout this paper, we assume that the source alphabet X and recon-
struction alphabet ) are Polish spaces. This choice derives from the observation that the
majority of source coding applications consider sources defined on a metrizable space. In

the following, we first define source code.

Definition 6.1.1. (Source code) For sets X and ), we define a (possibly stochastic)
N-block encoder as any function in Fn = {f : XN x Z — Ny}, where Z denotes the
domain of the auziliary source of randomness. Similarly, a (stochastic) N-block decoder
is a function in Gy = {g : Ng x Z — YN}, An element of Fx x Gy is called an N -block

code.

In this paper, we focus on the case of distributionally robust source coding, i.e., the
statistic of the information source is not perfectly known a priori, but is assumed to belong
to a set of possible sources §. Therefore, in what follows, we provide the definitions of an

achievable code, differentiating between the one-shot and block coding settings.
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Definition 6.1.2. (One-Shot Achievability) Given a set of sources S and a set of fidelity
constraints, the rate R is robust one-shot achievable if there exist an encoder f € Fi, a
decoder g € G1 and a random variable Z valued on Z such that, for any ux € S defining

the source X ~ ux,
M=f(X,Z) and Y =g(M,Z2)

guarantee that the conditional entropy H(M|Z) < R while the induced joint distribution

Px y satisfies the given constraints.

Definition 6.1.3. (Asymptotic Achievability) Given a set of sources S and a set of fidelity
constraints, the rate R is asymptotically achievable if there exist an sequence of codes
(fn,9n) € Fn X Gy and a random variable Z valued on Z such that, for any px € S
inducing the independent and identically distributed sequence XN = (X1,... , XN) with

Xi ~ X,

M= fn(XN,Z) and YN = gn(M, Z)

guarantee that, for N large enough, the conditional entropy w < R while the induced

joint distribution Py, y, satisfies the given constraints for alli € 1: N.

6.2 Robust Strong Functional Representation Lemmas

Our first technical results focus on the extension of the SFRL [32] to the distributionally
robust setting, where, for a fixed conditional distribution @), the uncertainty on the real
distribution of the coupling (X,Y") derives from the uncertainty on the distribution of the
marginal X, i.e., ux can be any of the distributions belonging to a set S. We call this
extension Robust SFRL (R-SFRL) and it will be the main tool for the derivation of the
new robust source coding theorems in Section 6.3.

With the following theorem, we start by characterizing the case where S is a finite

collection of distributions.

Theorem 6.2.1. (Robust SFRL) Let S = {pa,...,jus|} be a finite set of distributions
and, given a conditional distribution @, let (Xq,Ya) ~ o @ Q with I(Xy,Ys) < oo, for
all € 1:|S|. Then, there exists a random variable Z such that, for all « € 1 : |S]|,

Z is independent of Xo (Xo L Z) and Y, can be expressed as a deterministic function
9(Xa,Z) of (Xa, Z) such that

H(Ya|2) <1(8,Q) +log (IS] - (I(8,Q) + 1)) + 4. (6.2.1)

Proof. See Appendix 6.6.1. O

A second interesting scenario is the case where S is a KL divergence sphere of radius

I" centered in some nominal distribution pg, where the belief on the nominal distribution
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being the real distribution is inversely proportional to I". The following theorem extends
the SFRL to this case.

Theorem 6.2.2. (KL-Robust SFRL) Given a nominal distribution po and I' > 0, let
ST) ={pe Mi(X): Drr(p|po) <T}. Assume that, for a given conditional distribution
Q and for all p € S such that (X,Y) ~pn®@Q, I(X,Y) < co. Then, there exist a random
variable Z such that, for any X ~ p with u € S(I'), Z is independent of X (X L Z) and
Y can be expressed as a function of g(X,Z) of (X, Z) such that

H(Y|Z) <I(S,Q)+T +1log(I(S,Q) + T + 1) + 4. (6.2.2)

Proof. See Appendix 6.6.2. O

We conclude this section with the following observation.

Remark 6.2.1. (Special cases) If in Theorem 6.2.1 we consider a singleton set S = {uo}
or in Theorem 6.2.2 a KL-sphere with radius I' = 0, then both Theorems 6.2.1 and 6.2.2
recover the original SFRL bound [32].

6.3 Robust Lossy Source Coding Theorems

In this section, we study the application of the R-SFRL to the robust source coding
problem. To this end, we first introduce a robust version of the information rate function
(IRF), first described in [31].

Definition 6.3.1. (Robust Information Rate Function (R-IRF)) Let S C Mi(X) be a
set of probability distributions, {€;}M, be a finite set of real-valued functions on the space
My(X x V) of joint distributions Pxy, and € RM. Then, the robust IRF is defined as

R(#) £ inf I(S,Qy|x)

Q eL(o
rix €Ll (6.3.1)
= inf sup [ ,
Qy|x€L(0) ,uxepé‘ (hix QY‘X)
where the set of conditional distributions L(0) C L(X x V) is defined as
5(9) = {QY\X : ei[NXQY|X] <0, ,Vux € S,ie1: M} . (632)

The definition of R-IRF is based on a min-max formulation of the IRF. For target
constraint levels 6, the uncertainty set ux € & can be seen as the nature trying to
maximize the rate, while the designer selects a code Qy|x € £(f) trying to minimize it.

The following remark elaborates on the generality of the R-IRF definition.
Remark 6.3.1. Similarly to the IRF, the R-IRF provides a general description for a

wide variety of information-theoretic quantities. For example, let {1 and {s be defined as

O(Pxy) =E[d(X,Y)] £l(Pxy)=d(px,qy) (6.3.3)
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for a proper choice of distortion metric d and divergence function d. Then, the classical
R-RDF [93] can be obtained by considering the set {1}, whereas the set {{1,¢2} can be

seen as a novel robust extension of the RDPF.

Due to its generality, the R-IRF is not guaranteed to have a non-empty feasible solution
for all constraint levels 6 € Ri\-/[ . To ease our subsequent analysis, we will operate under
the following assumption, leaving the investigation of the feasibility conditions of the
R-IRF for future work.

Assumption 6.3.1. We consider the set of possible constraint levels

© ={0 e RM | IQy|x € L(0) s.t. I(S,Qy|x) < oo},
thus considering only 6 for which L£(0) has at least a feasible point. Hence, for 6 € O, the
optimization problem (6.3.1) defining the R-IRF is feasible, i.e., R(6) < co.

Under Assumption 6.3.1, we are now ready to present our achievability and converse

results relative to the one-shot case.

Theorem 6.3.1. Let S = {p1,...,ps|} be a finite set of distributions, {6 3M be a set of

constraints and 0 the associated constraint levels. Then, R is robust one-shot achievable

if
R> R(0) +log (IS| - (R(9) + 1)) +4 (6.3.4)
Proof. See Appendix 6.6.3. O

Theorem 6.3.2. Let S = {p1,...,ps|} be a finite set of distributions, {63M be a set of
constraints and 6 the associated constraint levels. Then, if R is robust one-shot achievable,
then R > R(0).

Proof. See Appendix 6.6.4. O

Unfortunately, the results of Theorems 6.3.1 and 6.3.2 do not provide a tight char-
acterization of the one-shot rate region. However, when extending the analysis to the
asymptotic setting, the rate region becomes well characterized, as shown in the following

theorem.

Theorem 6.3.3. Let S = {p1,...,ps|} be a finile set of distributions, {6:3M be a set of
constraint and 0 the associated constraints levels. Then, R is asymptotically achievable if
and only if R > R().

Proof. See Appendix 6.6.5. O

Theorem 6.3.3 recovers classical results in robust source coding, extending them to the

case of variable-length coding with common randomness. On the other hand, Sakrison
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in [93] recovered the same rate region by considering fixed-rate codes and average single-
letter distortion constraint for either finite or compact uncertainty sets S. Given the
similarities with [93], we believe that Theorem 6.3.3 could also be extended to consider

source sets S satisfying the same notion of compactness.

6.4 Case Study: Robust RDF

In this section, we focus our attention on a specific instance of the R-IRF, considering
the classical problem of the distributionally robust RDF (R-RDF). More specifically, we
will consider the case where the unknown true source probability measure is assumed to

belong to the set
S(T) £ {p € Mi(A): Dgr(pllmo) <T}, T €[0,+00)

i.e., a KL-sphere of radius I" centered 1o € Mj(A).
Given the set S(I') C M1(X) and a distortion function d : X x ) — R{, the set of
stochastic kernels £(#) defined in (6.3.2) becomes

£.(D) 2 {Q e £x x¥): [ da,»Qyla)u(da) < D}
LD)E () Lu(D) (6.4.1)

pres(I)

where £,,(D) is equivalent to the constraint set of the classical RDF for a fixed source f.
Consequently, the constraint set of the R-RDF can be expressed as the intersection of the
constraint set associated with each source present in the considered class S(I'). Therefore,
following Definition 6.3.1 with the described constraint set, the R-RDF is defined as

RY(D)% inf sup I(u,Q). 6.4.2

(D) QEL(D) pes(r) Q) ( )

The min-max structure of (6.4.2), and of the R-IRF in general, can present numerous
challenges in terms of computational complexity. For this reason, it is often preferable to

consider an alternative max-min formulation of the problem, i.e.,

R (D)& sup inf I(u,Q 6.4.3

(D) pes(r) QEL(D) ( ) ( )

which has the added advantage of sharing a similar structure to the classical RDF, i.e.,
the inner inferior over Q € L£(D). However, in general, RT (D, P) > R~ (D, P), where
equality holds if the conditions of the Min-Sup Theorem! hold for the considered problem
[97]. In the following theorem, we provide general conditions under which (6.4.2) satisfies

the min-sup conditions, i.e., (6.4.2) is equivalent to (6.4.3).

!Sometimes referred to also as Von Neumann condition [97].
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Theorem 6.4.1. Letd: X x ) — RH be a measurable distortion function such that, for
x € X, d(x,-) is continuous on Y, p-almost everywhere. Then, there exists Q* € L(D)
such that

R™(D)= sup I(u,Q*)=R"(D)
peS(I)

Proof. See Appendix 6.6.6. O

Using the result of Theorem 6.4.1, we devote the rest of this section to the charac-
terization of the minimizers achieving R~ (D). To this end, we first recall a known result
to characterize the RDF achieving conditional distribution for a fixed source on abstract

spaces [98].
Lemma 6.4.1. For a fired p € S(I') and any s > 0, the inner infimum in (6.4.3) is
attained by Q* € L(D) given by

Q*(Alz) = Jae= =g (dy) (6.4.4)

Jy e @y g*(dy)

where A CY and ¢* € M1()) is the marginal on' Y of the measure p ® Q. Furthermore,
infoeppy I, Q) = F(q*), where

Flq") =sup l— sD — /A log ( /y eSd(x’y)q*(dyQ u(dfv)]-

From Lemma 6.4.1, (6.4.3) can be expressed as

R~ (D) =sup sup) [— sD — /Alog (/y eSd(x’y)q*(dy)> u(daj)] (6.4.5)

20 pesS(r

where the suprema over p € S(I') and s > 0 are interchangeable. We can now introduce

the Lagrangian functional for the constraint set S(T'), i.e.,

Foa(p,q") = [ —sD — AN(Dgr(p||po) = T) — /A log (/y e‘Sd(z’y)q*(dy)) u(dw)l

where A > 0 is the associated Lagrangian multiplier. Let u* = argsup,,e v, (xy Fsx (1, 7).

It can be shown, via Lagrange duality, that

R~ (D) = (6.4.5) = sup )1\2% Foa(p*,q"). (6.4.6)

§>0 A2

In the next theorem, we use (6.4.6) to provide the complete implicit solution of the R~ (D)

problem.
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Theorem 6.4.2. Assume ex € Li(uo) and geX € Li(uo), where g : X — R, g(z) =
—log (fy eSd(I’y)q*(dy)). Then, the solution of (6.4.6) is given by

1
X

R™ (D) =sD + AT + Alog (/X (/y eSd(x’y)q*(dy)) uo(dx)> (6.4.7)

where s > 0, A > 0 are, respectively, the Lagrangian multipliers associated with the distor-
tion constraint and uncertainty set constraint. Furthermore, the infimum over Q € L(D)

is attained by (6.4.4), while the supremum over the class of sources p € S(I") is attained
by

1

(fy esd(l“,y)q* (dy)) X Mo(dl‘)
S (Jy e4@g(dy)) * po(da)

Proof. See Appendix 6.6.7. O

p(dx) = (6.4.8)

Jun

We stress the following remark on the relation between the Lagrangian multipliers
(s,A\) and the constraint levels (D,T").

Remark 6.4.1. Similarly to the classical RDF [40, 47], assuming fized the Lagrangian
multipliers (s, \) rather then the constraint levels (D,T") greatly simplifies the derivation
of the optimal solutions (u*, Q*). Although it can be proven the existence of an inversely
proportional relation between Lagrangian multiplies and constraint levels, the absence of an

analytical mapping implies the necessity of search routines to identify the (s, \) inducing
the specific levels (D,T).

6.4.1 Computation of the Robust RDF for Discrete Sources

We devote this section to the application of the results of Theorem 6.4.2 for the com-
putation of the R-RDF, focusing on the case of discrete sources, i.e., X and ) are finite
sets. To this end, we exploit the fact that a pair (u*, @*) solving the system of equations
(6.4.4)-(6.4.8) is guaranteed to achieve R~ (D). However, to simplifying the derivation
of an algorithmic solution, we first introduce an alternative to (6.4.4) characterizing the
optimal marginal distribution ¢*. Considering the source p* fixed, it can be shown that

the marginal ¢* must satisfy

e*Sd(QL‘,y)

= Zyey e—sd(x,y)q*(dy

c(y) = <

),u*(dx) <1, (6.4.9)

holding with equality Yy € ) such that ¢*(y) > 0 [47]. Substituting (6.4.8) in (6.4.9), we

can obtain an implicit equation depending only on the marginal distribution ¢*, i.e.,
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1 e—sd(@,y)

cly) = 7 Z

TEX (Zyey e—sd(z.y) g+ (y))

Z=> (Z eSd(z’y)q*(d@/)) pio().

zeX \yey

1+% /io(%)

Unfortunately, verifying the inequality condition in (6.4.9), hence ensuring the opti-
mality of ¢*, remains challenging from a computational standpoint. To partially solve

this issue, we introduce the following simplified implicit function

F:Mi(Y) = R F(g) = [g(y)(1 = c(y))],ey - (6.4.10)

It is easy to check that F'(q) = 0 represents a necessary optimality condition, meaning that
the set of roots of F' contains the optimal marginal ¢*. The advantage of this formulation
lies in the possibility of applying a root-finding method to characterize a smaller set of
possible ¢, which can then be tested for optimality using (6.4.9). Algorithm 5 implements

the ideas described so far, considering Newton’s method [48] as a root-finding routine.

Algorithm 5 Discrete Robust RDF Estimation

Require: Nominal distribution jq; Set of initial points {¢;}¥; Lagrangian multipliers
s > 0,\ > 0; Jacobian Jp(-); Error tolerance € > 0;

L Op=1{}

2: fori=1,..., N do

3: do > Newton’s Method
4: 1 (Jr(g:) " Flq)

5: QG < qi — 1

6: while ||n|| > €

7 if ¢; satisfies (6.4.9) then

8: Op + {q;} UOp

9: end if

10: end for

Ensure: Optimal Marginals Op.

Remark 6.4.2. The implicit function F' can be shown to be non-monotonic for some
values of (s, \). In these cases, the convergence of Algorithm 5 heavily relies on the choice
of the initialization points used in the root-finding routine. Although the implementation
of discretization-based schemes, e.g., [99], can guarantee the convergence of the algorithm,

we empirically found that considering a single initial point, i.e.,
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provides good results in most cases, as shown in Section 6.5.

To test the efficacy of Algorithm 5, we use as a benchmark the following theorem,
which provides the explicit characterization of the R-RDF under Hamming distortion for

a class of Bernoulli sources.

Theorem 6.4.3. (R-RDF for Bernoulli sources) Let X = {0,1} and S(I') = {p €
Mi(X) : Dgr(pllpo) < T} for some pg = Bern(Bo). Then, the R-RDF R~ (D) under

Hamming distortion d(z,y) = 1(,.,) becomes

-1

A
_ . . 1— EDY
R(D) = (3%~ (D), 5" = 1+ (+52)
Bo
where hy(-) is the binary entropy function and X\ > 0 is chosen such that Dy (pllpo) <T
with p = Bern(B8*).

Proof. See Appendix 6.6.8. O

6.5 Numerical Examples

In this section, we provide empirical evidence of the performance of Algorithm 5 via

numerical simulations.

Example 6.5.1. Suppose X = {0,1} and let py = Bern(0.1) be the given nominal
distribution. In Fig. 6.2, we display the point estimate of the R~ (D) under Hamming
distortion d(z,y) = Lizzy) Tesulting from Algorithm 5, comparing it to the analytical
expression recovered in Theorem 6.4.3. The recovered surface shows the expected convex-
concave behavior in (D,T'). Furthermore, we remark that the estimate of Algorithm 5

perfectly recovers the analytical solution.

Example 6.5.2. Suppose |X| =10 and let
o =[0.0006, 0.0003, 0.09, 0.4262, 0.0002, 0.1409, 0.0019, 0.0029, 0.3358, 0.0012]

be the given nominal distribution. Fig. 6.3 shows the point estimate of the R~ (D) under
Hamming distortion resulting from Algorithm 5 and the associated interpolated surface.
We remark that, with the considered initialization conditions, Algorithm 5 fails to identify
sustable solutions for larger values of ', i.e., A — 0. However, as pointed out in Remark
6.4.2, testing a larger pool of initial points would solve this issue at the expense of a higher

computational complexity.
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Figure 6.2: Robust RDF for with nom- Figure 6.3: Robust RDF for with nom-
inal distribution 1y = Bern(0.1). inal distribution .

6.6 Appendix

6.6.1 Proof of Theorem 6.2.1

To ease the notation, for every u, € S inducing (X,,Ys) ~ po ® Q, we will indicate
with g, the associated marginal distribution of Y,. Furthermore, we will indicate with
S = {qoé}l.fészl1 the set of such marginals.

Let © = {@a}loﬂl where O = {(Tw,i; ffm)};’il is a non-homogeneous Poisson process
(P. P.) with intensity measure g, X A, where A is the Lebesgue measure. For any fixed

x € X and any a = 1,...,|S], define the mapping

(e C_dga
Jo: (1) = (y,t a0(17) (y)> :

Similarly to the construction of the SFRL [32, Theorem 1], we apply the mapping f, to
the P.P. ©,, resulting in the point process

which can be shown to be a P.P. with intensity measure Q(:|z) x \. We define {v,},{ K.},
K, and A as follows:

Vo = miin {Ta,i : %(Y@,i)}
K, =arg miin {Ta,i . %(?a,z)}

K = moin K,
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A = argmin K,

«

We remark that, for all «, v, ~ Exp(1) and, conditioned on the realization of v, Yo i, ~
Q).

Now, consider the following coding scheme. Assume © to be the available both at the
encoder and decoder as common randomness, and let M = (K, A) be the encoded variable.
The decoder can isolate the P.P. associated with A and output Y = Y4 g ~ Q(-|z). Since

Ya k is a function of (A, K) and the common randomness ©, we have that:
H(Y|©) < H(K,A) <H(K)+ H(A). (6.6.1)

We are interested in bounding H(Y|©). Since A takes value on the index set of the

possible source distributions S, we can bound H(A) as:
H(A) <log(|S]) (6.6.2)
On the other hand, we can derive

Eflog(K)|X = z] = E |minlog(K.)|X = z|

(a)
< m{inE[log(K&)\X = 1]

(b)
< min Dic(QC12)laa) + ¢
qa €S
where ¢ = e !log(e) +1, (a) follows from Jensen’s inequality, and (b) leverages the results

contained in the proof of [32, Theorem 1]. It follows that, for any pg € S, it holds

Ellog(K)] < Bxepy | min, Dicr(Q([2)lga) + ¢
ga €

< min Dgr(psQllHsga) + ¢
qa€S

(c)
< max min Dk r(psQ(1X)|lpnsga) +c
HBES ga€S

(d)
< max I(u5, Q) + ¢
ESS

where (c) follows from the maximization on all possible sources pg € S and (d) derives

from

Drr(usQ(1X)lnsga) = I(ps, Q) + Dxr(qsllqa)

6.6.3
= min Drer, (sQ(1X)llnpda) = I(us, Q). (6.6

Leveraging the results in [32, Appendix B| characterizing the maximum entropy distribu-
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tion of K under constraint E[log(K)] < I(S, Q) + ¢, we obtain that
H(K) <1(S,Q) +log(I(S,Q) + 1) + 4 (6.6.4)
Substituting (6.6.2) and (6.6.4) in (6.6.1), we recover (6.2.1). This concludes the proof.

6.6.2 Proof of Theorem 6.2.2

Similarly to the proof of Theorem 6.2.1, for every p € S inducing (X,Y) ~ p ® Q, we
will indicate with ¢ the marginal distribution associate with Y, while S identifies the set
of such marginals. Furthermore, let ¢y indicate the marginal distribution associated with
the nominal distribution puyg.

Let © = {(T},Yp,4)}32, is a non-homogeneous Poisson process (P.P.) with intensity
measure gy X A, where X\ is the Lesbegue measure. For any fixed x € X, define the

mapping

. o dgo
@t — (y,t a0(17) (y)>-

Similarly to the proof of [32, Theorem 1], we can apply the mapping f, to the P.P. 6,,

resulting in the point process

{ (ffo,z’, To,; - de(q(\)x) (%z)) }

which can be show to be a P.P. with intensity measure Q(:|z) x A\. Let v and K be defined

as:

_ ; .. dqo Y
v = min {To,z d0(-|2) (Yo,z)}

. d >
K = arg miln {TOJ . CZQ(qTa})(Yb’z)}

We note that, due to the properties of the mapped P.P., v ~ Exp(1) and, conditioned
on the realization of v, Yy x ~ Q(-|z). Similarly to [32, Theorem 1], the coding scheme
assumes the access to © at both encoder and decoder. The encoder then will transmit
K, while the decoder will output ¥ = }707 K- Since Y is a function of K and the common
randomness O, we have that H(Y'|0) < H(K).

From the results of [32, Theorem 1], we have that

Ellog(K)[X = 2] < Drr(Q(|2)llq0) + ¢
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where ¢ = e~ !log(e). Hence, for any u € S

Eflog(K)] < Dxr(p® Qllu x qo) + ¢
<max D (n®Qllp x q0) + ¢
HES

@ max I(1, Q) + Dic1(qllgo) +
HES

©)
<maxI(p,Q)+T +c¢
HES

where (a) results from (6.6.3) and (b) stems from from the data processing inequality, i.e.,
Dxk1(qllgo) < Drr(p|lpo) < T. Leveraging the results in [32, Appendix B] characterizing
the maximum entropy distribution of K under constraint E[log(K)] < I(S, Q) +T +c, we
obtain that

H(K) <I(S,Q) + T +1og(I(S,Q) + T +1) +4,.
This concludes the proof.

6.6.3 Proof of Theorem 6.3.1

The proof follows from the results of Theorem 6.2.1. Under Assumption 6.3.1, the IRF is
feasible and thus there exist a Qy|x such that

Vi : fi(P_}gy) < 91‘, and i(S, Q) < R(@) +e€

for € > 0. Following the construction of random variables (A, K) detailed in the proof of
Theorem 6.2.1, we have that

H(A, K) < R(0) +1log (IS] - (R(0) + e +1)) +4+ € <R
for € — 0. Since in our encoding scheme M = (A, K), it follows that
H(M|®)<HM)=H(AK) <R,
thus concluding the proof.

6.6.4 Proof of Theorem 6.3.2

The converse theorem follows the same structure of [31, Theorem 2|, observing that the

rate R must satisfy the worst-case scenario among all source distributions ux € S, i.e.,

R > max H(f(X,2)|Z)

nx €S

> max I(X, f(X. 2)|2)
ux €S
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> max I(X, f(X, 2)|2) + I(X, 2)
ux €S

> max I(X, (Y, 2)) > max I(X,Y) > R(6)

nx €S ux €S

This concludes the proof.

6.6.5 Proof of Theorem 6.3.3

Under Assumption 6.3.1, there exists a Qy|x such that Qy x € £(#) and I(S,Qvx) <
R(#) + % To leverage the results of Theorem 6.2.1, we can construct the conditional

distribution as the product measure

N
Qyvixy = [[Qvix
i

guaranteeing that, for all uxy € S, (X,,Y,) ~ pux ® Qy|x respects the IRF constraints.

Furthermore the product structure implies
I(XN, YY) < NI(S, Qyix)- (6.6.5)

It follows that, similarly to Theorem 6.3.1, the average entropy of the message M =
(Kn,Apn) is at most

Hg\]]”) <+ (NT(S, Qypx) + 1o (18] - (NT(S, Qi) + 1)) +4)
< R(0) + - log (S| - (NR(©) +2)) + >

Therefore, for N — oo, % — R(@), proving the achievability of the coding scheme.
The converse of the coding theorem can be recovered with a similar strategy to the

proof of Theorem 6.3.2, i.e.,

H(fn(XN|Z I(XN, vy~ _
R > lim max HUNXTIZ)) > lim max X Y7) > max I(X,Y) > R(0)
N—oo ux €S N N—oo ux €S N nx €S

since we can easily observe that, for all NV,

I(XN, YY) = n(XY) - H(XN YY)

—
S
Nl

> h(Xi) = h(X YN, X1, ... Xi)
=1

® X

> Zh h(X;|Y;)

1

.

N
>Y I(X;,Y;) = NI(X,Y)
i=1

.
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where (a) derives from the fact that X% is a sequence of independent symbols and (b)

derives from the properties of conditional entropy. This concludes the proof.

6.6.6 Proof of Theorem 6.4.1

To provide a complete and general proof, we require the introduction of appropriate
topologies and function spaces on which the functions R™ and R~ are evaluated. We
recall that the spaces X and ) are assumed to be Polish space.

Let BC()Y) denote the vector space of bounded and continuous real valued function
defined on ). Equipped with the sup norm topology, (BC()), | - ||s) is a Banach space.
Let (BC(Y))* denote the topological dual of BC(Y). Then, following [100, Theorem
IV.6.2], (BC(Y))* is isometrically isomorphic to the Banach space of finitely additive
regular sign measures on ), i.e., (BC(Y))* ~ M,pa(Y). Let I, (Y) C M,p, denote the
set of regular bounded finitely additive probability measures on ). For u € M;(X), we
indicate with L (u, BC(Y)) the space of all p-integrable functions defined on X" an valued
in BC(Y). Equipping L (u, BC(Y)) with the norm topology induced by the norm

¢ € Li(p, BC(Y)) [0l = /X l6(2) ()l Bo)m(de) < oo

defines the Banach space (Li(u, BC(Y)),| - |/4). Unfortunately, without any additional
assumption, (BC()))* ~ My, () does not satisfy the Radon Nikodym property (RNP)
[101, Theorems IT1.5 and IV.1], implying that the dual of Ly (u, BC(Y)) is not Leo (11, Mypa(V))?.
However, it follows from the theory of "lifting" [102, Theorems VII.7 and VII.9] that the
dual of Ly (u, BC())) can be identified with LY (1, Mypq())), the space of all functions de-
fined on X’ and valued on M., ()) which are weak* measurable, i.e., Q € LY (11, Mypa(Y))
if, for each ¢ € BC(Y), = — [5, ¢(y)Q(dy; ) is p-measurable and p-essentially bounded.

Now, we define the following set

‘Cad S Lgé)(:“’a Hrba(y)) C Léuo(:ua Mrba(y))

which represent the unit sphere in the space LY (1, Mypo())). Following Alaoglu Theorem
[103, Theorem 2.6.18], L,q is ensured to be weak* compact. For each ¢ € Li(u, BC(Y)),

we can define the linear functional on LY (1, Mpq(Y))

w@ = [ [ ot mat )) (do)

which is certainly bounded linear weak* continuous.

Under this function space formulation, we can consider a distortion function d : X x

2Under the additional assumption of ) being a compact space, (BC()))* ~ Mo (V) is the space of
countably additive sign measures, which satisfy the RNP.
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Y — R{ as a measurable function from the class Ly (u, BC(Y)) satisfying the constraint

L, (D) ={Q € L4a:1a(Q) < D} (6.6.6)

As a subset of L,q the set £,(D) is convex, bounded and weak®™ closed, hence weak*
compact (being a closed subset of a weak* compact set).

The assumption ond € Li(u, BC())), i.e., a bounded distortion metric, can be relaxed
by assuming that, for each x € X, d(x,-) is continuous on ). It can be shown that, in
this case, £,(D) remains weak* closed, i.e., weak® compact [98, Lemma 2.4].

Given the general characterization of the properties of £,(D) for any p € S(I'), the

following lemma investigate the properties of the intersection of such sets.

Lemma 6.6.1. Any family of intersections of L, (D), for p € S(I'), is convex and weak*

compact.

Proof. Regarding the convexity of the intersection, see [103, Proposition 1.1.(4)]. Regard-
ing the compactness, by [103, Proposition B.10] the arbitrary intersection of weak* closed
sets is a weak™ closed set. Since the intersection is a subset of L, - a weak™ compact set

- then also the intersection is weak™ compact. O

We are now ready to prove the theorem. Let A = £(D) and B = S(I'). By Lemma
6.6.1, A is a convex and weak* compact set, while B is a convex set - from the convexity
of the KL divergence. We remark that I(u, () is convex and lower semi continuous in
Q € A, for every p € B, and concave in u € B, for every Q € A [40]. Therefore, the

conditions of the Minisup Theorem [97] are satisfied.

6.6.7 Proof of Theorem 6.4.2

For fixed (s, \), Fs (1", q*) can be expressed as

Fo (n*,q") = sup  Fsa(p,q")
HEM(X)

X
:—sD+Ar+A( [ g(/\)du—DKL(MMo)>
HEM(X) /X

Since s > 0, we have that g(-) > 0, implying that ¢ is a bounded-below measurable
function on (X,Xy). Leveraging the duality between relative entropy and free-energy
[104, Proposition 2.3], the supremum is attained by p* characterized by (6.4.8), which,
once substituted in (6.4.6), recovers (6.4.7). This concludes the proof.
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6.6.8 Proof of Theorem 6.4.3

Following (6.4.1), we have £(D) C U,esr)Lu(D). Therefore, from classical results on the
RDF of Bernoulli sources [55, Theorem 10.3.1], we have

R™(D) = max hy(B) — hw(D) (6.6.7)

€
where B = {§ € [0,1] : Bern(f) € S(I')}. We remark that the maximization problem over
the source parameter 3 is convex. Therefore, introducing the Lagrangian multiplier A > 0
and solving the Karush-Kuhn-Tucker conditions [56], we can characterize the sufficient

optimality condition

18 <1ﬁo>1ix
B* Bo '

To show that (6.6.7) holds with equality, we just need to show that the conditional
distribution Qg~ achieving the RDF for X ~ Bern(f*), i.e,

D p*-D
Qs+ (10) = =5 751
_Db(@d-p)-D

belongs to the set £(D), i.e., for all u € S(T'),

EpuQq [d(X,Y)] = Qg+ (0[1) + (1 — 8)Qp+(1]0) < D. (6.6.8)

Considering the limits A — 0 and A — oo, we remark that g* € [0,0.5]. Therefore,
Qp-(0[1) = Qp- (0]1).

Considering the case B C [0,0.5), the monotonicity of h(-) implies that £* = max B.
Since E,,q,. [d(X, Y)] is monotonically increasing in [0, 0.5), (6.6.8) is satisfied. In all other
cases, f* = 0.5, implying that Qz-(0|1) = @Qs+«(0]1) = D, thus automatically satisfying
(6.6.8). This concludes the proof.
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Chapter 7

Conclusion and Future Work

The exponential growth of connected devices, multimedia streaming, and machine-to-
machine communication has placed enormous pressure on the design of efficient data
compression systems. Classical approaches, rooted in Shannon’s rate-distortion theory,
optimize for mathematical fidelity to the original source but do not account for the per-
ceptual quality demanded by human end-users, nor for the semantic meaning that down-
stream tasks require. As communication systems increasingly mediate human experience,
from remote sensing to generative media and autonomous systems, there is a pressing
need for compression frameworks that align reconstruction quality with perception and
semantic relevance, not merely with signal-level accuracy. In this thesis we addressed
that need through a rigorous theoretical and algorithmic study of goal-oriented semantic
communication, framed within an extended rate-distortion-perception theory. The con-
tributions span discrete and continuous source models, novel algorithmic frameworks, and
distributionally robust coding strategies.

In Part I, we addressed the computational challenge of evaluating the RDPF for
discrete memoryless sources. The central contribution is the development of a family
of iterative algorithmic schemes inspired by the classical Blahut-Arimoto algorithm for
the rate-distortion function. The starting point is an Optimal Alternating Minimization
(OAM) scheme, which provably converges to globally optimal solutions but cannot be di-
rectly implemented due to the presence of implicit equations defining the reconstruction
distribution in its iteration structure. To overcome this limitation, we proposed two prac-
tical alternatives: a Newton-based Alternating Minimization scheme designed for smooth
perception metrics, and a Relaxed Alternating Minimization scheme based on a tractable
relaxation of the OAM iterates. The developed methods demonstrate how the additional
distributional constraint substantially complicates the source coding problem, while also
showing that alternating optimization methods can achieve global optimality solutions
and can serve as the foundation for data-driven approaches, as shown in [105] where the
OAM iterates provide a direct simplification of neural-based encoder architecture.

In Part II, we extended the algorithmic framework to continuous source models, pro-

gressing from finite-dimensional Gaussian vectors to infinite-dimensional Gaussian pro-
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cesses and generic multivariate distributions. For Gaussian sources, we derived closed-
form expressions for the RDPF under MSE distortion and a range of divergence-based
perception metrics, developed a provably convergent alternating minimization algorithm
for the vector case, and characterized a closed-form solution for the perfect realism regime.
We then generalized these results to Gaussian processes, establishing that the optimal
reconstruction shares the eigenvector structure of the source covariance operator, and de-
rived a tractable analytical upper bound expressed in terms of the source’s power spectral
density. Finally, we introduced a copula-based estimation method for the perfect real-
ism RDPF applicable to arbitrary multivariate continuous sources, establishing a unifying
equivalence between the output-constrained rate-distortion function and the entropic opti-
mal transport problem, and implemented a scalable stochastic gradient descent estimator
based on approximate I-projections and validated on both scalar and vector sources.

In Part III, we relaxed the assumption of a perfectly known source distribution and
investigated distributionally robust source coding with perceptual constraints. We devel-
oped two novel extensions of the Strong Functional Representation Lemma to settings
where the source marginal belongs to an uncertainty set, covering both finite uncertainty
sets and Kullback-Leibler balls around a nominal distribution. These extensions were
used to derive robust coding schemes with operational guarantees in both the one-shot
and asymptotic regimes. For KL-ball uncertainty sets, we then derived an implicit char-
acterization of the set of distributions attaining the robust rate-distortion function and
designed a novel iterative algorithm for its computation, with convergence properties ana-
lyzed via fixed-point theory. Numerical examples illustrated how robustness requirements
translate into a quantifiable rate overhead relative to the nominal rate-distortion function.

Together, the three parts of this thesis form a continuous progression. Part I estab-
lished the algorithmic foundations for computing perception-constrained rate-distortion
tradeoffs in the discrete setting; Part II extended the algorithmic framework consider-
ing the richer mathematical structure of continuous and infinite-dimensional sources; and
Part III confronted the practical reality that source statistics are rarely known with pre-
cision, extending the theory to distributionally robust settings. A unifying theme across
all three parts is the role of divergence measures — as perception constraints, as un-
certainty radii, and as the bridge between rate-distortion theory and optimal transport.
The results collectively show that perception and robustness, far from being engineering
afterthoughts, can be embedded directly into the information-theoretic foundations of

source coding, with tractable algorithms that scale to real-world problems.

Future Work Several directions for future research emerged naturally from this work.
First, while the copula-based estimator developed in Chapter 5 is applicable to generic
multivariate sources, its convergence guarantees remain asymptotic and its sample com-
plexity in high dimensions has not been fully characterized. A tighter analysis of the
estimator’s finite-sample behavior, and the development of variance-reduction techniques

for the stochastic gradient updates, would substantially broaden its practical applica-
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bility in both source coding and optimal transport. Second, the distributionally robust
coding schemes derived in Part III focused on uncertainty sets defined by KL divergence
balls around a nominal distribution. Extending this framework to other divergence fam-
ilies (such as Wasserstein balls or f-divergence neighborhoods) would yield robustness
guarantees tailored to different notions of distributional shift. Such extensions are par-
ticularly relevant for neural image compression under domain mismatch, where the test
distribution may differ significantly from the training distribution. Third, this thesis, like
the broader RDP literature, treats perception constraint levels as fixed design parame-
ters. A promising direction is to learn or adapt these constraints from user feedback or
task-specific performance metrics. This would enable fully end-to-end goal-oriented com-
munication systems in which the perception budget is co-optimized alongside the encoder
and decoder. Such an approach could leverage techniques from continual learning and
networked control systems to dynamically adjust perception constraints based on evolving

requirements.
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