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Abstract—This paper presents a perfectly secure matrix multi-
plication (PSMM) protocol for multiparty computation (MPC)
of A⊤B over finite fields. The proposed scheme guarantees
correctness and information-theoretic privacy against threshold-
bounded, semi-honest colluding agents, under explicit local storage
constraints. Our scheme encodes submatrices as evaluations of
sparse masking polynomials and combines coefficient alignment
with Beaver-style randomness to ensure perfect secrecy. We
demonstrate that any colluding set of parties below the security
threshold observes uniformly random shares, and that the recov-
ery threshold is optimal, matching existing information-theoretic
limits. Building on this framework, we introduce a learning-
augmented extension that integrates tensor-decomposition-based
local block multiplication, capturing both classical and learned
low-rank methods. We demonstrate that the proposed learning-
based PSMM preserves privacy and recovery guarantees for MPC,
while providing scalable computational efficiency gains (up to
80%) as the matrix dimensions grow.

I. INTRODUCTION

Matrix multiplication (MM) is a fundamental primitive in
modern networked and distributed systems that underlies state
estimation and control (e.g., Kalman filtering [1]–[3], lin-
ear quadratic regulator [4]–[6]), large-scale optimization [7],
[8], and learning pipelines [9]. In networked control sys-
tems (NCSs) [10]–[12], such computations increasingly involve
multi-agent architectures [13] and shared computation infras-
tructures where multiple parties may contribute data, models,
or computational resources while maintaining confidentiality
requirements, which therefore makes security and privacy cen-
tral concerns since semi-trusted agents may expose proprietary
or safety-critical information. This motivates the investigation
of exploiting information-theoretically secure distributed MM
protocols that (i) preserve perfect privacy against collusions, (ii)
obey strict storage constraints, and (iii) achieve near-optimal
recovery thresholds with minimal communication.

Classical secure multiparty computation (MPC) protocols
such as the schemes of Shamir [14], Blakley [15], and their
extension to the BGW protocol [16], provide information-
theoretic protection against collusion up to a threshold through
polynomial-encoded functions. Subsequent triple-based and
SPDZ-style systems [17]–[19] improve the online phase but
still retain high communication overhead for large-scale matrix
operations. When directly applied to MM with per-worker
storage constraints, these approaches typically require a larger
number of agents to tolerate threshold collusion, resulting in
excessive resource redundancy and processing latency. Recent
advances in coded computing [20]–[25] have shown that poly-
nomial encodings can drastically reduce recovery thresholds

in distributed linear algebra. In particular, polynomial shar-
ing [26] achieves tight worker bounds for computing matrix
polynomials under storage and resiliency constraints. However,
to the best of our knowledge, while existing frameworks may
provide a unified coded MM primitive that guarantees perfect
privacy, bounded storage, for distributed computation, they do
not incorporate intelligent or learning-based mechanisms such
as low-rank decomposition or learned computation, to enhance
local computational efficiency.

In this paper, we develop a perfectly secure matrix mul-
tiplication (PSMM) framework for multiparty computation,
and establish guarantees for the correctness of reconstruction
and information-theoretic privacy against collusion. Beyond
security, we introduce, for the first time within this framework,
a learning-augmented PSMM (LA-PSMM) scheme that inte-
grates data-driven low-rank structure into local computations
to improve computational efficiency. Notably, this learning-
based integration is shown to preserve the original information-
theoretic privacy and recovery guarantees. The main contribu-
tions of this paper are listed as follows.

• We propose a finite-field multiparty protocol that achieves
perfect privacy against threshold-bounded semi-honest
collusions, while explicitly accounting for local storage
constraints. The scheme encodes shared inputs as eval-
uations of sparse masking polynomials, where selected
coefficients align with partitioned matrix blocks, and all
remaining terms are masked using random coefficients
inspired by Beaver’s triple construction (see eqs. (1), (2)).

• We establish the correctness and privacy guarantees of
the proposed protocol. In particular, we show that any
colluding set of agents below the prescribed threshold ob-
serves polynomial evaluations that are uniformly random
and statistically independent of the underlying secrets,
thereby ensuring perfect information-theoretic privacy (see
Lemma 1). Moreover, we prove that the number of agents
required for exact recovery of all target blocks is sufficient
and matches the optimum in coded computing [26] (see
Theorem 1, Proposition 2).

• We introduce a novel LA-PSMM framework that im-
proves local computational efficiency without sacrificing
security. In LA-PSMM, each agent replaces dense local
block multiplication with a reduced-complexity tensor-
decomposition approach. This framework couples modern
learning-based decompositions (e.g., AlphaTensor [27])
that are generalizations of classical approaches such as



Strassen’s [28] and Laderman’s [29] algorithms. By ex-
ploiting learning-based decomposition, we enhance them
through the integration of security and privacy, thereby
enabling additional gains that benefit sparsity in local
computation. We show that this operation preserves the
polynomial support of local computations and thus does
not affect the global recovery threshold, ensuring that
privacy and correctness guarantees remain intact. Finally,
numerical simulations validate LA-PSMM by demon-
strating significant reductions in agent-side computational
complexity compared with standard PSMM.

Notation: We denote the set of real numbers by R. Different
natural sets are defined as N ≜ {1, 2, . . .}, N0 ≜ {0, 1, . . .}, and
NN

j ≜ {j, . . . , N}, j ≤ N, N ∈ N. We denote a finite field by
F with |F| sufficiently large. Matrices are denoted by upright
uppercase letters (e.g., A,B and A⊤,B⊤ the transposes). For
k,m ∈ N (k < m), we define the k horizontal partition of
a matrix A ∈ Fm×m by A = [A1 · · ·Ai · · ·Ak], where Ai ∈
Fm×(m/k), i ∈ Nk

1 . We denote 0 a zero block of suitable size.
For a matrix A ∈ Fm×n, vec(A) ∈ Fm·n denotes the column-
wise vectorization of A. The operator mat(·) reshapes a vector
in Fm·n into a matrix in Fm×n.

II. PRELIMINARIES

We consider the multiparty computation setup as illustrated
in Fig. 1, where an NCS is comprised of a source plant, one
controller (co-located with the actuator), and N distributed
computation agents, with N ∈ N. The agents are assumed to
be connected by authenticated, private point-to-point channels
with the controller and with the source plant, and to be semi-
honest (passive adversary), with up to t− 1 agents potentially
colluding. The controller only learns the final computation
outputs from the agents to apply its control law.
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Fig. 1: An NCS architecture incorporating a multiparty com-
putation setup.

Operation (Protocol): (i) Sharing. The source plant gener-
ates two secret information matrices A,B ∈ Fm×m for some
finite field F and dimension m ∈ N, which need to be computed
for multiplication aimed to be known by the controller. For
example, these matrices A,B ∈ Fm×m can be interpreted
as correlation coefficient matrices arising from a multivariate,
time-invariant linear state-space model. Due to the security
concern, we use linear (additive) secret sharing, that is, Shamir
sharing [14], and Beaver’s Triple [17]. The secrets A,B will
be partitioned into k column blocks respectively

A = [A1 · · ·Aj · · ·Ak], B = [B1 · · ·Bj · · ·Bk],

where k ∈ N, k < m, and Aj ,Bj ∈ Fm×(m/k), j ∈ Nk
1 . Each

partitioned sub-block of A,B is then encoded as the shares by
leveraging a polynomial sharing scheme similar to [26]. This
means that we encode the sub-blocks as coefficients of carefully
designed sparse polynomials and distribute their evaluations
as shares, which ensures that upon multiplying the encoded
evaluations, the desired sub-block multiplications align in target
coefficient positions, while random coefficients occupy all other
positions to mask the secrets. Specifically, the sensor picks
independent random masks so that each agent n ∈ NN

1 receives
evaluations of two polynomials

gA(x) =

k∑
j=1

Ajx
j−1 +

t−1∑
ℓ=1

R
(A)
ℓ xk2+ℓ−1, (1)

gB(x) =

k∑
j=1

Bjx
k(j−1) +

t−1∑
ℓ=1

R
(B)
l xk2+ℓ−1, (2)

at distinct public broadcasting points α1, . . . , αN ∈ F to
substitute x, where R

(A)
ℓ ,R

(B)
ℓ are i.i.d. uniform mask blocks1

in Fm×(m/k), and gA, gB : Fm×m → Fm×m denote polynomial
functions. Hence, each agent n ∈ NN

1 stores gA(αn), gB(αn)
that fit the storage budget, which is predefined based on phys-
ical constraints. This placement mirrors the sparse exponent
pattern while ensuring coefficient alignment upon multiplica-
tion [26].
(ii) Local computation and occasional communication. Each
agent n ∈ NN

1 processes a local multiplication computation
with the received αn of the form

M(αn) = gA(αn)
⊤gB(αn).

According to the design, by writing the multiplication compu-
tation in the summation form M(x) =

∑
ν Mνx

ν , ν ∈ N0, the
coefficient Mν for any i, j ∈ Nk

1 satisfies

Mi−1+k(j−1) = A⊤
i Bj .

Therefore, all remaining coefficients include at least one ran-
dom mask, which ensures privacy at the controller so that no
exact information about A or B is carried. This coefficient-
placement argument is standard in polynomial sharing [26].
(iii) Reconstruction of the result at the controller. Each agent
linearly recombines its available evaluation M(αn) into poly-
nomial shares of the target blocks, and transmits compact
shares to the controller through the private channel. The con-
troller then interpolates the needed coefficients to recover the
target matrix. In particular, one multiplication requires only N
evaluations sufficient to interpolate all nonzero coefficients of
M(x). The degree and sparsity details are provided in the next
section.

Objective: The security goal of the considered system is to
ensure correctness, preserve privacy against any t−1 colluding
agents, and guarantee perfect information-theoretic privacy,
meaning that no additional information about the secrets is
leaked to the controller beyond the agents’ outputs.

1We view R
(A)
ℓ ,R

(B)
ℓ as [a] and [b] the components of a matrix-valued

Beaver triple ([a], [b], [c] = [a]× [b]).



III. MAIN RESULTS

We present our main results in this section. We first give a
lemma to show that privacy is maintained for the agent shares.

Lemma 1 (Masking lemma). For any p, q ∈ N, let
g(x) =

∑t−1
ℓ=1 Mℓx

ℓ−1 with i.i.d. uniform coefficients Mℓ

over Fp×q . For any distinct β1, . . . , βt−1 ∈ F, the tuple(
g(β1), . . . , g(βt−1)

)
is uniformly distributed over (Fp×q)t−1

and independent of any other variables.

Proof. By Lagrange interpolation, evaluation at t − 1 distinct
points is a bijection between coefficients and evaluations, and
uniform coefficients imply uniform evaluations [14]. Hence,
no information on other variables leaks through these masked
evaluations.

We next show the correctness maintained in the secret
sharing in (1) and (2) during the agent’s local computation.

Proposition 1 (Correctness of triple-based multiplication). For
any a, b, c ∈ N, let A ∈ Fa×b and B ∈ Fb×c be two secret
matrices, and let [A], [B] denote any two of their linear secret
shares among the shared parties. Assume access to a Beaver
triple (R1,R2,R3) related to [A], [B] with random matrices
R1 ∈ Fa×b, R2 ∈ Fb×c and R3 = R1R2 ∈ Fa×c. Define the
opened (i.e., publicly reconstructed) matrices

D = A− R1, and E = B− R2

with the same respective dimensions. Then the recombined
value C satisfies

C = R3 +DR2 +R1E +DE = AB ∈ Fa×c.

Moreover, each term in C can be computed from local shares
and the publicly opened D,E without revealing A or B.

Proof. See [30, Appendix A].

The following result shows the information-theoretic privacy
of the considered secret sharing scheme.

Theorem 1 (Agent bound for secure MM). Let A,B ∈ Fm×m

be k partitioned respectively as

A =
[
A1 · · ·Ai · · ·Ak

]
, B =

[
B1 · · ·Bj · · ·Bk

]
, (3)

where Ai,Bj ∈ Fm×(m/k), i, j ∈ Nk. Assume each agent
stores at most a 1/k fraction of each input (one m × (m/k)
block per matrix), and up to t − 1 agents may collude. There
exists distinct encoding points α1, . . . , αN ∈ F and encoders

gA(x) =

k∑
i=1

Ai x
i−1 +

t−1∑
ℓ=1

R
(A)
ℓ xk2+ℓ−1, (4)

gB(x) =

k∑
j=1

Bj x
k(j−1) +

t−1∑
ℓ=1

R
(B)
ℓ xk2+ℓ−1, (5)

with i.i.d. random masks R(A)
ℓ ,R

(B)
ℓ ∈ Fm×(m/k), such that the

protocol that sends evaluations gA(αn), gB(αn) to agent n ∈
NN

1 and aggregates M(αn) = gA(αn)
⊤gB(αn) to securely

and perfectly reconstruct A⊤B using N agents, where

N ≤ min
{
2k2 + 2t− 3, k2 + kt+ t− 2

}
. (6)

Proof. See [30, Appendix B].

Remark 1 (Positioning relative to polynomial sharing). The
agent threshold (bound) in Theorem 1 provides evaluations
sufficient to interpolate all nonzero coefficients of M(x) =
gA(x)

⊤gB(x) and hence obtain A⊤B from every recovered
multiplication A⊤

i Bj , i, j ∈ Nk, and it coincides with the
optimal recovery bounds known for general polynomial sharing
schemes [26]. However, our result is obtained under a more
restrictive and structured model: we focus exclusively on MM,
enforce a zero-gap alignment of all useful coefficients, and
require closure under composition for subsequent multiplica-
tions. Achieving the same threshold under these additional
constraints is nontrivial and essential for MPC-compatible and
tensor-augmented secure computation.

Remark 2 (Improvement via polynomial sharing). The bound
in Theorem 1 strictly improves over naive job-splitting +
BGW [31], which requires k2(2t − 1) agents for one multi-
plication. Our scheme keeps N independent of the number of
chained multiplications when results are immediately reshared
(closure under polynomial sharing), as observed in [26].

We next highlight the importance of our approach from the
state-of-the-art through the following proposition.

Proposition 2 (Advantage under reduced degrees-of-freedom).
Consider the PSMM encoding of Theorem 1 with storage
fraction 1/k and privacy against t − 1 colluding agents. Let
the target block multiplications be

Zi,j ≜ A⊤
i Bj ∈ F(m/k)×(m/k), i, j ∈ Nk

1 .

Assume the input class satisfies a known structural constraint
such that the collection

Z ≜ {Zi,j : i, j ∈ Nk
1}

admits at most s degrees-of-freedom (DOF), in the following
sense:
DOF assumption: There exist known linear maps L1, . . . ,Ls,
for s ∈ N, and known coefficient tensors {Γ(i,j)

ℓ : l ∈ Ns
1} such

that for all admissible inputs (A,B),

Zi,j =

s∑
ℓ=1

Γ
(i,j)
ℓ Lℓ(A,B), ∀ i, j ∈ Nk

1 .

Equivalently, {Zi,j} lies in a known s-dimensional linear

subspace of
(
F(m/k)×(m/k)

)k2

. Then the number of agent
evaluations required to recover A⊤B (and hence all needed
Zi,j) with perfect privacy can be reduced from

N⋆(k, t) = min{ 2k2 + 2t− 3, k2 + kt+ t− 2 } ,

to

Nstruct(k, t, s) ≤ min{ 2s+ 2t− 3, s+ ks+ t− 2 },

by (i) keeping the same PSMM masking/tail degree for t-
privacy and (ii) decoding only the s effective DOF rather than
all k2 block coefficients.



In particular, for any fixed N , the tolerable collusion level
satisfies

tstruct ≥ tworst , ∀s < k2,

i.e., reduced DOF strictly increases collusion tolerance (or
equivalently reduces the required number of agents).

Proof. See [30, Appendix D].

IV. LEARNING-AUGMENTED PERFECTLY SECURE MATRIX
MULTIPLICATION (LA-PSMM) DESIGN

This section extends our PSMM protocol by incorporating
a learning-based optimization layer inspired by AlphaTen-
sor [27]. The goal is to jointly achieve algorithmic efficiency
in the local multiplications via reinforcement learning (RL)
while maintaining perfect information-theoretic security under
the proposed PSMM framework. The resulting protocol, termed
Learning-Augmented PSMM (LA-PSMM), unifies our secret
sharing and coded-computation guarantees with a data-driven
discovery of efficient multiplication schemes.

A. Motivation and Overview

While PSMM ensures privacy and optimal agent thresholds,
each agent is still required to perform a dense local MM
M(αn) = gA(αn)

⊤gB(αn), whose arithmetic complexity
scales as O

(
(mk )

3
)
. Recent advances, such as AlphaTen-

sor [27], demonstrate that deep RL can identify low-rank
decompositions of the MM tensor, thereby reducing the number
of scalar multiplications.

The LA-PSMM design equips each agent with an RL-
discovered tensor decomposition pattern that replaces the naive
dense multiplication with a sequence of bilinear forms, while
maintaining perfect secrecy through our masking and coded
sharing mechanism (cf. Proposition 3).

B. RL-Enhanced Block Multiplication

Let each agent receive its encoded inputs gA(αn), gB(αn) ∈
Fm×(m/k). AlphaTensor represents MM as a 3-way tensor that
maps the bilinear form vectorized inputs to the output via

vec(C) =

T∑
r=1

u⊤
r vec(A)v⊤r vec(B)wr,

where T ∈ N is the tensor rank (number of scalar multipli-
cations), and (ur, vr, wr) are the low-rank decompositions RL
agent searches for to minimize T .

We adapt this formulation to our finite-field setting. Each
agent holds masked inputs and executes only the local op-
erations corresponding to its learned decomposition pattern
{ur, vr, wr}Tl

r=1 with a learned rank Tl. Formally, for agent
n we define

M(αn)≜
Tl∑
r=1

(
⟨ur, vec(gA(αn))⟩·⟨vr, vec(gB(αn))⟩

)
·mat(wr),

where mat(·) reshapes the vector wr back into a (m/k) ×
(m/k) matrix block. Each agent thus performs fewer scalar
multiplications, replacing the standard (m/k)3 cost with Tl ≪
(m/k)3 while keeping the same algebraic structure required by
PSMM.

C. Algorithmic Integration

The LA-PSMM protocol preserves all privacy guarantees of
PSMM with the only modification in the local multiplication
step as a learned low-rank decomposition instead of a dense
matrix product. We present the procedure below.

Proposition 3 (Agent bound under tensorized local multiplica-
tions). Let A,B ∈ Fm×m be k partitioned respectively as (3)
with Ai,Bj ∈ Fm×(m/k), i, j ∈ Nk. Consider the encoded
polynomials (4)-(5) as in Theorem 1, and let α1, . . . , αN ∈ F
be distinct public evaluation points. Suppose that each agent
n ∈ NN

1 does not form the dense product gA(αn)
⊤gB(αn)

directly, but instead evaluates the same bilinear map via a
rank-T tensor decomposition, i.e.

M(αn)

=

T∑
r=1

〈
ur, vec(gA(αn))

〉〈
vr, vec(gB(αn))

〉
vec(wr), (7)

for some fixed triplets (ur, vr, wr) over F that realize the
usual MM on (m/k) × (m/k) blocks (e.g., Strassen or an
AlphaTensor-empowered decomposition). Then, the resulting
global product polynomial M(x) ≜ gA(x)

⊤gB(x) has the
same set of nonzero exponents as in Theorem 1, and all desired
block multiplications A⊤

i Bj appear at exponents i−1+k(j−1),
while every other exponent contains at least one random mask.
Consequently, the number of agents N required to interpolate
M(x) (entrywise) is unchanged and still satisfies (6).

Proof. The proof follows the structure of Theorem 1, but with
the role of the local bilinear realization being explicit.

The implementation of Proposition 3 is illustrated in Algo-
rithm 1, and we provide a lemma to show that with the learning
integration, the privacy-preserving property is still maintained.

Lemma 2 (Operator choice does not affect privacy or re-
covery threshold). For any available operator M ∈ M
whose local computation implements the exact bilinear map
M(α) = gA(α)

⊤gB(α) for all α ∈ F, the LA-PSMM protocol
in Algorithm 1 achieves the same (i) perfect privacy against
any t−1 colluding agents and (ii) agent threshold N⋆(k, t) as
Theorem 1.

Proof. Consider LA-PSMM with the matrices A,B ∈ Fm×m

and any colluding agents set T ⊆ NN
1 with |T | ≤ t−1. Agent

n receives
(
gA(αn), gB(αn)

)
and then calculate the output

M̂(αn). By assumption on the operator M ∈ M, ∀α ∈ F,
we have M̂(α) = M(α) = gA(α)

⊤gB(α), thus, M̂(αn) is a
deterministic function of the shares

(
gA(αn), gB(αn)

)
.

From privacy perspective: The joint distributed shares
{gA(αn′), gB(αn′) : n′ ∈ T } are independent of A,B by the
same masking arguments as in Theorem 1 (the random masks
provide perfect t − 1 privacy). Since {M̂(αn′) : n′ ∈ T } is
obtained by deterministic post-processing of these shares, it
cannot reveal additional information, hence, LA-PSMM is still
perfectly private against any t− 1 colluding agents.
From recovery threshold perspective: The controller receives
{M̂(αn) : n ∈ NN

1 } = {gA(αn)
⊤gB(αn) : n ∈ NN

1 },



Algorithm 1 Learning-Augmented Perfectly Secure Matrix
Multiplication (LA-PSMM)

Input: Matrices A,B ∈ Fm×m, parameters (k, t,N), learned
decomposition {(ur, vr, wr)}Tl

r=1

1: Partition A,B into k column blocks as in (3)
2: Perform polynomial encodings gA, gB as in (4), (5) with

random masks RA
ℓ ,R

B
ℓ

3: Choose distinct public points α1, . . . , αN ∈ F
4: Send to each agent n the evaluations gA(αn), gB(αn)
5: for n = 1 : N do
6: Agent n receives gA(αn), gB(αn)
7: Initialize M(αn)← 0(m/k)×(m/k)

8: for r = 1 : Tl do
9: ar ←

〈
ur, vec(gA(αn))

〉
10: br ←

〈
vr, vec(gB(αn))

〉
11: M(αn)←M(αn) + (ar · br)mat(wr)
12: end for
13: Agent n sends M(αn) to the controller
14: end for
15: Controller collects {M(αn) : n ∈ NN

1 }
16: Controller solves the blockwise Vandermonde system in-

duced by {αn} to interpolate M(x) = gA(x)
⊤gB(x)

17: Extract coefficients Mi−1+k(j−1) = A⊤
i Bj , ∀i, j ∈ Nk

1

18: Stack {A⊤
i Bj} to form A⊤B

Output: Multiplication A⊤B is reconstructed at the controller

i.e., the same evaluation values of M(x) = gA(x)
⊤gB(x) as

Theorem 1. Therefore, the same interpolation succeeds from the
same number of agents, namely N⋆(k, t), which still preserves
the reconstruction. This completes the proof.

V. NUMERICAL RESULTS

In this section, we provide numerical simulations to support
our theoretical framework.

We show that LA-PSMM has lower computational com-
plexity than PSMM. In PSMM, each agent performs a coded
dense multiplication between an (s × m) and an (m × s)
matrix with computational complexity O(m3/k2) per agent
and O(Nm3/k2) total. In LA-PSMM, the dense product is
replaced by a learned low-rank expansion of length Tl, where
each agent evaluates two linear forms on vectors of length
ms = m2/k and accumulates Tl rank-1 terms into an s×s out-
put with computational complexity O(Tlm

2/k) per agent and
O(NTlm

2/k) total, yielding a local computational reduction
whenever an improvement when Tl ≪ m/k. Encoding remains
O(N(k + t)m2/k), and decoding via entrywise interpolation
is O((m/k)2N2) with a naive Vandermonde solver (or near-
linear in N per entry with fast interpolation).

Fig. 2 depicts total computational complexity across agents
for k = 8, t = 4, and N = 98. LA-PSMM consistently
requires less computation than PSMM, and the gap grows with
dimension m (up to 80%), indicating that learning-augmented
local multiplication increasingly amortizes cost as problem
size increases. Fig. 3 further shows the computation gain,
defined as the ratio of PSMM to LA-PSMM local cost, which
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rises monotonically with m, reflecting increasing benefit from
the learning-based tensor decomposition. Overall, LA-PSMM
delivers substantial, scalable savings in computation while
preserving PSMM’s security guarantees.

VI. CONCLUSION

We introduced a PSMM protocol for MPC that combines
sparse masking polynomial encoding with careful coefficient
alignment and Beaver-style randomness to ensure correctness
and information-theoretic privacy against threshold-bounded
collusions under explicit local storage constraints. We fur-
ther proposed an LA-PSMM extension that utilizes tensor-
decomposition-based local block multiplication to exploit the
learned low-rank structure, which preserves privacy and recov-
ery guarantees while improving computational efficiency.
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