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Abstract—THIS PAPER IS ELIGIBLE FOR THE STUDENT
PAPER AWARD. We consider a distributed computing system
in which a master node coordinates N workers to evaluate a
function over n input files, where this function accepts general
decomposition. In particular, we focus on the general case
where the requested function admits a d-uniform decomposition,
meaning that it can be decomposed into a set of subfunctions that
each depends on a unique d-tuple of the n files. Our objective is
to design file and task allocations that minimize the worst-case
communication from the master to any worker and the worst-
case computational load across workers. We first show that the
optimal file and task allocation with minimum communication
and computation costs admits a natural characterization within
combinatorial design theory: it corresponds to a Steiner system
S(t,k,v) with t = d, v = n, and k =~ ~i7z- However, Steiner
systems are known to exist only for very restricted parameter
regimes. To overcome this limitation, we propose the information-
theoretic-inspired Interweaved Clique (IC) design, a universal and
deterministic allocation framework that relaxes the strict struc-
ture of Steiner systems by allowing slight variations in worker
file loads. Although slightly suboptimal, the IC design achieves
a communication cost within a constant factor 4e from our
converse, while also maintaining an order-optimal computation
cost, thus allowing this work to derive the fundamental scaling
laws of this general distributed computing problem for a large
range of parameters.

Index Terms—Distributed Computing, Coded Distributed
Computing, Coded Caching, Distributed Learning, Communi-
cation Optimization, Map Reduce, Hypergraph Partitioning,
Combinatorial Designs, ¢-Designs, Steiner Systems.

I. INTRODUCTION

The efficient allocation of computational tasks and data
is a cornerstone of modern distributed computing, caching,
and distributed learning frameworks [1]-[5]. Across applica-
tions such as large-scale machine learning, covariance matrix
estimation, and scientific simulation, system performance is
often constrained by the volume of communication required
during distributed execution and by the associated compu-
tational burden. This challenge has motivated extensive re-
cent work on communication- and computation-efficient dis-
tributed function evaluation. A prominent line of research
studies coded distributed computing frameworks, beginning
with Coded MapReduce [6] and extending to variants that
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address stragglers, heterogeneity, and network topology [7]-
[14], demonstrating that structured data placement and task
allocation can substantially reduce communication through
coded exchanges. Another set of works focuses on linearly
separable functions and straggler resilience [15], [16], multi-
user architectures and task assignment using covering and
tiling constructions [17], [18], and worst-case communication
minimization under task constraints [19]. All the above lines of
research share the goal of designing, under various settings and
assumptions, task and data assignment methods that reduce
communication and computation costs in distributed comput-
ing, and in certain settings, highlight inherent interactions
between these two resources.

Motivated by the same need for efficient task and data
allocation, we here consider a general coded distributed com-
puting framework for computing decomposable functions in
distributed systems. In our framework, the function is de-
composable into multiple subfunctions, each taking as input a
different d-tuple of files, allowing the master node to assign
collections of subfunctions (each represented here by a d-
tuple) to multiple workers and communicates the necessary
file inputs so as to enable local computation. Naturally, this
setting entails a communication cost (as servers need to be
communicated the necessary files), and a computation cost
(which scales with the number of subfunctions each server
must compute). The central design problem is to jointly
determine the task assignment and file placement strategies
that minimize communication while maintaining balanced
computational loads across workers. Unlike formulations tai-
lored to specific computation pipelines, our framework models
the distributed evaluation of general d-tuple decomposable
functions by explicitly characterizing the interaction between
task partitioning and file placement. The resulting problem
is inherently combinatorial in nature. Accordingly, we seek
solutions based on structured combinatorial constructions that
minimize both communication and computation costs.

Indeed, combinatorial designs have been widely used in
prior coded distributed computing frameworks, particularly in
MapReduce-based models, where clique covers based on t-
designs and related combinatorial structures guide task and
data assignment [20]-[24]. While these approaches have been
effective in reducing communication, they are largely special-
ized to MapReduce-style computation pipelines. In contrast,
our work develops combinatorial constructions for a more



general d-tuple subfunction model, enabling distributed com-
putation beyond the MapReduce paradigm.

Notations: We represent d-tuples using bold lowercase let-
ters, such as a = {ay, as,...,aq}. Sets of d-tuples are denoted
by bold uppercase letters, such as ®. We use [n] to denote the
set {1,2,...,n}. For any set S, (‘3) denotes the set of all d-
sized subsets of S. We use A, 4 to denote ([Z]). For positive
integers a and b, a | b indicates that a divides b. Finally, we
write f(n) =< g(n) if there exist constants ¢y, ¢o, and ng such
that for all n > ng, c1g(n) < f(n) < cag(n).

II. SYSTEM MODEL AND PROBLEM STATEMENT

We consider a distributed computing system consisting of
N worker nodes (servers) and a master node that coordinates
the computation of a desired function of n input files (as
shown in Fig. 1). The master has access to a library of files
W = {Wh,...,W,}, where each file W; € FZ contains B
symbols over a field F. The desired function F : (FB)» — FL
is assumed to be decomposable into (g) subfunctions, each
depending on a unique subset of d files. Accordingly, any
such decomposition can be written as

V({GGWr) i T e Ana}) : FN@ S FE (1)

where V¥ is an aggregation function, A,, 4 = ([Z]), and each
subfunction (7 : (FP)4 — FT operates on the set of files
Wz = {W; : j € T}. The parameter d is referred to as the
subfunction file degree.

Task and File Allocation: The master assigns to each worker
b € [N] a set of subfunctions ®, C A,, 4 to compute. The
collection P £ {®,,..., &y} forms a partition of A, g,

N
Ub_l D, =A,q BNBy =0 forb#b. (2

To compute the subfunctions in ®;, worker b must receive all
files indexed by the union of the d-tuples in ®;. Let

(@) =

denote the set of required file indices. The master sends the
set of files W) = o(®;) to worker b. The communication
cost is defined as

ew, T CIM ©

m = max |a(Py)| 4)
be[N]
which captures the bottleneck communication load across
workers.

Computing Phase: During the computing phase, each
worker b computes all subfunctions ((Wy) for T € P,
Assuming identical computational capability across workers
and equal cost per subfunction, the computation time is
proportional to the maximum number of subfunctions assigned
to any worker. Accordingly, the computation cost is defined

as
_ maxbe[N] |‘~I’b|

[/

where the denominator corresponds to the ideal uniform as-
signment achieving the minimum possible computation delay.
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Fig. 1. Distributed computing model. The set of files communicated to
worker b is denoted with W() = o(@®}), while = denotes the maximum
communication cost across the master—worker links under the assumption of
parallel, uniform-capacity links. Similarly, the set of subfunctions assigned for
computation to worker b is denoted by @, while § denotes the computational
delay normalized by the minimum possible computational delay, assuming
homogeneous workers.

We define 7* as the minimum communication cost over all
valid allocation schemes. Our objective is to design a partition
P = {®,}}Y, that minimizes the communication cost 7 while
ensuring that the computation cost § remains close to unity,
for given n,d, and N.

Our approach, and specifically the d-tuple based decom-
posability model we proposed, is motivated by the many
practically relevant functions that require aggregating inter-
actions over a large fraction of subfunctions - and which
thus entail interactions the d-tuples in A, 4 = ([Z]), the
collection of all subsets of [n] of size d. Canonical examples
include covariance and correlation computations involving all
pairwise dependencies (d = 2) [25], higher-order cumulant
estimation with d > 2 interactions [26], and kernel matrix
construction in kernel methods, which requires evaluating
similarities over all pairs of data points [27]. Similar dense
interaction patterns arise in particle and molecular dynamics
simulations, where forces are computed over all particle pairs
or higher-order groups [28], [29], as well as in exhaustive
SNP-SNP interaction analysis in genomics [30]. In all these
settings, the final output depends on a very large collection of
d-tuple subfunctions, making scalable distributed computation
a central challenge.

A. The Combinatorial Perspective: Steiner Systems

The set of all d-tuples (the subfunctions) can be represented
as the edge set of a complete d-uniform hypergraph on vertex
set [n]. Consequently, assigning subfunctions to N servers
is equivalent to partitioning the hyperedges of this complete
hypergraph into N groups. From combinatorial design theory,
one natural solution to this hyperedge partitioning problem is
a Steiner system, denoted by S(t, k,v).

Definition 1 (Steiner System): A Steiner system S(t,k,v)
consists of a set of v points and a collection of blocks, each
of size k, such that every subset of ¢ points is contained in
exactly one block.

Directly from the definition, the following lemma follows.

Lemma 1: Let S(t,k,v) be a Steiner system. Consider a
distributed computing setting with n = v files and subfunction



degree d = t, and let N = (1)/ (’;) Then there exists an
assignment of files and subfunctions to N workers such that
each worker is communicated with k& files and is assigned
exactly (Z) subfunctions. Consequently, the communication
cost m = k and the computation cost § = 1 are achievable.
Proof: Let Sy,...,Sy denote the blocks of S(d, k,n).
Assign worker b the subfunction set ®, = (‘Zb), and commu-
nicate to it the k files indexed by Sp. Since every d-subset
of [n] is contained in exactly one block, the sets {®,}i",
form a partition of A, 4, and each worker is assigned ( d)
subfunctions. Hence, we have m = k£ and § = 1. [ |
However, the applicability of Steiner systems is severely
limited by their stringent existence requirements. A Steiner
system S(d,m,n) can exist only if the divisibility conditions
that (7~!) is divisible by (7°!) for all 0 < i < d — 1
are satisfied, and even when these necessary conditions hold,
existence is guaranteed only for restricted parameter regimes.
Consequently, for most choices of n, d, and N, no Steiner
system exists. This strong structural rigidity makes Steiner
systems unsuitable as a general design tool for distributed
computing systems in which n or N may vary freely.

III. MAIN RESULTS

To overcome the non-existence of Steiner systems for
most parameter regimes, we propose the Interweaved Clique
(IC) design, a relaxed combinatorial framework that provides
a constructive and broadly applicable solution for a wide
range of system parameters (n, N,d). The relaxation allows
a slight variation in the number of tasks assigned to each
worker, while preserving a deterministic structure based on
interweaved cliques. Unlike prior appearances of clique-based
constructions in information-theoretic problems such as coded
caching [1], where cliques represent user side-information
structures, in this work cliques serve as the combinatorial seed
for constructing the worker—file—task allocation. Specifically,
the global allocation is built over A,, 4 using a smaller seed
structure A ¢ 4, where f can be much smaller than n. Similar
two-level complete-set formulations have also appeared in
other coding-theoretic and information-theoretic contexts [11],
[311-[37].

The proposed IC design enjoys the following key properties:
1) Universality: A valid partition exists for a wide range of
parameters (n, N, d).

2) Order-Optimality: The proposed scheme achieves m <
4en/N'/4 and therefore achieves a gain in communication
cost that scales as N1/¢, where ¢ denotes Euler’s constant.
Moreover, the scheme is order-optimal, as its communication
cost is within a constant factor 4e of the information-theoretic
lower bound obtained from a packing argument.

Let us now formally state the performance guarantees of the
IC design, emphasizing the communication cost 7.

Theorem 1 (Optimal Communication Cost): For a distributed
computing system with n files and N < (55/%) workers,
the IC design achieves a communication cost 7 satisfying

<4e~n
T < N/

Furthermore, the scaling law 7 =< 777 is optimal.

Proof: The proof of Theorem 1 follows from the IC design
presented in Section IV and a converse on 7* presented in
Section V, and is provided in Section VI. |
In the end, let us here also note that in the extended version
of our work in [38], we also show that this same IC design
guarantees, in a very broad setting and with high probability,
a near-optimal computation cost of § < 4.

IV. ACHIEVABLE SCHEME: INTERWEAVED-CLIQUES
DESIGN

We now describe the Interweaved-Cliques (IC) design, which
constructs a partition of A,, 4 for any given tuple (n,d, N <
(f—o\/g )4). The design leverages an intermediate parameter f
to structure the file library into families and then assigns tasks
based on the intersection of these families. The parameter f
be defined as

fémax{T€Z+|<2)<N}. (6)
First, we design the partition of A, ; for an intermediate
number of groups N’, defined as N’/ £ (5) Then, we extend
the construction from N’ to N groups. The construction of
P, P,,..., Py proceeds in two cases.

A. Case 1: Divisible Parameters (f | n)

Assume n is divisible by f, so s £ n/f is an integer.

1) File Families: We partition the n files into f disjoint
sets called families, denoted Fi,...,Fy, each containing s
files. Specifically, F; contains files with indices {(i — 1)s +
1,...,is}.

2) Group Identification: We create N' = (1) base groups,
indexed by the set of d-subsets of families, i.e., o € ([‘5]). We
denote the set of all base groups as

S2{cC[f]: o] =d}. (7)

Each group o € X is allocated the union of files from the
families in 0. The number of files allocated to each base group

is thus d
n.

™= Fil=s5-d=—.
> | Fil 7

3) Task Partitioning: We partition A,, ; by assigning each d-
tuple a € A,, 4 to one of the groups. We define the support
family of a tuple a as B(a) £ {j € [f] | an F; # 0}.

« Full Support Tuples: We let Aqy = {a € A, 4| |B(a)| =
d} represent the so-called set of full support (maximal
support) d-tuples. If |B(a)] = d, the a intersects exactly
one file from d distinct families. For a d-tuple a € Ay,
let B(a) = 0. We assign a to the group ¢ which belongs to
[N'] = (U]). For each o € (1]}, we form its full supports
members as follows

o) 2 fac A, | Bla) =0}

®)

1€

(€))

This forms the clique core of the design.
« Complement Tuples: We also let Acom = Ay, g\ Agu. For
each a € Acom, |B(a)| < d. This means, this d-tuple is



supported by a subset of families Z C | fl with |Z| < d. The
a is eligible to be assigned to all o € ([g ) such that 7 C o.
To design partition Ao, into N’ groups, we consider a
partition of A,, 4, which classifies its d-tuples according to
the size of their support family. This partition is as follows

An,d: {C[g}7c[g]+1a---7cd} (10)

where for each 8 € [[2],d], the set Cs = {a € A, 4 |
|B(a)| = B} represents the set of d-tuples a € Cg that each
intersects exactly S families. Naturally, we have C; = A
and Acom = UZ;IWW Cp. Let us fix a 8 € [[4],d — 1].

Then, for each Z € ([é]), we define

Csr=2{acCs|Ba)=1}. (1)

We define Cp 7, as the subset of Cg 7 allocated to group
o. In Appendix B.C of [38], we describe a sequence of steps
that leads to the construction of the sets Cg . For each
o€ ([g}), there exist (Z) distinct Z € ([é]) such that 7 C o.

Consequently, ™ 2 Ug;l(i] Uzco Cp,z,0. Then, the
subfunctions (d-tuples) allocated to worker o, where o €

(1), 1s

®, L @gfull) U Qgcom). (12)

B. Case 2: General Parameters (f tn)

In this case, we cannot create equal-sized families. We adapt
the design by introducing excluded files. Let sq = Lﬁj +1

and define ¢ £ n — f - so. We treat the last g files as an
excluded set &, i.e.,

E&2)/In—gl={n,n—1,....n—g+1}. (13)

The remaining n’ £ n — g files are partitioned into f families
of size sg. The partition of A,, 4 is constructed by

1) Step I: In this step, we apply the Case IV-A construction to
the n’ non-excluded files, i.e., [n’]. Thus, each group o € ([5])
receives from A, 4

My Plom), (14)

2) Step 2: The second step considers the excluded 'd-tuples
Aexc £ An,d \ An/,d~ (15)

Thus, we aim to distribute the A .. that contain excluded
files (from &) into the groups N’ = (5) formed by their non-
excluded elements (see Section IV-A). Any d-tuple t € Aqyc
will have an arbitrary number m¢ = [t N | of compo-
nents/elements from the excluded file-index set &, and it
will have d — m¢ = |t N [n/]| elements from the rest.
It is easy to see that my € [l,min{d,¢}] and thus that
d —my € [max{d — ¢,0},d — 1]. Whenever there is no
ambiguity, we will henceforth revert to the simpler notation
m instead of my. For every m € [1, min{d, g}], we define the
set

Rm,ﬁé{tEAcx0| IB(t)| =8, tNE&]=m} (16)

IFor example, for n = 5,n’ = 4,d = 2, we have that Aexc =

{15,25,35,45}

which describes the d-tuples t that intersect exactly 3 families
and contain m excluded elements from £. Notice that 3 can
take values in the range Hd;)m],d —m]. Ifm =d < g,
then 5 = 0, which means that all the entries of t are
from E. Let us now partition Agy. as follows A =
min{d.g} Udﬁ;?ﬁ“—g’"l Ry 5. For each Z € (1), let us now

define

min{d—8,g}
RB,I £ {t € Aexc ‘ B(t) = Iv te U Rm,ﬁ} (17)
m=1

to be the set of all d-tuples t € A, that intersect exactly
all families in Z, where in the above, B(t) denotes the set
of families that t intersects. Let us now also define Rg =
UIe([g]) Rg z C A to be the set of all excluded d-tuples
that meet exactly [ families. Furthermore, directly by applying
the established ranges of parameters m and k, we can conclude
that the range of 8 € [Bumin, Bmax)> i defined by Buin =
[frmptal] = [l and B £ d -1

Our next step involves going through the range of . For each
B € [Bmin, Bmax), We partition each time the set Rg into N’ =
(1) groups. This partitioning is described in detail in Appendix
B.E of [38]. In particular, let us first recall that each group
is labeled by a o € ([5]). For each such o, there exist (Z)
different subsets Z C o with cardinality /3. For each Z C o,
the set R 7, collects all d-tuples in Rg 7 associated to group
o. We then form the union and define

Bmax
q,((TexC) £ Uﬁ:ﬁ . UICU RB,I,U-

Combining (14) and (18), we get the subfunctions (d-tuples)
allocated to worker o, where o € ([é]), as follows.

®, A (I)gfull) U (I)gcom) U (I)gexc).

(18)

19)

Finally, the partition of A,, 4 into N’ groups is described by
Ava=] () B (20)

We continue with the following lemma.
Lemma 2: For n, d, the IC design in Case 2 (Section IV-B)
achieves

T<sp-d+g.

Proof: The proof is direct by noting that worker o receives all
files in families o plus, at worst case, the entire set £. |

C. Extension of the Partition from N' Groups to N Groups

Recall (cf. (20)) that we have already partitioned A,, 4 into
N’ = (%) disjoint groups ®,,,...,®,,,, N N =
(U1). We will now redistribute the d-tuples of these N’ groups
across all existing N groups. Towards this, let us assume that
the indices o1, . .., o are in lexicographic order and, in order
to ease notation, let us rename the corresponding N’ groups
by their lexicographic position, as follows ®, ..., ® s where
in particular, ®, = ®,, for b € [N’]. Recalling that there are
N > N’ actual groups, let us first define the variables

N
02|, 2

01, .

r2 Nmod N (21)

1



thus noting that N = gN’ + r, where p = ¢ if r = 0, and
p = q+1if r > 0. At this point, we proceed with the first step
of dividing the d-tuple set of each of the first N groups into
different parts, and then with the second step of redistributing
some of these parts to fill up the empty N — N’ groups.
Step 1 — Dividing the d-tuples of each of the first N' groups:
For each b € [N'], we define the number of parts

{
Sp
q

and we split each ®; into s, disjoint sub-parts using lex-
icographic ordering that yields slicing of equal sizes, plus
or minus 1, where we naturally keep track of the ex-
act size of each sub-part. We denote these s/ub-parts by
@éo),él()l), . .,@gsb*l), where ®, = |J;'_, ‘I’éb ),

Step 2 — Extending to N groups: We then relabel these sub-
parts to obtain the desired N groups. We define the new N
groups ®;,..., Py by the indexing rule

if1<b<r,
(22)
ifr<b< N

By 2 @) forbe [N], ¥ €{0,...,5—1}. (23)

We conclude this section with the following lemma.
Lemma 3: For any n,d, N, the IC design uses N/ = (5),
where f = max {r €7t | (;) < N} (cf. (6)), and guarantees

that

N d
7 <d+1<2t

Proof: Directly from the definitions of f and N’, we note
1

ot
that N < (le) and N/ = (5), and thus &, < ((2)) =
fﬁ’id. Since the function —*- is decreasing on [d + 1, c0),

we conclude that % < maxs>q % <d+1<29, [ |

V. A LOWER BOUND ON 7*

A converse bound on the communication cost can be derived
by observing that a worker with 7 files can compute at most
(2) subfunctions. To cover all (Z) tasks with N workers, we

must have
(£

since 7 = maxye |y (D).
Using the inequality :::; < % for 1 <i<d-—1in (24), we
obtain the following lower bound on m

(24)

n

For any possible 7, the (25) holds. Consequently, for the
optimal 7, denoted by 7*, we have
n
*

T > Nijd (26)
This lower bound represents the packing radius of the hyper-
graph. While Steiner systems achieve this bound with equality
(where 7 is exactly the block size), their non-existence for
most IV forces us to seek approximate designs that still respect
this N ~1/4 scaling (please see Appendix B.A in [38] for more
details).

VI. PROOF OF THEOREM 1
From the achievable scheme discussed in Section IV-A, we
have m =s-d = ? - d. Using the simple bound N’ = (5) <
(%)d, we can conclude that f > <¢N'Y/¢ which directly
yields

nd N4 nd

T < — —

= dpit/d — N1/ ’ dn1/d

2e-n

i Q27)

where the last step follows from Lemma 3. Then from
Lemma 2, we conclude that 7 = sg - d + g. Similarly, we
can show that

2e-n

s0-d< " (28)

This, combined with g = n — sg - f, directly yields

F”‘(MdJ“)'f”-MJ'f 29

n n-d
Sn_fﬂz'f_f+d (30)

and since Fid Frd

that g < f% < s - d. Combining this with (28), we get
< ]‘f,el'};. Finally, applying the converse in (26) shows that
for any (n,d, N < (55/%5)%), we have w/7* < 4e, and hence

the scaling law 7 < n/N 1/d is optimal.

< LLJ + 1 = sg, we can directly conclude

VII. COMPARISON WITH STEINER SYSTEMS

The advantage of the IC design over Steiner systems lies
in its flexibility with respect to column sizes. A Steiner
system S(d, 7, n) requires the number of blocks () /(%) to be
exactly equal to N, which severely restricts its applicability.
In contrast, the IC design fixes N and n, and then effectively
determines the optimal clique size f (and hence 7) compatible
with the available workers. By allowing file assignments to
overlap according to a family-based interlaced clique structure,
rather than a rigid block structure, the IC design guarantees
the existence of a valid partition for any N < (3%./%)%
As we have discussed, while a Steiner system would achieve
7 = n/NY? with § = 1, it may not exist for a given N.
The IC design attains the same communication scaling with
0 < 4, offering a practical trade-off that represents a controlled
increase in computation imbalance in exchange for universal
applicability.

VIII. CONCLUSION

This paper addressed a fundamental file and task allocation
problem in distributed computing. We highlighted the theoret-
ical optimality of Steiner systems while exposing their prac-
tical limitations due to sparsity. The proposed Interweaved-
Cliques (IC) design was shown to bridge this gap, offering a
deterministic and universally applicable allocation scheme. By
achieving order-optimal communication cost 7 =< n/N 1/d and
bounded computation balance, the IC design provides a robust
solution for deploying large-scale distributed function evalu-
ations without the rigid constraints of classical combinatorial
designs.
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