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Abstract—Various majorization approaches allow to transform a
Weighted Sum Rate criterion into a cost function that is quadratic
in Tx or in Rx and is simple to optimize in terms of other
parameters. The standard strategy is then to apply alternating
minimization to the majorizer. These alternating approaches
converge fairly slowly. Another issue that they typically are
guaranteed to converge, but to a local optimum. Deterministic
annealing has been proposed to find the global optimum. To
reduce convergence time, acceleration techniques can be intro-
duced. In this paper we review existing acceleration methods.
Two big families arise, either Nesterov acceleration or Successive
Over-Relaxation. The question arises and remains open which
approach would be best suited to alternating precoder design.

I. INTRODUCTION

A recent work on Transmitter (TX)/Receiver (Rx) design for
multi-user Multi-Input Multi-Output (MIMO) systems can be
found in [1].

II. CHEBYSHEV AND POLYAK’S HEAVY BALL METHODS

This reviews is largely based on [2].

A. Quadratic Optimization - Gradient Method

Quadratic cost function f(x)
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condition number k = ﬁ >1of f(.).

B. Chebyshev Method
First-order methods and monic matrix polynomials P;(0) = 1

Tpt1 € o + span{V f(xo), Vf(x1),...,Vf(xr)}
iff xp — .= Py(H) (xo — ) ¥k >0

Conjugate gradient methods - Krylov subspaces. Minimax
design over M{H : nI < H < LI}
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Solution: (shifted) Chebyshev poynomials of the first kind:

recursively

Tolx)=1, Ti(z) ==, ©

Ti(x) = 22 Te—1(x) — Te—o(x) , k>2

Shifting [—1,1] — [, L], Ti(z) — Cr(z), we get
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Recall Vf(x)=H (x — x.).
C. Chebyshev and Polyak’s Heavy Ball Methods
Using Chebyshev polynomial recursion:
o = %v Tl = Tg — ﬁVf(a:O)
for k > 2:
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Last term = momentum term. Inherits 2nd-order recursion
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from Chebyshev. Steady-state: o, = NCESR

Polyak’s Heavy Ball method: replace §5 by o in Chebyshev
method:
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D. Worst Case Convergence Bounds Chebyshev
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where £ =
method.

f +1 Last upperbound also shared by Heavy Ball

Compared to gradient method: x = L/u replaced by /.

Chebyshev requires /x/2 fewer iterations to reach a certain
convergence precision, compared to the gradient method.

ITI. ACCELERATION FOR L-SMOOTH
A. From Quadratic to L-Smooth, p-Strongly Convex
f(x) is L-smooth convex iff Va,y
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Interpolation inequality for L-smooth, p-strongly convex (u >
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B. Lyapunov Function for Gradient Method

With ), = xp_1 — %Vf(:ck,l) and Ay, = Ap_1 + 1, for
L-smooth f

Or < Pr—1 for ¢p = Ap(f(xr)—fo)+

¢y, is called a Lyapunov (or potential or energy) function. With
Ao =0 we get Ay, = k and

flxr) — fo <

Hence the gradient method produces a worst case convegence
rate of O(1/k) for f € Fo L.

C. Optimized Gradient Method (OGM)
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D. OGM Lyapunov Function and Convergence

Lyapunov function
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case convergence speed for OGM with L-smooth f
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(K +1)?
quadratic convergence speed compared to gradient: acceler-
ated.

0,k recursion comes from requiring canceling terms to get
descent of ¢ < dg_1.

E. Nesterov Acceleration

Inspired by OGM, consider ¢5, = A (f(xx)
z.|?

—fo+

and generic accelerated gradient algorithm

Lz —

Yo =T + 7% (26 — @) = Tk 2k + (1 — T0) The
=y —ar VI(yg) 27

Zir1 =2k — V& V. (Yr)

Tr+1

Choosing ay,

= s+ VA+1 Ak = Axtap, T =
ak[Ak41, a = % vk = ai/L, get Nesterov.

> k2 /4 for Ag = 0. Convergence speed
f*)§¢k_ '<¢0:7

Fo < gy Mo — 2P < 32

Can show A >

Ap(f(zr) —

= f(zx) —

lzo — .12

2 o — . |?

(28)
Factor 2 suboptimality compared to OGM. More usual equiv-
alent form: gradient update + momentum
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IV. ACCELERATION FOR p-STRONGLY CONVEX
A. Gradient Descent with p-Strong Convexity
With @), = @j—1 — 7 Vf(xp—1) and now Ay = (Ax_1 +
1)/(1 = 1/k), consider now
L+p Ay

or = Ap(f(ai) = f) + —— [z —@.[I”  (30)
Ay, recursion has solution A = x((1 — 1/x)™% — 1). Expo-
nential convergence now
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B. Acceleration with p-Strong Convexity
Accelerated gradient algorithm becomes (now introduces a
non-zero dy)
Yk = Ty + Tk (2 — Tk)
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replacing again x by \/k in gradient descent.
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C. u-Strongly Convex Acceleration with Constant Momentum

We have Ay — oo, Apy1/Ar — (1 —1//k)~! and hence
% — (VK +1)7L, 8 — /K. Leads to Nesterov algorithm
with constant momentum

Tir1 =Yr — 1 VI (yk)
—_ (35)
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Leads to the same exponential convergence for p-strongly
convex f.

V. ACCELERATED GRADIENT TECHNIQUES FOR
TRANSCEIVER OPTIMIZATION
In [3] the Weighted Sum Rate in multi-user MIMO commu-
nications is majorized by a quadratic Weighted Sum Mean
Squared Error (WSMSE) criterion. This quadratic cost func-
tion is then further majorized by an L-smooth quadratic cost
function, by throwing in a further auxiliary variable. This
majorization operation is of the following form:
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The optimization of this L-smooth majorizer (called “non-
homgeneous Upperbound” in [3]) leads to the interpretation
of a typical gradient update, with furthermore the stepsize
adjusted accoring to the L-smooth property. This majorization
interpretation of a gradient update seems to be original and is
quite remarkable. The motivation in [3] for the majorization
by replacing the Hessian by a multiple of identity is totally
focused on lowering the computational complexity by avoiding
a matrix inverse per update, However, one should remark
that in the context of alternating minimization of an overall

non-convex cost function, the majorization may have some
effect on avoiding local optima since this majorization is not
identical to but nevertheless related to deterministic annealing
[4] in which the white noise variance would be artificially
(substantially) increased, so that optimal Tx/Rx solutions
would correspond to matched filters which are then globally
optimal. In the end, [3] then introduces the standard Nesterov
accelerated gradient technique to accelerate the gradient style
update of the proposed majorizer. The simulations show that
the multiple of identity based majorization by itself speeds
up the convergence already quite a bit, and then the Nesterov
acceleration adds further convergence acceleration,

In [5], a low complexity linear precoding method for extremely
large-scale MIMO systems is proposed. The authors consider
Regularized Zero-Forcing (R-ZF) precoders. The proposed low
complexity approach for solving the linear equations defining
the R-ZF precoder is based on Successive Over-Relaxation
(SOR) [6], [7]

Hxr=b, H=D+L+L"
(D+wL)x =wb — (WL + (w—1)D) z,
(D + wL) N (wL? + (w—1)D)

where w > 1 is the so-called relaxation factor. Note that w = 1
corresponds to the Gauss-Seidel iterations, which correspond
exactly to alternating minimization of a quadratic cost functon
with the linear system as normal equations. Note also that SOR
is guaranteed to converge for w € (0,2). [5] combines SOR
with Chebyshev acceleration. Note that since the matrix of
coefficients is symmetric, it might be preferable to consider
Symmetric SOR (SSOR) [8]
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. It is known that for both SOR and SSOR, when an optimized
relaxation factor w, is used, we have an improved conditioning
of the ((S)SOR) preconditioned system x(P~!(w.)H) =
O(\/k(H)) [8], [9]. Which exhibits similarity to gradient
acceleration. But w, is expensive to find. In any case, if an
optimized relaxation factor can be used, it does not appear nec-
essary to combine SOR with accelerated gradient techniques.
Also, this seems to indicate that both accelerated gradient
techniques and SOR (relaxed alternating minimization) are two
different approaches to achieve accelerated iterative solutions
with similar theoretical convergence speeds. Nevertheless, one
may wonder if one of these approaches would be better
suited for the alternating minimization appearing in WSR
optimization. Note that in [5] SOR is applied to find one
MIMO Tx precoder with low complexity. However, in MIMO
systems, we typically have to alternate also at a higher level,
between the optimization of the various Tx and Rx involved.
The Kaczmarz approach is another algorithm in which one
iteratively forces subsets of the equations to be satisfied,
In [10] the authors consider random subset selection and
they optimize the probability distribution of this selection.
Expressions are derived for the expected convergence rate,



which can apparently be improved significantly by randomness
and distribution optimization. It is not clear though if this can
be made as competitive as some of the alternatives above,
considering some of the results in the next reference.

[11] refers to work by Nesterov on accelerated Gauss-Seidel,
i.e. Block Coordinate Descent (Alternating Minimization).
The authors introduce randomizing the block partitioning and
updating order and frequency.The analysis on expected conver-
gence rates show great potential improvement. In some of the
simulations, the randomization of the updates leads to faster
convergence than Nesterov acceleration. The combination of
both ingredients leads to the fastest convergence of course.
Their approach also applies to Kaczmarz.

VI. STEPSIZE OPTIMIZATION

Stepsize optimization is an important issue in stochastic
gradient techniques as applied to e.g. adaptive filtering (the
Least Mean Squares (LMS) algorithm) [12]. In [13], adaptive
stepsizes are derived for accelerated stochastic gradient. The
resulting expressions are impressively complex though.

For the case of alternating minimization, some work on
stepsize adaptation appears in [14] and associated papers.
Acceleration for alternating majorization minimization is con-
sidered there. Related work appears in [15].

Acceleration has been applied for some time in compressive
sensing, esp. for LASSO in the form of the Fast Itera-
tive Shrinkage and Thresholding Algorithm (FISTA), where
standard Nesterov acceleration is used. In [16], optimized
stepsizes are proposed for successice convex approximations
(SCAs) (majorization) and momentum terms, and extending
stepsize optimization from line search to 2D stepsize subspace
optimization. This brings up connections with the Affine
Projection Algorithm (APA) which is a multi-dimensional
projection generalization of the Normalized LMS algorithm
[17].

VII. CONCLUDING REMARKS

In much of the state of the art (SotA), the beamforming design
is not really optimized (e.g. take a regularized zero-forcing
beamformer). Producing an optimized beamformer for e.g.
sum rate takes an addiional complexity level w.r.t. R-ZF.

Tx beamformer design is a constrained optimization prob-
lem. Most of the SotA on accelerated algorithms are for
unconstrained problems. Tx powers and Lagrange multipliers
could be optimized separately. Not clear how much each
optimization affects the overall convergence speed.

The SotA on accelerated gradient techniques considers ex-
tremely little knowledge on the Hessian of the optimization
problem and hence comes up with quite conservative worst
case optimizations. There appears to be significant room to
explore step-size optimization.

Assuming we want an optimal (e.g. max WSR) precoder
design, which iterative technique is fastest for given computa-
tional complexity: e.g. (accelerated) gradient or (accelerated)
Gauss-Seidel/successive over-relaxation? Perhaps the optimal
could be to move from gradient initially to Gauss-Seidel at
convergence?

Another question is whether deterministic annealing with
an optimized updating schedule and technique would be a
contender for a low complexity solution with furthermore
global optimality?

A sobering thought however in the context of precoder design
is that much simpler algorithms exist that compute approxi-
mate solutions and may require less channel state information,
e.g. beamspace, or pathwise processing (covariance CSIT), or
naive UL/DL duality, regularized or reduced-order ZF,....
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