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Abstract—Expectation Propagation (EP) is a widely used
message-passing algorithm that decomposes a global inference
problem into multiple local ones. It approximates marginal
distributions (beliefs) using intermediate functions (messages).
While beliefs must be proper probability distributions that
integrate to one, messages may have infinite integral values. In
Gaussian-projected EP, such messages take a Gaussian form and
appear as if they have ’negative” variances. Although allowed
within the EP framework, these negative-variance messages can
impede algorithmic progress.

In this paper, we investigate EP in linear models and analyze
the relationship between the corresponding beliefs. Based on
the analysis, we propose both non-persistent and persistent
approaches that prevent the algorithm from being blocked by
messages with infinite integral values.

Furthermore, by examining the relationship between the EP
messages in linear models, we develop an additional approach
that avoids the occurrence of messages with infinite integral
values.

I. INTRODUCTION

Signal recovery is a fundamental problem in signal processing,
with a wide range of applications. In the Bayesian framework,
however, canonical inference methods such as MMSE and
MAP suffer from exponential computational complexity as the
problem dimension increases.

Graphical-model-based iterative methods have proven effec-
tive by exploiting structural properties of the underlying
models [1]. Expectation Propagation (EP), introduced in [2],
transforms a global inference problem into multiple local
inference problems. EP can be interpreted as an iterative
procedure for finding the stationary point of the constrained
Bethe Free Energy (BFE) [3], [4]. Within this framework, EP
approximates marginal distributions (beliefs) using functions
known as messages, which correspond one-to-one with the
Lagrange multipliers in the constrained BFE formulation. In
EP and constrained BFE minimization, beliefs are required
to be proper distributions—that is, they must be normalizable
and integrate to one—whereas messages are allowed to have
infinite integral values.

Although messages are not required to have finite integrals,
messages with infinite integral values may produce beliefs that
also fail to integrate to a finite value and may even prevent
the algorithm from progressing.

A. Main Contribution

The revisited Vector Approximate Message Passing (reVAMP)
algorithm [5] is an instance of EP applied to linear models,
whose joint probability density function factorizes into a
likelihood term and symbol-wise priors. In this paper, we
analyze the messages and beliefs in reVAMP and show that
the belief at the likelihood factor node is guaranteed to have
a finite integral value whenever the beliefs at the prior nodes
have finite integral values.

Based on this observation, we propose both non-persistent
and persistent approaches that prevent EP/reVAMP from being
blocked by messages with negative variances, while still

allowing such messages to exist when they do not hinder the
algorithm.

Furthermore, we show that the messages to the prior factors
always have finite integral values whenever the messages to
the likelihood factor have finite integral values. In addition, we
investigate the Kullback—Leibler divergence (KLLD) minimiza-
tion step in EP and propose Analytic Continuation reVAMP
(ACreVAMP), which prevents the occurrence of messages with
negative variances.

B. Notations

We use the notation [H];; to denote the entry in the i-th
row and j-th column H. Following MATLAB convention, we
denote [H . ; as the i-th column of H, and for simplicity we
write h; as shorthand for [H]. ;.
Similarly, [8]; denotes the i-th entry of the vector 0, and we
write 6; as shorthand for [8];.

We define the operator Diag(@), which maps a vector 6 to
a diagonal matrix ® = Diag(0) such that [®];; = 6,.
Conversely, the operator diag(®) extracts the diagonal entries
of an arbitrary matrix © into a vector 8 = diag(®), where
[0]: = [B]..i-

Finally, we refer to a non-negative function as a proper
distribution if it integrates to one.

II. EXPECTATION PROPAGATION

Consider a factored joint PDF with non-negative factors (de-
noted as Vo : f,):

p(8)c [ | falBa), (1)

where for each «, the vector 8, denotes a sub-vector of@. The
goal of EP is to approximate the marginal statistics (e.g. mean
and variance) of the distribution in (1).

A corresponding factor graph for (1) is constructed by intro-
ducing a factor node for every factor f,, and a variable node for
every variable 6; in the vector 8. The graph is then completed
by connecting each factor node to every variable node that
appears as a parameter in that factor (the connecting line is
called an edge).

Each edge carries two types of messages: a variable-to-factor
message and a factor-to-variable message. Furthermore, each
factor and variable node forms a belief that is uniquely
determined by the incoming messages. These beliefs serve as
approximations to the marginals of p(6).

Remark. In EP, messages are not required to be proper
distributions and may integrate to infinity, whereas beliefs
must be proper distributions and must always normalize to

one. For simplicity, throughout this paper we normalize even
the messages to one whenever they have finite integral value.

EP iteratively updates all messages using the following rules:



o Belief at the factor node, Vo :

br, (0a)cfal0a) [ AL=%(6:). )

1EN ()
« Message from factor to variable, Vo,i € N(a) :

. proj[§ by, (0a) [ Tiren(a) iy 407]

Al(6:) NI 3)
« Belief at the variable node, Vi :
bo,(0:)c [ Al~%(0:). (4)
@eN(4)
« Message from variable to factor Vi, € N(i) :
A{ﬂ“a(ei)mm. 5)

In (2)—~(5), N(i) denotes the set of factor indices whose
corresponding factors are directly connected to variable 6; (i.e.,
in the neighborhood of 6;). Similarly, N («) denote the set of
variable indices connected to factor f,.

In (3), the operator proj[-] projects an arbitrary distribution
onto a desired family by minimizing the Kullback—Leibler di-
vergence (KLD). In this paper, we consider only the Gaussian
family G. Thus,

proj[p(6)] = arg Jain KLD[p(6)]q(0)]- (6)

If G is Gaussian, minimizing (6) is equivalent to matching the
mean and variance of p() and ¢(6). We use the term “extrinsic
of factor f,” to denote the product of incoming messages to
fa» such as the message product in (2).

A. Problem Formulation

Observe the message in (3). The division in this update may
yield a function with an infinite integral value even when
both the numerator and denominator are proper distributions.
Consequently, the resulting message may appear to be a
Gaussian with a “negative” variance. Although such messages
are allowed within EP, they can hinder the algorithm because
the beliefs in (2) and (4) are required to remain Gaussian.

In the remainder of this paper, we examine this negative-
variance issue in linear models and propose several approaches
to prevent the resulting blocking behavior.

III. USEFUL RELATIONS

In this section, we list several useful relations that will be used
throughout the paper.

A. Matrix Inversion Lemma
D(A+BCD) ' =C YDA 'B+C 1) 'DA L
B. Matrix Determinant Lemma

det(A+BCD) = det(A) det(C) det(C™'+DA'B). (7)

C. Multivariate Gaussian Reproduction Lemma

N(z|p1, C1)N (Az|pz, Co)

= N(p2|Apy, ACIAT + C2)N (z|ps, Cs), ®
where
Cs; = (Cy' + ATCy'A)
s = Cy(Clpy + ATC; paa). ®
IV. SYSTEM MODEL
We consider the linear measurement model:
y=Azx + v, (10)

where A € RM*N | the noise v ~ A(0,C,), and the signal
vector x has independent entries, i.e., Vn € [1, N] :
p(x,,). The joint PDF associated with the system model (10)
factorizes as

ITpn ~

p(wvy) = fy(m)l_[fz"(xn% (11)

with factors

fy(@) = p(ylz) = N(y|Az,C,)
Jx, (xn) = p(xn)

V. BRIEF INTRODUCTION TO REVAMP

(12)

The explicit forms of the messages in reVAMP are summarized
in Table I, where we denote

1
UN(B]p, C) = exp—2(0 =) CTHO—p).  (13)

H Message and Beliefs [ Notation [ Explicit Form (proportional) ”

Tn — fy A (@n,t) | UN(@nlpp, (£), T, (1))
fan = an AT (@n,t) | UN (@nlpip, (), Tp, (1)
fy = @n AT @n,t) | UN(@nlpr, (), 7r, (£)
Tn = fon Al T (@n,t) | UN (@i, (8), T, (1))

fu@) [LAR (@n, )
Fan (@) ALZ T (2, 1)

Belief at fy,
Belief at fy,,

bfy (a:,t)
bfwn (CEn, t+ ].)

TABLE I
EXPLICIT FORMS OF MESSAGES AND BELIEFS

The factor graph corresponding to the joint PDF (11) is
illustrated in Fig. 1.

Fig. 1. Sparse Signal Recovery



To make the discussion concise, we introduce the following
vector and matrix notations:

pp(D)=[ 115 (8) -+ o ()] T (E)=[ 7, (£) ..

and define

T (0]

Cp(t) = Diag(7p(t)).

Similarly, we stack p, (t) and 7., (t) into vectors p,(t) and
7 (t), respectively.

Let a, denote the n-th column of A, and let the subscript 7
indicate that the n-th column or entry is removed. For example,

Ay = [a1 Ap—1 Qpil ..aN] .
Furthermore, we define
b (0) 2 (1 (8) - iy (8) i () - g (8]
T (0= [Ty (1) - T o (8) Tp i () - T (D] (1D
Cp.(t+ 1) = Diag[p_(t + 1)].

In addition to the above, we use the shorthand Vn to denote
Vne{l,...,N}.

Throughout this paper, unless explicitly stated otherwise (for
example, in the proof of Lemma 1), we distinguish between
the index n and the time-dependent index n(t). The index n
refers to an arbitrary entry, whereas n(t) can be viewed as a
selection function denoting the entry selected at time ¢. The
two indices are independent of each other; n has no relation
to n(t), and vice versa. To avoid ambiguity, we explicitly use
the quantifiers V and 3 whenever needed.

Next, we briefly describe the ideal reVAMP procedure, assum-
ing that no negative message variances occur.

A. Ideal reVAMP: Message from f, to x
The belief at the likelihood factor can be written as

by, (x,t)cfy(x Afyem (zp,t
ot H (15)
o (m\ﬂzay( ), Cay (1)),
where
Capy(t) = (ATC,'A + Cp(0)7Y) 16)

paly(t) = Cayy(t) (ATCly + Cp(t) ™ pp(1)) -
Since (15) is already Gaussian, its marginals are also Gaussian,
and the KLD projection has no effect. Denote the n-th diagonal
entry of Cgy(t) by 73,14 (t) = €L Czy(t)e,, and the n-th
entry of gy () by p15, |y (t) = €L prz),(t). Then the message
from fy to x,, is

Vn : Arfly_)x (a’;n’ t)mpro-](g bfy ((B, t) Hn/;én dl’n/)

Aiyﬁm(l‘n,t) amn
CIZ/{N(xn|MTn (t)a T’V'n (t))’
where Vn:
1 1\
() = -
() (Tmy(t) Tpn(t)> (18)

Wz, |y (t)
Tinly(t)

) =70 (20 2.

As we can see, the updates of 7, (t) and pu, (t) for all n
depend only on the values of pp(t) and 7,(t). Using the
matrix inversion lemma, one can verify that (18) is equivalent
to the following expressions (i.e., both (18) and (18') yield the
same results):

Vi1, () = Fr,, [pp: (1), Tpe(1)]

Vi () = Fp (e 0 pn (@], )

where Vn :
Fy, [1pn(t), T (8)] = [aL(Cy + AnCy () An) 'a,]
Fu,. [1pe (1), Tpe (D] = [a2(Cyy + AnCop (t)Ar) ta,]
al(Cy + AnCp. () An) " (y — Anpr(t)).
(19)

B. Ideal reVAMP: Message from [y, ., 10 Ty

Since we employ sequential updates, suppose that at computa-
tion time ¢, we are updating the pair (xp, ., (t +1),7, ., (¢ +
1)), where n(t) is a selection function that chooses an index
in {1,..., N} based on time t.

According to the EP rules, the belief at the prior factor f;,
is given by

bf‘zn(t) (.Z‘n(t), t+ 1)0Cfmn<t) (xn(t))Aff(';)_l' (xn(t)7 t).

To obtain the mean and variance of bf””n(t)’ a non-analytic
(numerical) evaluation may be required, since fz,,, (The)) =
p(2,,(1)) defined in (12) can be an arbitrary prior. Nevertheless,
this evaluation is only one-dimensional. We define the mean
and variance of belief in (20) as:

/’Lfn(f,)‘llr (t + 1) = Ebfzn

T (1 | e (t + 1) = Val‘bfz"

(20)

RGN 0]
2D
(o (t+1) [xn(t)]'

Again following the EP rules, the outgoing message from the
prior factor is

proj[by,. , (Tn),t +1)]

AT 2T (g, b+ 1)
n(t) ( (t) ) Afaz 5 (xn(t)a ) (22)
OCUN(l"n(t)an(t) (t+1), Tonce) (t+1)),
where
1
Tp, o (E+1) =
Pr® (Tfn(t)mr (t +1 n(t) )
a1y | 1ae (t+1) Hrp, (t)
[,y E+1) =7p,, (£ + 1) - :
pro Fr Ty 1ae (t+1) Tra) (t)
(23)

For all other indices Vn' # n(t), the parameters remain
unchanged:

Vo' E#n(t) s pp  (E+ 1) =pp  (t), 7, (E+1)=Tp ,(t) (24)

This closes the reVAMP update loop. By iteratively updating
the pairs (pp, 7p) and (g, ) until convergence, we obtain
an approximation of the posterior mean: E[z|y] as E[x|y] ~

Py (90) =~ pg|u, (00).



C. Low-Rank Update

It is worth noting that the update of Cj,, requires only O(N?)
multiplications if only one diagonal entry of C, is updated.
Since the pair (i, ), Tp, () i updated at time ¢, we define

1 1 1

- - .29
ATpn(t) (t + 1) Tpn(t) (t + 1) Tpn(t) (t)

Then the rank-one update for Cg),, is

Cfi\y(t + 1) = Cﬁly(t) - [Ci\y(t)],n(t)

! (ATpn(f,) (t + 1) + Tin(t)ly(t))71 [Cﬁly(t)]:j:n(t)'
(26)

Note that in Section V-A, it may appear that we compute
the parameters (p., (t), 7+, (t)) for all n in a parallel fashion.
However, this is effectively equivalent to computing only
(o) ()5 iy (), because the parameters corresponding to
the other indices are not used in Section V-B. Nevertheless,
expressing the update of (u,, (t), 7, (t)) in parallel form
simplifies the discussions in Section VI and VII. Moreover, the
low-rank update of the belief covariance still requires O(N?)
operations, whereas computing all ¥n : (p,, (t), 7, (£)) incurs
only O(N) complexity.

Although EP permits messages that are not proper distribu-
tions—such as Gaussian-like messages with negative vari-
ances—these messages may induce beliefs that are no longer
proper distributions. This is not allowed in EP and may prevent
the algorithm from progressing. For example, if 7, (t) is
negative, the belief in (20) may fail to be a proper distribution,
and the expectation operations in (21) may become ill-defined.

VI. KEEPING NEGATIVE VARIANCE

In EP, the messages in Table I are not required to be proper
distributions; in particular, their variances may take negative
values. In contrast, the beliefs bfy and Vn : bfmn must be
proper distributions. From the previous discussion, evaluating
by, in (15) in (15) involves only Gaussian PDF manipulations,
whereas obtaining the statistics of Vn : by, ~in (20) requires
integrating with respect to an arbitrary prior. Therefore, we
propose to allow negative values of 7, and apply special
treatment only when a given 7, would lead to a negative
value of some 7, .

Lemma 1. [f, in reVAMP, sequential updates are used and
Tpn (t + 1) is updated via (23), then

det[Ca|y(t)] B
det[Cgy(t +1)]

TZn(t)y (t)
t+1)

(27
e nolpee (
Proof. Recall from Section V that n(t) denotes the index of
the entry in p, and 7, that is updated at computation time
t. For brevity, in this proof (from (28) to (34)), we use the
shorthand n = n(t).

Define

Cany(t+1)7" 2 Cay(t+1)7" —enrp, (t+ 1) 'e]

= Cily(t)_1 — €pTp, (t)_lef-
(28)

Using (7) and (28), we obtain
det(Cgly(t +1)7") = det(Cgzy (t + 1))
Ton (t+1) + €l Cq iy (t + ey,
Tp, (t +1)

Since, under sequential updates at computation time ¢, only
Tp,, (t+1) is updated while all other entries remain unchanged,
we have

Sequential Update = Vn' #n(t) : 7, ,(t+1) =7, ,(t+1)
= Tp(t +1) = 7p. (1)
= C,(t + 1) = Cp(t).

(29)

(30)
From (30), and using the matrix inversion lemma, we obtain
e) Ca iyt + e, =7, (2). (31)

Substituting the update expression for 7,, (¢t + 1) in (23)
together with (31) into (29) yields
Tr, (1)
Ti’nll-l'r (t + ]‘) )
(32)

Next, from the second line of (28) and the matrix determinant
lemma (7), we have

det(Cﬂy(t + 1)71) = det(Caﬁ‘y(t + 1)71)

et(Ca 1+ 1)) = det(Capy (1)) 2ol
= det(Caly (t))7a,1y(1) (TA |1 t) 7 1(t))
Tn|Y Pn (33)

Substituting the right-hand side of the first line of (18) into
(33), and then inserting the resulting expression into (32), we
obtain

Tin\y(t)

det(Cgjy(t +1)71) = det(Cfay(t)*l)m-
det[Cﬁ‘y(t)] GY

det[Cz)y (t + 1)]

TZn(t)y (t)
ooy (0T 1)

O

Theorem 1. In reVAMP as described in Section V, if Vt :
3O, o (Tn(y, t+1) in (20) are proper distributions (normalize
to one) with respect to Ty, and if Tp(1) is initialized
with positive entries, then the belief covariance matrices
Vi : Cg)y(t) in (16) remain positive definite.

Proof. We use mathematical
Sylvester’s criterion.

Since we initialize ¥n : 7, (1) with positive numbers, the
matrix Cg|, (1) at the beginning of the first iteration is positive
definite.

We can always reorder the entries of & and the corresponding
columns of A such that the updated 7, (¢t + 1) appears in the
last diagonal entry of Cg, (¢t + 1)~*. Thus, without loss of
generality, assume that N' = n(t), and that Cz,(t) is positive
definite (induction hypothesis). We will show that Cg|,,(t +1)
is also positive definite.

By Sylvester’s criterion, a symmetric matrix is positive definite
if and only if all its leading principal minors (the determinants
of its upper-left k& x k submatrices for all k) are positive. The
only difference between Cgz,(t)~! and Cgy (¢t + 1) is the

induction together with



last diagonal entry. Hence, the first through (N —1)-th leading
principal minors of Cg,(t + 1)~! and Cw|y( )~1 coincide
and are therefore posmve It remains to show that the N-th
order leading principal minor, i.e., det(Cgy (t+1)71), is also
positive.

From Lemma 1, with the assumption that N = n(t), we have

Tiw\y(t)

RS M

det(Capy (t +1)71) = det(Capy (1))

By the induction hypothesis, det(Cg,(t)”") > 0 and
Tinly(t) > 0. Moreover, from (21) and the assumption
that bfzn(t) (Tp@),t + 1) is a proper distribution, we have
Tawlue (t +1) > 0. Hence, det(Czy(t +1)~') > 0. Since
all leadlng principal minors of Cg,, (t + 1)~ are positive, the
matrix is positive definite.

Theorem 2. If the initial values ¥n : 7, (1) are all positive,
then the covariance matrix Yt : Cg,(t) remains positive
definite when using any mixture of the following two update
strategies for Yt : 7, ., (t+1):

* Tpu (t +1) is updated via (23)
* Tpuge) (t + 1) = Tpn (t)

Proof. We again use mathematical induction. As in Theo-
rem 1, Cz,, (1) is positive definite by assumption. We need to
show that Cg,, (¢ + 1) is positive definite given that Cg,,(t)
is positive de nite.

If 75, ., (t +1) is updated via (23), we can follow the same
proof as in Theorem 1 using Lemma 1 to conclude that
Cs|y(t + 1) is positive definite.

If instead 7, , (t+1) is set to 7, (t+1) := 7, (t), then
Cp(t+1) = Cp(t), since for entries with indices Vn' # n(t),
the update rule (24) implies that 7, ,(t + 1) = 7, ().
Consequently, Cz,(t + 1) = C@‘y(t) which is positive
definite by the induction hypothesis.

Remark. Theorem 1 implies that, at any stationary point, the
belief by, (x,00) automatically becomes a proper distribution
if ¥Yn : by, (xn,00) are proper distributions. During the
iterations, however,

A. Non-Persistent Approach

According to Theorem 1, we must ensure that, at every time
t, the selection function n(t) chooses an index for which the
corresponding bfm"(t) (Tps),t + 1), obtained from (20) is a
proper distribution. Furthermore, since EP can be interpreted
as an iterative method for finding stationary points of the
constrained BFE, we know that, at convergence, all beliefs
must be proper distributions.

Motivated by these two considerations, we propose to check
the values Vn, 7., (t+1) when using (23) to compute 7, ,, (t+
1) from 7, . (t), before actually applying the update to
Tp'n.(t) (t)

1) : During each iteration ¢ of this non-persistent EP scheme,
we first follow (15)-(21).

2) : Next, we compute the unchecked updates in the same
manner as in (23), but denote them with a dot to distinguish
them from the checked values:

7.-pn(t) (t+ 1) = (

-1
1 1 .
T2 (e | 1oe (t+1) Trac) (t) ’

] s e ]
(36)
Meanwhile Vn' # n(t), we set
fp,, (E+1) = pp (), 7, (t+1) =7, ,(t)  (37)
As a result,
Tp(t + 1) =7p(t) + en() [ 7o) (E+1) = 7,0, (1]

C (t + 1) Cp(t) + €n(t) [Tpn(t) (t + 1) Ton(t) (t)]ez;(t)
ljfp(t + 1) :/"’p(t) + €n(t) [Mpn(t) (t + 1) — Hpn (t>]

3) : We then check whether this unchecked update would lead
to beliefs that are not proper distributions. To this end, we first
compute the extrinsic messages of the prior factors. Based on
(18) and (18’), we obtain Vn:

Tr, (t+1) = Fr, [fp(t + 1), Tp(t +1)]
for, (t +1) = Fp, [pp, (t+1), 7, (t +1)],

where, for all n and all n’ # n, the vectors fip (¢t + 1) and
Tp,(t + 1) stack the elements p, ,(t + 1) and 7, ,(t + 1),
respectively, following the same convention as in (14).

Then, according to (20), the beliefs resulting from the
unchecked update /iy, ,, (t + 1) and 7, (¢ + 1) are

Vn: i)fw” (@5, t+2) fo, (2n)UN (T |fir, (E+1), 77, (E+1)).

(38)

(39)
4) : Finally, the actual (checked) updates are defined as

Tpn(t) (t + 1)
_ {’f_pn(t) (t + 1) Vn : Sbfzn (xnvt + 2)dxn < ©
R () otherwise

e (40)
/’[’Pn(t) (t + 1)
_ /L.Lpn(t) (t + 1) Vn : Sl.)f:nn (xnat + Q)dfn < 0

Hpey () otherwise,

where we use the notation {df(f) < oo to denote that
the function f(#) has finite integral value. If evaluating the
integrals Vn : §by, (z,,t + 2)dz, in (40) is too costly, we
may instead check the signs of Vn : 7, (t + 1) in (38). This
leads to a relaxed non-persistent approach:
« IfVn: 7, (t+1)>0,then7, , (t+1)and up,  (t+1)
are updated to 7, (¢t + 1) and fip,, . (t+1) .
o Ifdn:7 (t+1) <O, then 7, , (t+1)and pp, , (t+1)
remain unchanged as 7, ., (t) and p, ., (2).
We refer to the scheme based on (40) as the strict non-
persistent approach, and to the sign-based rule above as the
relaxed non-persistent approach.



5) : Afterward, we proceed to iteration ¢ + 1 and repeat from
Section VI-Al.

B. Persistent Approach

In this approach, we do not perform any look-ahead. At
computation time ¢, we proceed from (15) to (19) following the
standard EP/reVAMP steps to obtain Vn : u, (t) and 7, ().
After that, before updating 7, , (t+1) and p,, ., (t+ 1), we
check whether bfwnm (@) (t),t + 1), obtained from (20), is
a proper distribution (integrates to finite value).

o If the belief bfwnm (%) (t),t+1) is a proper distribution,
then 7, ., (t + 1) and g, (t + 1) are updated by
following (20)-(24).

o Otherwise if the belief bf"”n(t) (Tp (t),t 4+ 1) is not a
proper distribution, then 7, (t + 1) and pp, ., (¢t + 1)
remain unchanged, i.e.,

Vne{l,...,N}:p,, (t+1)=pp, (t), 7, E+1)="p, (£).
(4D
If checking whether b Fenct (Tp@)(t),t + 1) is a proper distri-
bution via (20) is computationally demanding, we can relax
the condition and instead check the sign of Trney- If Trae)
is positive, we proceed with the standard update in (20)-(24);
otherwise, we apply the no-update rule in (41).

VII. AVOIDING NEGATIVE MESSAGE VARIANCES

By matrix inversion lemma (analog to (31)), one can show
that the messages UN (x| p(t), Diag[7+(t)]) are proper distri-
butions if ¥n,t : 7, (t) are positive. Therefore, in this section
we focus on the message from f,, to x, and on enforcing
Vn,t : 7, (t) > 0. Wlo.g., in the following of this section,
we assume the Ansatz that Vn,t: 7. (t) > 0.

To gain further insight into (20), we abstract a simplified one-
dimensional measurement model whose posterior PDF shares
the same factorization structure as that in (20):

por = T + Up, (42)

where v, ~ N(0,7,.), and 2 ~ p(z) is an arbitrary distri-
bution. We denote the posterior PDF, mean and variance of
(42) as by, (z) = p(z|pr), pz),, and 75, . According to the
EP rule, negative message variances occur when the posterior

variance Talur is larger than 7,.

A. A Simple Example of Negative Message Variances

Suppose p(x) is BPSK. Negative message variances arise
when we observe an incorrect measurement with high pre-
cision. A simple example is p, = 0 and 7, arbitrarily small,
because in the BPSK case with p,, = 0, the posterior variance
T#|u, 18 independent of 7.

B. Reconsidering the KLD Projection

Based on EP rule and (22), the message parameterized by the
pair (up, 7p) is updated by

(1, s Toln,) = argmin K LD[by, (x) [N (2|pz),  Ts i, )]s

K& pr TE|uy

N (||, Tol,)

UN (2| pap, Tp)oC NGl )

(43)

Consider the second line of (43) and impose the constraint
7p > 0. Then, we have

N(xLU‘E\,u,«(p) Tp)77-f|;tr(p7 TI)))OCN(Z‘“J’T?T?”)N(x|:up77-p)a

where we explicitly emphasize the dependence of
(K|, > T#|p,) On the unknown parameters (i, 7p):
TpTr
T%| (Npan) = - pog “
Lt (g, 7p) = 2Hr T Trkp e
&|p \Hp> Tp >+ T :

Substituting (44) into the first line of (43) and imposing the
constraint 7, > 0 yields the following constrained optimization
problem:

min - KLD{by, (2)|N (@lpzu, (Hp, 7o), Talye, (Hps )],
st. 7, >0.

(45)
Note that (45) may yield a different solution from (43) due to
the additional constraint on 7.
Expanding the KLD, (45) can be rewritten as

min L T
HpsTp (hip: 7) (46)
st. 7, >0,
where
2
L(up,Tp)élnTil“r(”p’Tp) +Tilm"’[ﬂﬁ\ur_ﬂiwr(ﬂpaTp)] .

2 QTilm (Np» Tp)
“47)

Taking the partial derivative of the objective function with
respect to ji, and setting it to zero yields

aL(Mpa Tp)

48
o (48)

=0= Mz (Npa Tp) = Uz|w,

Next, compute the partial derivative with respect to 7, and
substitute (48) into the result:

M = M (49)
= 7
an B (Bp Tp) =13 1y TE |y (57 + fp)
where we define &, = %, & = -, and & = # — - From

these definitions, we have {5 > &, and &, > O.Lﬁlus, we only
need to consider two cases: £ > 0 and &5 < 0.

1) If & > 0: In this case, the optimum is attained at £, = ;.
Therefore, the update rule in (23) remains unchanged.

2) If & < 0: In this case, (49) is monotonically increasing
in &, > 0, and therefore the minimum is achieved as &, — 0,
which corresponds to 7, — 0. Instead of computing the cor-
responding mean, we inspect the Gaussian natural parameters

and define v, = £2 = &1, Substituting 7, — o0 into (48),

p
Tr :

we obtain v, —



C. Analytic Continuation of ReVAMP

We now revisit the discussion in Section V. To extend the
message domain of reVAMP, Vn we propose to use Gaussian
natural parameters

(1) = 70, (75 15, () = 20

instead of the (p,, (t), Tp, (t)) representation of the messages.
Furthermore, we define

&p(t) = diag[Cp(t) 7] = [, (¢)
Ep(t) = Cp(t)™" = Diag[&p(t)];
Up(t) = Cp(t) M pap(t).

The extended reVAMP algorithm with analytic continuation

(ACreVAMP) is summarized as follows.

1) ACreVAMP Message from f, to x: To incorporate infinite

variances, we rewrite the belief mean and covariance in (15)
as

(50)

Epn (1)]"
1)

Capy(t) = (ATC A + (1))

ey (t) = Cay () (ATCLly + vp(t)) -

Similar to Section V, we denote, Vn, the n-th diagonal entry
in Cyy as 73 |y and Vn, the n-th entry of g, as pz, |y-
Extending the EP rule to allow infinite 7, (¢), the message
update in (17)-(18) becomes, Vn,

nxw=(ﬁjﬂﬂ—@h@)q
= 7,0 (L2220 1)

T,y (t)

2) ACreVAMP Message from f, to x,: Unlike the methods
in Section VI, ACreVAMP can be carried out in both parallel
and sequential forms. In this paper, we focus on the sequential
update to maintain compatibility with the previous discussions.
As discussed earlier, Vn, t: 7, (¢) is positive if Vn,t : 7, (%)
is positive. Therefore, the computation of the belief mean
2,1 |ue (t+1) and variance 73 1, (t+1) remains the same
as in (20)-(21).

However, based on the discussion in Section VII-B, the
parameters v, (t +1) and &, , (¢ + 1) are updated as:

(52)

(53)

Vbt (t + 1)
Vpn(t)(t + 1): Ha,, e T D) =Hr, ) (8)
Tron(t) ®)

fpn(f,) (t + ].) = {éﬁn,u) (t + 1)

§5n(t) t+1)>0

otherwise

€ﬁ7b(t,) (t + 1) > 0

otherwise,
where
1 1
S U ) = e TR
zn(t)“"‘l‘ Tn(t) (54)
e (E 1) g, ()
Vﬁnm(t"'l) = - - -

Tty 1ee (t + 1) Tro (t)

3) Low Rank Update: If sequential update is used, we can still
reduce the complexity by exploiting matrix inversion lemma.
Define AEp, , (t+1) =&, (t+1) =&, (). Analogous
to (26), the belief covariance matrix is updated as

Cs1y (1) +ACz, (t+1 A t+1 0
C@‘y(t—{—l): m\y( )+ w\y( + )7 Spn(t).( + ) i
Csy(t), otherwise
(55
where, for the non-trivial cases AE,, (¢t +1) # 0
ACq,(t +1) = —[Caiy (D] e)-
ac\y( ) [ a:\y( )], (t) . (56)

(AL DT 751y () [Capy ()]s
This closes the loop of ACreVAMP.
VIII. NUMERICAL SIMULATIONS
In our simulations, we consider two scenarios: sparse signal

recovery and binary phase-shift keying (BPSK) signal recov-
ery. In both cases, i.i.d. white Gaussian noise is assumed.

A. Sparse Signal Recovery Setup

To verify the proposed approach in sparse signal recovery,
we consider a measurement matrix A € RM*N of size
M x N = 8 x 10. Each entry of A is i.i.d. and drawn from a
Gaussian distribution, i.e., for all m,n, [A],,., ~ N(0,1/N).
The signal vector & contains independent but non-identically
distributed Gaussian-mixture entries with exponentially decay-
ing amplitudes:

Yt p(zn) = 0.5N (2] — 1 x 3.2177,0.1 x 3.22727)
+05N($n|1 X 3,21_71’0.]_ X 3'22—21'7,).
B. BPSK Signal Recovery Setup

In the BPSK signal recovery scenario, we consider systems
of size M x N = 20 x 10. Similarly, the entries of the
measurement matrix A are i.i.d. Gaussian: Ym,n : [A],, » ~
N(0,1/N). BPSK can be viewed as a Gaussian mixture whose
components have (ideally) zero variance. In our simulations,
we approximate this by the following i.i.d. signal prior:

Vn : p(zy) = 0.5N (z,| — 1,0.01) + 0.5N (z,|1,0.01).

(57)

C. Simulation Results

In both scenarios, we vary the noise power and evaluate the al-
gorithms at SNR levels Vi = {1,...,11} : SNR = 5(i—1)dB.
For each SNR level, 500 independent problem instances are
generated. We denote by Z; the set of indices corresponding
to all instances simulated at SNR = [.

We use the normalized mean squared error (NMSE) relative to
the MMSE solution as the performance metric. At SNR level
SNR = [, the NMSE is defined as

Yvier, (@i — Zymse,i) T (2 — Taise,i)

NMSE, = Z =7 = _
i€Z; “MMSE, i *"MMSE, 1

(58)

The exact MMSE result is computed by brute-force evaluation
with complexity O(2V N3).

We compare the proposed methods against LMMSE, the
widely used clipping approach [6], and Noise-Unbiasing [7].



The clipping approach is conceptually similar to the dis-
cussion in Section VII, in that it aims to avoid negative
message variances. However, unlike the proposed ACreVAMP,
if 7, ,, (t+1) obtained from (23) is non-positive, the clipping
method resets the message variance to 7, (t + 1) = o0 and
the message mean to p,, ) (t + 1) = 0.

The sparse signal recovery results are shown in Fig. 2, while
the BPSK signal recovery results are shown in Fig. 3.

or
=t [MMSE ~ **+E*EP P str
=6 EP Clipping Noise Unbiasing
-20 ACreVAMP == EP NP rlx
=~ EPNPstr —A—EPPrlx
o
E
w -
%]
=
=z
—
0 5 10 15 20 25 30 35 40 45 50
SNR (dB)
Fig. 2. Sparse Signal Recovery
., \_'
—+— LMMSE
— =& EP Clipping
=] ACreVAMP
e =~ EPNPstr
€ ==+El-+-EP P str
g Noise Unbiasing
—~ EPNPrlx
seoBhes- EP P rlx
R e
| | | | | I
25 30 35 40 45 50

SNR (dB)
Fig. 3. BPSK Signal Recovery

In the plots, ”EP P” and "EP NP” denote persistent and non-
persistent approaches proposed in Section VI. The labels “str”
and “rlx” indicate whether strict checking or relaxed checking,
as discussed in Section VI, is used.

From the two plots, we observe that when strict checking is
employed, the persistent and non-persistent methods proposed
in Section VI share the same stationary points, as indicated by
the overlapping curves. In contrast, under relaxed checking, the
persistent and non-persistent approaches converge to different
solutions.

As the signal x transitions from continuous-valued to essen-
tially discrete, the proposed ACreVAMP method in Section VII
outperforms both the non-persistent and persistent approaches,
particularly at low SNR.

IX. CONCLUDING REMARKS

In this paper, we reviewed the EP algorithm and reVAMP, an
application of EP to linear models. EP and reVAMP approx-
imate marginal distributions—referred to as beliefs—through
the exchange of messages. While the beliefs must be proper
probability distributions normalized to one, the messages
themselves may have infinite integral values and therefore need
not be proper distributions.

In our setting, due to the use of Gaussian projection, all mes-
sages take a Gaussian form. Consequently, when a message
has an infinite integral value, it appears as though it has a

“negative” variance. Such messages can sometimes prevent the
EP/reVAMP algorithm from proceeding. Depending on how
these “’negative-variance” messages are handled, we proposed
three approaches. The non-persistent and persistent EP variants
allow the existence of negative message variances, whereas
ACreVAMP suppresses or prevents messages with negative
variances.

Simulation results demonstrate that the proposed approaches
outperform standard benchmark methods. For continuous-
valued signal recovery, allowing negative-variance messages
leads to superior performance, while for discrete signal recov-
ery, preventing or suppressing negative variances proves more
advantageous.
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