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Abstract—In moderate- to high-mobility scenarios, channel
state information (CSI) varies rapidly and becomes temporally
non-stationary, leading to severe performance degradation in
the massive multiple-input multiple-output (MIMO) transmis-
sions. To address this issue, we propose a tensor-structured
approach to dynamic channel prediction (TS-DCP) for massive
MIMO systems with temporal non-stationarity, exploiting both
dual-timescale and cross-domain correlations. Specifically, due
to inherent spatial consistency, non-stationary channels over
long-timescales can be approximated as stationary on short-
timescales, decoupling complicated temporal correlations into
more tractable dual-timescale ones. To exploit such property,
we propose the sliding frame structure composed of multiple
pilot orthogonal frequency-division multiplexing (OFDM) sym-
bols, which capture short-timescale correlations within frames
by Doppler domain modeling and long-timescale correlations
across frames by Markov/autoregressive processes. Building on
this, we develop the Tucker-based spatial-frequency-temporal do-
main channel model, incorporating angle-delay-Doppler (ADD)
domain channels and factor matrices parameterized by ADD
domain grids. Furthermore, we model cross-domain correlations
of ADD domain channels within each frame, induced by clustered
scattering, through the Markov random field and tensor-coupled
Gaussian distribution that incorporates high-order neighborhood
structures. Following these probabilistic models, we formulate the
TS-DCP problem as variational free energy (VFE) minimization,
and unify different inference rules through the structure design
of trial beliefs. This formulation results in the dual-layer VFE
optimization process and yields the online TS-DCP algorithm,
where the computational complexity is reduced by exploiting
tensor-structured operations. Numerical simulations demonstrate
the significant superiority of the proposed algorithm over bench-
marks in terms of channel prediction performance.

Index Terms—Massive MIMO, channel prediction, variational
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DRIVEN by the demand for higher data rates, massive
multiple-input multiple-output (MIMO) and orthogonal

frequency-division multiplexing (OFDM) techniques are ex-
pected to keep playing vital roles in future communication
systems thanks to their significant capacity gain and enhanced
spectral efficiency [1]–[5]. In massive MIMO-OFDM systems,
precoding and detection rely on the sufficiently accurate chan-
nel state information (CSI), making CSI acquisition critical in
achieving high performance [6]–[8].

In time division duplex (TDD) systems, the channel reci-
procity enables the acquisition of CSI in the uplink for use in
the downlink, thus reducing CSI acquisition overhead. How-
ever, large Doppler frequencies and temporal non-stationarity
in moderate- to high-mobility scenarios lead to severe channel
aging, causing significant performance degradation. This issue
becomes more challenging as future communication systems
evolve to the upper mid-band [9], due to the linearity of the
Doppler frequency to the carrier frequency. To address these
challenges, channel prediction has emerged as a promising
solution, which captures temporal correlations in historical CSI
to predict future CSI, thereby combating channel aging [10].

A. Previous Works

In the stationary propagation environments, Doppler domain
modeling demonstrates significant superiority among temporal
correlation models for channel prediction. Specifically, [11]
and [12] investigate Doppler frequency estimation by spectrum
estimation algorithms for narrowband and wideband MIMO
systems, respectively. Leveraging the high angle and delay
resolution of massive MIMO-OFDM systems, the angle-delay
domain channel estimation is performed, followed by Doppler
frequency extraction from effective angle-delay domain chan-
nel taps [13]–[15]. To mitigate the effect of channel estimation
error on channel prediction, [16] and [17] investigate the joint
channel estimation and prediction in the angle-delay-Doppler
(ADD) domain. When it comes to the non-stationary channels,
the time-varying Doppler frequencies are approximated by
polynomials [18], enabling channel prediction via polynomial
Fourier transformation and the orthogonal matching pursuit
algorithm. By treating Doppler frequencies as imperfection
parameters, the Doppler variations over time are also captured
by autoregressive (AR) processes in [19], [20], which facilitate
the exploitation of channel sparsity.
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Beyond the Doppler domain modeling, the AR model has
also been extensively investigated, especially in non-stationary
environments. Specifically, channel models based on angle
and delay domain sparse representation are presented in [21]–
[23], where AR processes capture the temporal correlation of
sparse domain channels. As such, sparse Bayesian learning
(SBL) and expectation maximization algorithms are employed
for channel tracking and AR parameter learning. By incor-
porating the AR process of angle domain channels, [24]
presents the online group SBL algorithm, which exploits the
joint sparsity of the angle domain across subcarriers and
the structured sparsity within one symbol. To further explore
the inter-subcarrier correlations, angle-delay domain sparse
representations are developed in [25], where spatial-temporal
AR processes capture the residual temporal correlations of
neighboring elements. Without the perfect channel knowledge,
[26], [27] adopt spatial domain high-order AR processes
to enhance the robustness of channel prediction algorithms
in practical systems, while [28] employs the deep learning
framework. Due to the continuous evolution of propagation
environments, the angle variations over time are also captured
by AR processes and tracked by the Kalman filter (KF) [29].
In [30], [31], the Markov processes are introduced for the
angle and angle-delay domain channel support, capturing the
dynamic sparsity. Inspired by AR processes, [32] employs the
Taylor series for temporal correlations of angle-delay domain
channels and develops a linear regression-based algorithm.

B. Motivations and Contributions
Channel prediction in moderate- to high-mobility scenarios

is challenging due to intractable temporal correlations arising
from dynamic propagation environments. However, the inher-
ent spatial consistency of channels offers a practical simpli-
fication: non-stationary channels over long-timescales can be
approximated as stationary on short-timescales [33]–[35], thus
decoupling the complicated temporal correlations into more
tractable dual-timescale correlations. Moreover, the clustered
distribution of scatterers induces cross-domain correlations
with significant structured patterns in both channel sparsity
and power [36], [37]. By capturing these correlations, channel
prediction performance in dynamic propagation environments
can be significantly enhanced, which motivates our work.

In this paper, we investigate the tensor-structured approach
to dynamic channel prediction (TS-DCP) for massive MIMO
systems with temporal non-stationarity. The main contribu-
tions of this paper are summarized as follows:

• To exploit dual-timescale correlations, we propose the
sliding frame structure composed of multiple pilot OFDM
symbols for channel prediction, characterizing the short-
and long-timescale correlations by intra- and inter-frame
ones. Specifically, we develop the tensor-structured re-
ceived signal model in the spatial-frequency-temporal
(SFT) domain, incorporating ADD domain channels and
factor matrices parameterized by ADD domain grids.
In this representation, the intra-frame correlations are
captured by Doppler domain modeling, while the inter-
frame correlations of support and power of ADD domain
channels are modeled using Markov/AR process.

• To capture cross-domain correlations, we introduce the
concept of high-order neighbors under the tensor repre-
sentation, defining the interaction region of cross-domain
correlations for each ADD domain grid. Building on
this, we employ the Markov random fields (MRF) and
tensor-coupled Gaussian distributions (TCGD) to model
the ADD domain sparse structures and power variations,
which are caused by the clustering distribution of scat-
terers. Specifically, the MRF characterizes the support
of ADD domain channels within each frame, while the
TCGD models the power variations in the AR process
of inter-frame ADD domain channels, providing more
accurate representations of practical channels.

• Building on the probabilistic models, we formulate the
TS-DCP problem as variational free energy (VFE) min-
imization and present the online approximation to en-
able real-time prediction. By designing the structure of
trial beliefs, this problem is interpreted as a dual-layer
optimization process, ultimately yielding the online TS-
DCP algorithm. In this algorithm, different inference
rules are unified under the VFE minimization framework,
and tensor-structured operations are leveraged to signif-
icantly reduce the computational complexity. Numerical
simulations demonstrate the superior channel prediction
performance of the proposed algorithms compared to the
state-of-the-art benchmarks.

C. Organization and Notations

1) Organization: The remainder of this paper is organized
as follows. In Section II, we develop the SFT domain chan-
nel model and its Tucker-based representations with factor
matrices parameterized by ADD domain grids. Based on
probabilistic models, the TS-DCP problem is formulated under
the VFE minimization framework in Section III. Following
this, the online TS-DCP algorithm is developed in Section
IV, where the inner- and outer-layer are detailed respectively.
Numerical simulations in Section V demonstrate the supe-
riority of proposed algorithms over benchmarks in terms of
the computational complexity and channel prediction perfor-
mance. Finally, Section VI concludes the paper.

2) Standard Notations: The imaginary unit is represented
by j =

√
−1. x, x, and X denote scalars, column vec-

tors, and matrices, respectively. The transpose, conjugate,
and conjugate-transpose operations are represented by the
superscripts (·)T , (·)∗, and (·)H , respectively. The symbols C
denote the complex number fields. [·]i1,...,iD is the (i1, . . ., iD)-
th element of D-order tensor. D {·} and H {·} denote the
Kullback-Leibler divergence (KLD) and differential entropy,
respectively. The outer and Hadamard products are represented
by the operator ◦ and ⊙, respectively. E {·} and V {·} denote
the expectation and variance operators, respectively. diag{·}
and Re{·} denote the diagonal and real part operators, respec-
tively. The key abbreviations are summarized in Table I.

3) Tensor Notations: The tensor operations and definitions
in this paper align with the counterparts in [38]. For a D-
order tensor X ∈ CN1×N2×...×ND , the mode-d matrixization
Xd ∈ CNd×N1...Nd−1Nd+1...ND arranges the mode-d fibers of
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TABLE I
SUMMARY OF KEY ABBREVIATIONS

Abbreviation Full Description

MIMO Multiple-Input Multiple-Output
OFDM Orthogonal Frequency-Division Multiplexing
TDD Time Division Duplex
CSI Channel State Information
SFT Spatial-Frequency-Temporal
ADD Angle-Delay-Doppler
MRF Markov Random Field

TCGD Tensor-Structured Coupled Gaussian Distribution
MMSE Minimum Mean Square Error
KLD Kullback-Leibler Divergence
VFE Variational Free Energy
BFE Bethe Free Energy
MCC Marginal Consistency Constraints
SSCC Sufficient Statistical Consistency Constraints

this tensor, obtained by fixing the index along the d-th dimen-
sion and varying the others, into its column vectors. The high-
order cyclic shift operations is defined by [X [r]]n1,...,nD

=
[X ]n̄1,...,n̄D

with n̄d = (nd+ rd) mod Nd. Given the tensors
X ,Y with the same size, the inner product is defined as

⟨X ,Y⟩ =
∑
n1

∑
n2

. . .
∑
nD

[X ]n1,n2,...,nD
[Y ]∗n1,n2,...,nD

, (1)

which is also the high-order extension of matrix inner prod-
uct, and we define ∥X∥F =

√
⟨X ,X ⟩ as the high-order

extension of Frobenius norm. We also define ℓ1 norm of X ,
given by ∥X∥1 =

∑
n1

∑
n2
. . .

∑
nD

|[X ]n1,n2,...,nD
|. The

mode-d tensor-matrix multiplication of tensor X and matrix
Ud ∈ CKd×Nd is denoted as Y = X ×d Ud, given by

[Y ]n1,...,nd−1,kd,nd+1,...,nD
=

∑
nd

[U]kd,nd
[X ]n1,...,nD

. (2)

The tensor-matrix multiplication Y = X ×d Ud is equivalent
to matrix-matrix multiplication Yd = UdXd, and satisfies
the commutativity across dimensions. CN(X ;U ,E) denotes
the joint probability density function (PDF) of X , whose
entries are independently drawn from circularly symmetric
complex Gaussian distributions with element-wise mean U
and variance E . C(x) denotes the tensor with all elements
being x. The element-wise function applications to tensors
follow the convention that, for any tensor X and function
f(·), we have [f(X )]n1,...,nD

= f([X ]n1,...,nD
).

II. SYSTEM MODEL

In this paper, we consider the massive MIMO-OFDM
system with a base station (BS) equipped with a uniform
planar array (UPA) of Nan = Nh × Nv antennas and single-
antenna mobile terminals (MTs), where Nh and Nv denote
the number of horizontal and vertical antennas, respectively.
This system operates in the TDD mode under the assumption
of perfect calibration, and the frame structure conforms to
the the fifth generation (5G) New Radio (NR) specifications
[39]. The OFDM symbol duration, cyclic prefix (CP) duration,
and subcarrier spacing are denoted by ∆Tsym, ∆Tcp, and ∆f
respectively, leading to the total OFDM symbol duration with
CP given by ∆T = ∆Tsym +∆Tcp.

…2 Nsym
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Fig. 1. Sliding frame structure for dynamic channel prediction.

The MTs employ sounding reference signal as pilots for
uplink channel sounding, which is characterized by comb-type
pilot patterns with uniform spacing in both the temporal and
frequency domains. Specifically, pilot symbols are inserted
every ∆T̄ = NIS∆T in the temporal domain, and every
∆f̄ = NTC∆f in the frequency domain, where NIS and NTC
denote the number of pilot interval symbols and transmission
combs, respectively. Since channels exhibit inherent spatial
consistency in practical systems, the physical parameters of
each path remain unchanged on short-timescale and vary
smoothly on long-timescale [33]–[35]. To capture this dual-
timescale correlation, we introduce the sliding frame structure
shown in Fig. 1, where each frame contains multiple pilot
OFDM symbols. Within each frame, intra-frame correlations
characterize short-timescale channel variations, while inter-
frame correlations capture long-timescale dynamic correlations
across frames. In each frame, the BS collects the received
symbols in the pilot segment and predicts channels of all
symbols from the last observed pilot symbol to the first
upcoming pilot symbol, thus combating channel aging.

A. Channel and Signal Models

The channel impulse response (CIR) at the (nh, nv)-th
antenna and the nF-th frame is expressed as1

hnF,nh,nv(t, τ) =
∑LnF

l=1
gnF,le

j2πtνnF,lδ(τ − τnF,nh,nv,l), (3)

where LnF denotes the number of paths, τnF,nh,nv,l ≜ τnF,l +
[(nh − 1)dh,nF,l + (nv − 1)dv,nF,l]/c denote the propagation
delay of the l-th path from the MT to the (nh, nv)-th under the
far-field assumption, dh,nF,l ≜ dsin(ψel,nF,l)sin(ψaz,nF,l) and
dv,nF,l ≜ dcos(ψel,nF,l) denote the propagation distance differ-
ence in horizontal and vertical dimensions of the l-th path,
respectively, gnF,l, τnF,l, νnF,l, ψel,nF,l, and ψaz,nF,l denote the
complex gain, delay, Doppler frequency, elevation and azimuth
angle of the l-th path, respectively, c and d denote the speed
of light and inter-antenna spacing, respectively.

By taking the Fourier transform of CIRs and stacking the
result in all antennas and pilot resource elements in the nF-th
frame, the SFT domain channel at pilot segments is given as

HnF =
∑LnF

l=1
gnF,lah(θnF,l) ◦av(ϕnF,l) ◦b(τnF,l) ◦ c(νnF,l),

(4)

1Since there is no pilot contamination between MTs, we focus on the typical
MT in the cell and ignore the MT index for simplicity of expressions.
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Fig. 2. The diagrams of the SFT domain and ADD domain channel tensors.
In this case, only the horizontal angle and antenna domains are shown.

where ah(θ), av(ϕ), b(τ) and c(ν) denote the horizon-
tal angle, vertical angle, delay and Doppler domain steer-
ing vectors, defined by [ah(θ)]nh ≜ exp(−j2π(nh − 1)θ),
[av(ϕ)]nv ≜ exp(−j2π(nv−1)ϕ), [b(τ)]nsc ≜ exp(−j2π(nsc−
1)∆f̄ τ) and [c(ν)]nsym ≜ exp(j2π(nsym − 1)∆T̄ ν), respec-
tively, θnF,l ≜ dh,nF,l/λ and ϕnF,l ≜ dv,nF,l/λ denote the hori-
zontal and vertical directional cosines of the l-th path, respec-
tively, and λ denotes the wavelength.

After the cyclic prefix removal and OFDM demodulation,
the received signal tensor at pilot segments is expressed as

YnF = X ⊙ HnF +ZnF , (5)

where X ∈ CNh×Nv×Nsc×Nsym , HnF ∈ CNh×Nv×Nsc×Nsym and
ZnF ∈ CNh×Nv×Nsc×Nsym denote the pilot tensor, the SFT
domain channel and the additive white Gaussian noise at
pilot segments, respectively. Since pilot symbols in the uplink
training phase are known at BS, we assume that X is all-one
tensor without loss of generality.

B. Tucker-Based Representations

Due to the limited scattering propagation environments,
the SFT domain channels exhibit low-rank structures, which
can be exploited by the unstructured tensor decomposition
(TD) framework. However, the uniqueness condition of such
framework is typically not satisfied in practical propagation
environments. This limitation can be mitigated by leveraging
the inherent structure of factor matrices [40]–[42].

Based on (4), the factor matrices of SFT domain channels
are parameterized by ADD domain grids, defined as

Ah(θ̃nF) = [ah(θ̃1,nF), . . .,ah(θ̃Kh,nF)] ∈ CNh×Kh , (6a)

Av(ϕ̃nF) = [av(ϕ̃1,nF), . . .,av(ϕ̃Kv,nF)] ∈ CNv×Kv , (6b)

B(τ̃nF) = [b(τ̃1,nF), . . .,b(τ̃Kde,nF)] ∈ CNsc×Kde , (6c)

C(ν̃nF) = [c(ν̃1,nF), . . ., c(ν̃Kdo,nF)] ∈ CNsym×Kdo , (6d)

where Kx, x ∈ {h, v, de, do} denote the number of grids, θnF ,
ϕnF , τnF , and νnF denote the ADD domain grids. Following
most prior work on dynamic grids, the numbers of angle, delay,
and Doppler domain grids are typically set proportional to
the numbers of antennas, subcarriers, and OFDM symbols, re-
spectively, thereby offering trade-offs between computational
complexity and model flexibility.

Therefore, the SFT domain channels are represented by the
Tucker-based model, given by

HnF =GnF×1Ah(θ̃nF)×2Av(ϕ̃nF)×3B(τ̃nF)×4C(ν̃nF), (7)

where GnF ∈ CKh×Kv×Kde×Kdo denotes ADD domain chan-
nels, with elements being the path gain of the specific ADD
domain grid and corresponding to the specific rank-one multi-
path component. Based on this representation, channel pre-
diction can be achieved by ADD domain channel acquisition,
which leverages the inter-antenna, inter-subcarrier, and inter-
symbol correlations. The specific SFT and ADD domain
channels are illustrated in Fig. 2, where only the horizontal
angle and antenna domains are shown for visualization. It
can be observed that the ADD domain channels contain non-
zero values contributed by only a few scatterers, revealing the
inherent low-rank structure of SFT domain channels.

Remark 1. The Tucker-based model captures the multi-linear
structure of channels, offering the following advantages:

• Concise representation: The high-order structure of the
ADD domain channels allows for the concise representa-
tion of high-order neighbors in structured prior models.

• Efficient computation: The low-dimensional factor ma-
trix in each domain enables significantly reduced compu-
tational complexity of the multi-linear model.

III. PROBLEM FORMULATION

Although the multi-linear rank is crucial for ADD domain
channel acquisition, its optimal selection remains challenging
due to the presence of noise. This challenge motivates the
introduction of Bayesian perspectives, which inherently enable
automatic rank determination and eliminate the need for the
explicit estimation [43]–[46]. Toward this end, we develop
probabilistic models for channel prediction with temporal
non-stationarity, formulating the dynamic channel prediction
problem based on the VFE minimization. Following this, the
online approximation and dual-layer optimization of the VFE
is achieved through the structure design of trail beliefs.

A. Probabilistic Models

1) Observation and Multi-linear Transformation: Follow-
ing (5), the PDF of the observation model is expressed as

P(Y(NF) |H(NF)) =
∏NF

nF=1
CN(YnF ;HnF ,C(σ2

z))︸ ︷︷ ︸
PY,nF

, (8)

where Y(NF) ≜ {YnF}
NF
nF=1 and H(NF) ≜ {HnF}

NF
nF=1 denote

the sets of observations and SFT domain channels for NF
frames, respectively.

For multi-linear transformations, it is challenging to explic-
itly capture the dependencies between SFT domain channels
and ADD domain grids. To simplify these dependencies, we
uniformly sample the ADD domain to replace the dynamic
grids in (7) with fixed sampling grids. This sampling strategy
provides accurate approximations of the continuous physical
parameters when the numbers of antennas, subcarriers, and
OFDM symbols are sufficiently large. However, the devia-
tions between sampling grids and ground-truth parameters are
inevitable in the practical systems with limited dimensions,
which can be captured through ADD domain perturbation pa-
rameters on top of uniformly sampling grids. Specifically, we
define the ADD domain perturbed grids as χ̃nF ≜ χ̄+∆χnF



5

Elements of 

Interest

High-Order 

Neighbors

Fig. 3. The three-dimensional example of high-order neighbors. In this case,
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for χ ∈ {θ,ϕ, τ ,ν}, where χ̄ and ∆χnF denote the sampling
grids and perturbation parameters, respectively. Although the
resolution of uniform sampling is typically determined by
the discrete Fourier transform, slight oversampling can further
improve model accuracy with only a marginal increase in the
computational complexity. By treating perturbation parameters
as imperfection parameters due to the off-grid effect, the PDF
of multi-linear transformation is given as

P(H(NF) |G(NF);POG,(NF))=
∏NF

nF=1
P(HnF |GnF ;POG,nF)︸ ︷︷ ︸

PHG,nF

,

(9a)
PHG,nF ∝ δ(HnF−GnF×1Ah(θ̄+∆θnF)×2Av(ϕ̄+∆θnF)

×3B(τ̄+∆τnF)×4C(ν̄+∆νnF)), (9b)

where G(NF) ≜ {GnF}
NF
nF=1 denotes the set of ADD do-

main channels for NF frames, POG,(NF) ≜ ∪NF
nF=1 POG,nF

denotes the sets of perturbation parameters in all frames, and
POG,nF ≜ {∆θnF ,∆ϕnF ,∆τnF ,∆νnF}.

2) ADD Domain Channels: Beyond sparsity, the ADD
domain channels exhibit long-timescale correlations due to
spatial consistency and cross-domain correlations due to the
cluster scattering, which can be captured to further enhance
channel prediction. Specifically, the ADD domain channels
are modeled by two hidden random processes, expressed as

P(G(NF) |S(NF),Q(NF)) =
∏NF

nF=1
δ(GnF − SnF ⊙ QnF)︸ ︷︷ ︸

PGSQ,nF

,

(10)
where S(NF) ≜ {SnF}

NF
nF=1, and Q(NF) ≜ {QnF}

NF
nF=1, the

binary-valued tensor SnF and complex-valued tensor QnF

describe the sparsity and power of the ADD domain channel,
respectively. Since ADD domain channel tensor elements that
are not visible in one frame may become visible in subsequent
frames under environments with tenporal non-stationarity, it is
crucial to employ hidden value tensors for the modeling of all
potential path gains [30].

Due to the smooth variation of the physical parameters of
each path across frames, the hidden support tensor is modeled
as a first-order Markov process, given by

P(S(NF);M) =
∏NF

nF=1
P(SnF |SnF−1;M), (11)

where S0 ≜ C(0), M denotes the transition factor and con-
trols the sparsity transition probability across frames. In this

model, P(SnF |SnF−1;M) denotes the transition probabilistic
models of the hidden support tensor, given by

P(SnF |SnF−1;M) = PMRF(SnF)PTC(SnF |SnF−1;M),
(12)

where PTC(SnF | SnF−1;M) denotes the long-timescale
probabilistic model across frames, given by

PTC(SnF |SnF−1;M) ∝
exp(⟨M, (2SnF−1 − C(1)) ⊙ (2SnF − C(1))⟩), (13)

where the conversion from binary to bipolar support tensor is
inspired by the Ising model [47]–[49] and PMRF(SnF) denotes
the intra-frame cross-domain probabilistic model, given by

PMRF(SnF) ∝∏
r∈N

exp(γ⟨(2SnF − C(1)), (2S [r]
nF

− C(1))⟩), (14)

where γ controls the strength of cross-domain correlations,
and N denotes the relative index set of high-order neighbors,
whose three-dimensional example is shown in Fig. 3.

Similarly, the hidden value tensor is modeled based on the
hidden value tensor of the previous frame, given by

QnF = (C(1)−L) ⊙ QnF−1 +L ⊙ WnF , (15)

where L denotes the transition factor and controls the long-
timescale temporal correlations, Q0 ≜ C(0), WnF following
TCGD controls the variations of the hidden value tensor across
frames, given by

P(W) ∝ CN(W ;C(0),V)
∏

r∈N
CN(W ;C(0), γ−1V [r]).

(16)
It implies that the power of each element in WnF is controlled
not only by its own hyperparameter but also by the hyperpa-
rameters within N .

Remark 2. The temporal variations of hyperparameters are
assumed to be negligible over the duration of interest, enabling
joint processing of multiple frames to enhance hyperparameter
learning. This assumption is typically satisfied by selecting the
proper number of frames for hyperparameter learning.

B. Dual-Layer Online VFE Minimization Formulation

Building on the above probabilistic models, the hierarchical
Bayesian model is depicted in Fig. 4, where only the interac-
tion between two frames is shown. Therefore, the acquisition
of ADD domain channels based on the minimum mean square
error (MMSE) criterion is expressed as

Ĝ(NF) =

∫
G(NF)P(G(NF) |Y(NF);POG,(NF),PHP), (17)

where P(G(NF) | Y(NF);POG,(NF),PHP) denotes the posterior
PDF, PHP ≜ {M,L,V} denotes the set of hyperparameters.

Since the marginal posterior PDFs involve multiple inte-
grals of the joint posterior PDF, the exact MMSE estimator
suffers from prohibitive computational complexity in massive
MIMO systems. To address this issue, we adopt variational
inference techniques to approximate the complicated PDF by
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trial beliefs with simplified structures [50]. Based on the KLD
minimization criterion, such approximation is formulated as

b̂ = argmin
b

FV, (18)

where b ≜ b(H(NF),G(NF),S(NF),Q(NF);POG,(NF),PHP) de-
notes the trial belief, FV denotes the joint VFE and is defined
as the KLD between the trial belief and joint PDF.

Because the variables and hyperparameters are shared across
frames, a straightforward VFE minimization involves storing
all received signals and jointly optimizing the trial beliefs for
all frame. However, this prevents the real-time inference and
is meaningless for the channel prediction task. To circumvent
this issue, we simplify the trial belief to the factorized form
inspired by variational messaging algorithms [51], given as

b(H(NF),G(NF),S(NF),Q(NF);POG,(NF),PHP) ≈
b(PHP)b(POG,(NF))b(H(NF),G(NF),S(NF),Q(NF)), (19)

where the hyperparameter and perturbation parameter beliefs
are constrained to uninformative Dirac-Delta functions param-
eterized by unknown ground-truth, given as

b(PHP) = b(M)b(L)b(V), (20a)

b(P) = δ(P − P̂),P ∈ {M,L,V}, (20b)

and
b(POG,(NF)) =

∏NF

nF=1
b(POG,nF), (21a)

b(POG,nF) = b(∆θnF)b(∆ϕnF)b(∆τnF)b(∆νnF), (21b)

b(χ) = δ(χ− χ̂),χ ∈ {∆θnF ,∆ϕnF ,∆τnF ,∆νnF}, (21c)

where P̂ and χ̂ denote the ground-truth hyperparameters and
perturbation parameters, respectively. This simplification is
justified by the observation that the model hyperparameters
PHP, which capture long-timescale and cross-domain corre-
lations in ADD domain channels, vary much more slowly
than the instantaneous channels. Therefore, the model hyper-
parameters are assumed to remain stable within each frame,
as is the case for perturbation parameters. For the shared
variables across successive frames, we approximate them by

the posterior mean. This further decouples the trial belief into
the factorized form of per-frame trial belief, given by

b(H(NF),G(NF),S(NF),Q(NF)) ≈∏NF

nF=1
b(HnF ,GnF ,SnF ,QnF), (22)

where b(HnF ,GnF ,SnF ,QnF) denotes the trial belief of the
nF-th frame.

Building on the structure design of trial beliefs, the joint
VFE minimization is reformulated as the dual-layer optimiza-
tion. The outer-layer focuses on perturbation parameter and
hyperparameter learning, while the inner-layer aims to mini-
mize the VFE with learned parameters from the outer-layer.
Specifically, the inner-layer operates in the online manner,
restricting the optimization of trial beliefs to a single frame,
as described in the following proposition.

Proposition 1. Given belief structures in (19), (20), (21), annd
(22), the VFE optimization in the inner-layer is given by

b̂nF = argmin
bnF

F̄V,nF , (23)

where bnF ≜ b(HnF ,GnF ,SnF ,QnF) denotes the per-frame
trial belief, F̄V,nF denotes the per-frame VFE given by
(24) at the top of the next page, P̂HP ≜ {M̂, L̂, V̂} and
P̂OG,nF ≜ {∆̂θnF , ∆̂ϕnF , ∆̂τnF , ∆̂νnF} denote the set of hy-
perparameters and perturbation parameters learned from the
outer-layer, respectively.

Proof. Please refer to Appendix A.

IV. ONLINE TENSOR-STRUCTURED DYNAMIC CHANNEL
PREDICITON ALGORITHM

Building upon the dual-layer VFE optimization process, the
inference of the inner- and outer-layers is discussed in Section
IV-A and Section IV-B, respectively, and ultimately yields the
online TS-DCP algorithm.

A. Multi-Linear Inference with Structured Priors

The VFE minimization in (23) is formulated as the alter-
nating minimization between two modules, as shown in Fig.
5. The first module, the multi-linear observation (MO) mod-
ule, focuses on observation and multi-linear transformation
models, while the second, the structured prior (SP) module,
incorporates ADD domain channel models. Therefore, the trial
belief of the nF-th frame is constrained by

bnF = bMO,nFbHS,nFbHV,nF , (25)

where bMO,nF is optimized in the MO module, while bHS,nF

and bHV,nF are optimized in the SP module.
1) MO Module: Since the MO model is a multi-linear

generalization of the linear observation model, we employ the
Bethe method [52], [53] based on joint PDF factorization and
region partitioning and constrain the trial belief as

bMO,nF = (bY,nFbHG,nFbG,nF)(fH,nF f
N
G,nF

)−1 (26)

where bY,nF , bHG,nF , and bG,nF denote the factor beliefs for
the observation, multi-linear transformation, and prior models,



7

F̄V,nF ≜ D[b(HnF ,GnF ,SnF ,QnF) ∥ P(HnF ,GnF ,SnF ,QnF ,YnF | SnF−1,QnF−1; P̂OG,nF , P̂HP)], (24)

Multilinear  Observation

Module

Structured Prior 

Module

Hidden Support

Hidden Value

From Previous Frame

To Next Frame
Input / Output Flow

Message Flow

Likelihood

PriorFn

F F F
( , )n n n∣P

F F 1
ˆ( ; )n n −∣P

F F 1
ˆ ˆ( ; , )n n −∣P

F

ˆ
nF

ˆ
n

F 1
ˆ

n −F 1
ˆ
n −

F F F F FOG,
ˆ( ) ( ),n n n n n∣ ∣P P

Fig. 5. Module diagram of the multi-linear inference with structured priors.

respectively, fH,nF and fG,nF denote the variable beliefs for
HnF and GnF , respectively, and N ≜ NhNvNscNsym denotes
the repetitive counts to be excluded in the Bethe method.

Therefore, the VFE in the MO module is converted to the
Bethe free energy (BFE), expressed as

FMO,nF =D[bY,nF ∥ PY,nF ] + D[bHG,nF ∥ PHG,nF ]+

D[bG,nF ∥ Ppri
G,nF

] + H[fH,nF ] +NH[fG,nF ], (27)

where Ppri
G,nF

denotes the prior PDF approximation of ADD
domain channels from the SP module. To guarantee global de-
pendencies between beliefs, we impose marginal consistency
constraints (MCCs) for factor and variable beliefs sharing the
same variables. However, sinde the MCCs for continuous ran-
dom variables remain intractable, we relax them to first-order
(FO) and second-order (SO) sufficient statistical consistency
constraints (SSCCs), denoted as

EbY,nF
{HnF} = EbHG,nF

{HnF} = EfH,nF
{HnF}, (28a)

VbY,nF
{HnF} = VbHG,nF

{HnF} = VfH,nF
{HnF}, (28b)

EbHG,nF
{GnF} = EbG,nF

{GnF} = EfG,nF
{GnF}, (28c)

VbHG,nF
{GnF} = VbG,nF

{GnF} = VfG,nF
{GnF}. (28d)

Building upon the above BFE construction and MCC relax-
ation, the inference in the MO module is formulated as the
constrained BFE minimization problem, given by

argmin
bMO,nF

FMO,nF , s.t.(28), (29)

whose fixed-point equations are summarized in Proposition 2.

Proposition 2. Based on the Lagrange multiplier method [54],
the fixed-point equations of (29) are given by

bY,nF ∝ PY,nFCN(HnF ;N
H,bH
nF

,−(EH,bH
nF

)⊙−1), (30a)

bHG,nF ∝ PHG,nFCN(HnF ;N
H,bHG
nF

,−(EH,bHG
nF

)⊙−1)

CN(GnF ;N
G,bHG
nF

,−(EG,bHG
nF

)⊙−1), (30b)

bG,nF ∝ Ppri
G,nF

CN(GnF ;N
G,bG
nF

,−(EG,bG
nF

)⊙−1), (30c)

fH,nF ∝ CN(HnF ;N
H,bH
nF

,−(EH,bH
nF

)⊙−1)

CN(HnF ;N
H,bHG
nF

,−(EH,bHG
nF

)⊙−1), (30d)

fG,nF ∝ CN(GnF ;N
G,bHG
nF

,−N(EG,bHG
nF

)⊙−1)

CN(GnF ;N
G,bG
nF

,−N(EG,bG
nF

)⊙−1), (30e)

Algorithm 1 Single Iteration of MO Module
Input:

YnF , σ2
z : Observation and noise variance.

Ppri
G,nF

: Message of GnF from SP module.
P̂OG,nF : Estimation result of POG,nF .

Output:
Plik
G,nF

: Message of GnF to SP module.
1: EG,bHG

nF
= −(VbG,nF

{GnF})⊙−2 − EG,bG
nF

/N

2:
EH,bH
nF

= ((EG,bHG
nF

)⊙−1 ×1 |Ah(θ̂nF)|⊙2

×2 |Av(ϕ̂nF)|⊙2 ×3 |B(τ̂nF)|⊙2 ×4 |C(ν̂nF)|⊙2)⊙−1

3:
NH,bH

nF
= −UH,bH

nF
⊘ EH,bH

nF
+ ĜnF ×1 Ah(θ̂nF)

×2 Av(ϕ̂nF) ×3 B(τ̂nF) ×4 C(ν̂nF)

4: Ppri
H,nF

= CN(HnF ;N
H,bH
nF

,−(EH,bH
nF

)⊙−1)

5: bH,nF ∝ PY,nFP
pri
H,nF

, ĤnF = EbH,nF
{HnF}

6: EH,bHG
nF

= −(VbH,nF
{HnF})⊙−2 − EH,bH

nF

7: ∆N nF = UH,bH
nF

⊘ EH,bHG
nF

+ ĤnF −NH,bH
nF

8: UH,bH
nF

= ∆N nF ⊘ ((EH,bH
nF

)⊙−1 + (EH,bHG
nF

)⊙−1)

9: JH,bH
nF

= EH,bH
nF

⊙ (1 + EH,bH
nF

⊙ (VbH,nF
{HnF})⊙2)

10:
J G,bG

nF
= JH,bH

nF
×1 |AH

h (θ̂nF)|⊙2 ×2 |AH
v (ϕ̂nF)|⊙2

×3 |BH(τ̂nF)|⊙2 ×4 |CH(ν̂nF)|⊙2

11: EG,bG
nF

= ((J G,bG
nF

)⊙−1 − (NEH,bHG
nF

)⊙−1)⊙−1

12:
NG,bG

nF
= ĜnF + (EG,bG

nF
)⊙−1 ⊙ (UR,bR

nF
×1 ÂH

h (θ̂nF)

×2 ÂH
v (ϕ̂nF) ×3 B̂H(τ̂nF) ×4 ĈH(ν̂nF))

13: Plik
G,nF

= CN(GnF ;N
G,bG
nF

,−(EG,bG
nF

)⊙−1)

14: bG,nF ∝ Ppri
G,nF

Plik
G,nF

, ĜnF = EbG,nF
{GnF}

where N x,bx
nF

is defined in (31) at the top of the next page,
Ux,bx

nF
and Ex,bx

nF
are the Lagrange multipliers for SSCCs.

Proof. Please refer to Appendix B.

By substituting fixed-point equations in Proposition 2 into
SSCCs, the iteration equations for the Lagrange multipliers
can be derived. These equations are organized based on the
message flow backward and forward from observations to
ADD domain channels, summarized in Algorithm 1.

2) SP Module: In this module, due to correlations between
elements in hidden support tensors, the structured trial beliefs
are still constructed by the Bethe method, given by

bHS,nF = (blik
S,nF

bMRF
S,nF

bTC
S,nF

)(fF+1
S,nF

)−1, (32)

where blik
S,nF

, bMRF
S,nF

, and bTC
S,nF

denote the factor beliefs intro-
duced for likelihood PDF, MRF model, and long-timescale
correlation model, respectively, fS,nF denotes the variable
belief introduced for SnF , F denotes the number of high-order
neighbors. Therefore, the VFE of hidden support tensors in the
SP module is expressed as

FHS,nF =D[blik
S,nF

∥ Plik
S,nF

] + D[bMRF
S,nF

∥ PMRF
S,nF

]+

D[bTC
S,nF

∥ PTC,OL
S,nF

] + (F + 1)H[fS,nF ], (33)
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NH,bH
nF

= −UH,bH
nF

⊘ EH,bH
nF

+ EbY,nF
{HnF},N

H,bHG
nF

= −UH,bHG
nF

⊘ EH,bHG
nF

+ EbY,nF
{HnF}, (31a)

NG,bHG
nF

= −UG,bHG
nF

⊘ EG,bHG
nF

+ EbG,nF
{GnF},N

G,bG
nF

= −UG,bG
nF

⊘ EG,bG
nF

+ EbG,nF
{GnF}. (31b)

Algorithm 2 Single Iteration of SP Module
Input:

Plik
S,nF

, Plik
Q,nF

: Message of SnF and QnF from MO module.
P̂HP: Estimation result of PHP.

Output:
Ppri
S,nF

, Ppri
Q,nF

: Message of SnF and QnF to MO module.
1: ŪMRF

nF,r =
∑

r̄∈N\r U
MRF
nF,r̄ ,∀r ∈ N

2: US,MRF
nF,r = U lik

nF
+ UTC

nF
+ ŪMRF

nF,r ,∀r ∈ N
3: UMRF,1

nF,r = 1 + exp(2C(γ) + US,MRF
nF,r ),∀r ∈ N

4: UMRF,2
nF,r = exp(2C(γ)) + exp(US,MRF

nF,r ),∀r ∈ N
5: UMRF

nF,r = UMRF,1
nF,r − UMRF,2

nF,r ,∀r ∈ N
6: UMRF

nF
=

∑
r∈N UMRF

nF,r ,∀r ∈ N
7: Ppri

S,nF
∝ exp(−⟨UTC

nF
+ UMRF

nF
,SnF⟩)

8: bS,nF ∝ Plik
S,nF

Ppri
S,nF

, bQ,nF ∝ Plik
Q,nF

Ppri
Q,nF

9: ŜnF = EbS,nF
{SnF}, Q̂nF = EbQ,nF

{QnF}

where Plik
S,nF

denotes the likelihood PDF of hidden support
tensors, and PTC,OL

S,nF
denotes the temporal correlation model

with an online approximation, defined by PTC,OL
S,nF

≜ PTC(SnF |
ŜnF−1;M̂). Furthermore, the MCCs of binary-valued hidden
support tensor are equivalent to FO-SSCCs, given by

EbMRF
S,nF

{SnF}=EbTC
S,nF

{SnF}=Eblik
S,nF

{SnF}=EfS,nF
{SnF},

(34)
where bMRF

S,nF
denotes the factor belief of MRFs, given by

bMRF
S,nF

(SnF) =
∏

r∈N
bS,nF,r(SnF ,S

[r]
nF
). (35)

Therefore, the inference of hidden support tensors in the SP
module is formulated as

argmin
bHS,nF

FHS,nF , s.t.(34), (36)

and can be organized through belief propagation rules.
Due to the conditional independency of the elements in QnF

given Q̂nF−1, no additional constraints are required on the
trial beliefs of QnF , thus simplifying the VFE minimization.
By directly minimizing the KLD, the fixed-point equations of
hidden value tensors in the SP module are expressed as

bHV,nF ∝ Plik
Q,nF

PTC,OL
Q,nF

, (37)

respectively, where Plik
Q,nF

and PTC,OL
Q,nF

denote the likelihood
PDF and the temporal correlation model with online approx-
imation of hidden value tensors, respectively, and we define
PTC,OL
Q,nF

≜ P(QnF | Q̂nF−1; L̂, V̂).
Similar to the MO module, the iterative equations of La-

grange multipliers in the SP module are summarized in Algo-
rithm 2. In this context, U lik

nF
and UTC

nF
denote log-likelihood

ratios of Plik
S,nF

and Plik
Q,nF

, respectively.

3) Closing the Loops: Based on the iterative equations
within the MO and SP modules, a critical step in closing the
loop of online TS-DCP algorithm is the message exchange
between these modules, including Ppri

G,nF
, Plik

S,nF
, and Plik

Q,nF
.

Following the joint PDF factorization, the joint posterior PDF
of GnF , SnF , and QnF is

P(GnF ,SnF ,QnF | YnF) ∝ PGSQ,nFP
pri
S,nF

Ppri
Q,nF

Plik
G,nF

. (38)

Therefore, the prior and likelihood PDFs can be obtained by
marginalizing the joint posterior PDF and excluding contribu-
tions of other variables. However, zero elements in SnF lead
to the unobservability of the corresponding elements in QnF ,
thus yielding uninformative likelihood PDFs and preventing
the VFE minimization. To mitigate this issue, we adopt the
threshold-based Gaussian sum approximation [55] in Plik

Q,nF
.

B. Perturbation Parameter and Hyperparameter Learning

Beyond the MO and SP modules, the perturbation parameter
and hyperparameter learning refinies the grids and hyperpa-
rameters for MO and SP modules, respectively.

1) Perturbation Parameter: To reduce computational com-
plexity, we employ the sequential optimization approach for
the perturbation parameter. In the example of the horizontal
angle domain, the perturbation parameter learning rule based
on the VFE minimization is formulated as

∆̂θ⋆
nF

(a)
= argmin

∆̂θnF

D[bHG,nF ∥ P(HnF |GnF ; P̂OG,nF)]

= argmax
∆̂θnF

∫
bHG,nF lnP(HnF |GnF ; P̂\h,nF)︸ ︷︷ ︸

f(∆̂θnF )

, (39)

where (a) is due to only this KLD term depending on ∆̂θnF ,
P̂\h,nF ≜ {∆̂θnF , ∆̂ϕ⋆

nF
, ∆̂τ ⋆

nF
, ∆̂ν⋆

nF
} includes the perturba-

tion parameters currently being optimized and previously
optimized perturbation parameters of other domains. Through
the first-order Taylor approximation of factor matrices, the
objective function is approximated as in Proposition 3.

Proposition 3. The objective function in (39) is approximated
as the quadratic function with respect to ∆̂θnF , given by

f(∆̂θnF) = ∆̂θT
nF
Πh∆̂θnF − 2µT

h ∆̂θnF + C, (40)

where C denotes the constant term independent of ∆̂θnF , Πh
and µh are given by

Πh =(ȦH
h (θ̄)Ȧh(θ̄))

∗ ⊙∑
n
(ĝh

nF,n(ĝ
h
nF,n)

H + diag{εh
G,nF,n}), (41a)

µh =
∑

n
Re{diagH{ĝh

nF,n}Ȧ
H
h (θ̄)∆ĥ(1)

nF,n}−∑
n
Re{diag{ȦH

h (θ̄)Ah(θ̄)} ⊙ εh
G,nF,n}, (41b)



9

where Ȧh(θ) denotes the first-order derivative of Ah(θ) with
respect to θ, gh

nF,n, εh
G,nF,n

, and ∆ĥ
(1)
nF,n denote the first-mode

fibers of Ĝ
h
nF

, Eh
G,nF

, and ∆ĤnF , respectively, Ĝ
h
nF

, Eh
G,nF

, and
∆ĤnF are defined by (42) at the top of the next page.

Proof. Please refer to Appendix C.

Therefore, the perturbation parameter learning is formulated
as the quadratic optimization problem and solved by well-
known approaches with low-complexity, as are the learn-
ing rules in other domains. By leveraging efficient tensor
operations, the auxiliary matrices and vectors can also be
constructed in the low-complexity manner.

2) Hyperparameter Learning: Different from the pertur-
bation parameters, the hyperparameters in P̂HP are shared
across all frames and learned adaptively based on the current
observations. For the NF-th frame, the hyperparameter learning
rules based on the VFE minimization are expressed as

M̂
⋆
=argmax

M̂

NF∑
nF=1

∫
bS,nF lnPTC(SnF |SnF−1;M̂), (43a)

{L̂
⋆
, V̂

⋆
}=argmax

{L̂,V̂}

NF∑
nF=1

∫
bQ,nF lnP(QnF |QnF−1; L̂, V̂).

(43b)

where other terms in (23) are independent of M̂, L̂, and V̂ .
Due to the hyperparameter coupling in QnF , it is intractable
to find an analytic solution for V̂

⋆
. To address this, we first

learn V̄ instead and then approximate V̂
⋆

as [56], [57]

V̂
⋆
≈ V̄ + γ

∑
r∈N

V̄ [r]
, (44)

where V̄ is given in (45) at the top of the next page. Besides,
the learning rules of transition and temporal correlation factors
are summarized in Proposition 4, henceforth all hyperparam-
eters can be learned in the element-wise manner.

Proposition 4. The learning rules of transition and temporal
correlation factors are given by

M̂
⋆
= ln(1 +KM )− ln(1−KM ), (46a)

(NF − 1)V̄ ⊙ |L̂
⋆
|⊙2 +KL,1 ⊙ L̂

⋆
+KL,0 = 0, (46b)

where KM , KL,1 and KL,2 are defined by

KM =
1

NF

∑NF

nF=1
(2ŜnF − 1) ⊙ (2ŜnF−1 − 1), (47a)

KL,1 ≜
∑NF

nF=2
(|Q̂nF−1|⊙2 − Re{Q̂

∗
nF−1 ⊙ Q̂nF}), (47b)

KL,0 ≜ −
∑NF

nF=2
(|Q̂nF − Q̂nF−1|⊙2 + EQ,nF). (47c)

Proof. Please refer to Appendix D.

C. Online TS-DCP Algorithm

Following the dual-layer optimization framework in Section
III-B, the proposed online TS-DCP algorithm is summarized
as Algorithm 3. Given the estimation of ADD domain channels

Algorithm 3 Online TS-DCP Algorithm
Input:

Y(NF), σ
2
z : Observation and noise variance.

Output:
Ĥ(NF): Predicted SFT domain channels.

1: Initialize M̂, L̂, V̂ , Ŝ0, and Q̂0.
2: for nF = 1, . . ., NF do
3: for t = 1 : T do
4: Obtain the prior PDF of GnF .
5: Execute Algorithm 1.
6: Obtain the likelihood PDFs of SnF and QnF .
7: Execute Algorithm 2.
8: Perturbation parameter / hyperparameter learning.
9: end for

10: Predict the channel based on (48).
11: end for

and perturbation parameters, channel prediction is achieved by
the transformation from Doppler to temporal domain, given as

HCP
nF

= ĜnF ×1 Ah(θ̄ + ∆̂θnF) ×2 Av(ϕ̄+ ∆̂ϕnF)

×3 B(τ̄ + ∆̂τnF) ×4 C̃(ν̄ + ∆̂νnF), (48)

where C̃(ν) = [c̃(ν1), . . ., c̃(νKdo)] denotes the factor matrix
in the temporal domain for channel prediction, c̃(ν) denotes
the Doppler domain steering vector for channel prediction,
defined as [c̃(ν)]ncp = exp(j2π(T0+ncp∆T )ν), T0 = (Nsym−
1)∆T̄ and ncp denote the prediction origin and prediction
length, respectively. Since Algorithm 3 operates in the sliding
frame manner, it enables dynamic frame reorganization as new
pilot OFDM symbols become available, facilitating real-time
channel prediction.

Remark 3. By designing various belief structures and MCC
relaxations, we integrate the message passing rules-including
variational message passing [51], belief propagation [52],
expectation propagation variant [53], and expectation maxi-
mization [58] into Algorithm 3 under the VFE minimization
framework. This integration enables different message-passing
rule scheduling strategies from the alternating optimization
perspective, further reducing computational complexity [59].
Moreover, the probabilistic models are compatible with quan-
tized signals and hybrid analog-digital architectures, offering
a practical approach to reducing memory overhead.

V. SIMULATION RESULTS

A. Simulation Configuration

1) Scenario Setting: To validate the exactness of proposed
channel and probabilistic models, we employ the QuaDRiGa
channel simulator, which generates massive MIMO-OFDM
channels consistent with the third Generation Partnership
Program (3GPP) NR specifications [60] and has been vali-
dated in various field trials [61]. In the QuaDRiGa channel
simulator, we consider the 3GPP urban macro (UMa) non-
line-of-sight (NLOS) scenarios, where each channel contains
20 clusters consisting of 20 subpaths with similar physical
parameters. As MTs traverse the trajectory, the contribution



10

Ĝ
h
nF

= ĜnF ×2 Av(ϕ̄+ ∆̂ϕ⋆
nF
) ×3 B(τ̄ + ∆̂τ ⋆

nF
) ×4 C(ν̄ + ∆̂ν⋆

nF
), (42a)

Eh
G,nF

≜ EG,nF ×2 |Av(ϕ̄+ ∆̂ϕ⋆
nF
)|⊙2 ×3 |B(τ̄ + ∆̂τ ⋆

nF
)|⊙2 ×4 |C(ν̄ + ∆̂ν⋆

nF
)|⊙2, (42b)

∆ĤnF = ĤnF − ĜnF ×1 Ah(θ̄) ×2 Av(ϕ̄+ ∆̂ϕ⋆
nF
) ×3 B(τ̄ + ∆̂τ ⋆

nF
) ×4 C(ν̄ + ∆̂ν⋆

nF
). (42c)

V̄ =
1

NF
(|Q̂1|⊙2+EQ,1+

NF∑
nF=2

(|Q̂nF |⊙2+EQ,nF−2(1−L̂
⋆
) ⊙ Re{Q̂

∗
nF−1 ⊙ Q̂nF}+(1−L̂

⋆
) ⊙ |Q̂nF−1|⊙2) ⊘ (L̂

⋆
)⊙2). (45)

TABLE II
SCENARIO PARAMETERS

Paramter Value

Carrier Frequency fc = 6.7 GHz
OFDM Symbol Duration ∆Tsym = 33.33 µs

Cyclic Prefix Duration ∆Tcp = 2.34 µs
Subcarrier Spacing ∆f = 30 kHz

Number of Pilot Interval Symbols NIS = 14
Number of Transmission Combs NTC = 4

Number of BS Antennas (Nh, Nv) = (32, 16)
Number of Pilot Subcarriers Nsc = 64

Number of Pilot Symbols Nsym = 8
BS Height hBS = 25 m
MT Height hBS = 1.5 m

MT Distribution Radius rMT = 200 m

of scatterers evolves with time, and the spatial consistency
of the channels is maintained. Unless specified otherwise, the
simulation configurations follow the system model in Section
II, with parameters summarized in Table II.

2) Benchmarks and Performance Metric: To demonstrate
the superiority of the proposed online TS-DCP algorithm, we
select the following state-of-the-art algorithms as benchmarks:

• VKF [26]: Estimates spatial domain channels by the
least square (LS) algorithm, with temporal correlations
captured by the AR-based vector KF.

• FIT [32]: Estimates angle-delay domain channels by the
alternating LS (ALS) algorithm, with temporal correla-
tions captured by the first-order Taylor series.

• PAD [13], MPAD [14]: Estimates spatial domain chan-
nels by linear MMSE (LMMSE) algorithm, with temporal
correlations captured by Prony and matrix pencil methods
for effective angle-delay domain taps.

Besides, we include Online TS-DCP algorithm with pre-
sampled grids and unstructured independent prior as bench-
marks, referred to as Online TS-DCP (PG) and Online TS-
DCP (UIP), respectively. For benchmarks that only predict
channels for future pilot symbols, we predict channels on
non-pilot symbols through MMSE interpolation, with prior
knowledge of the maximum Doppler frequency and trans-
mission power. The time-averaged normalized mean square
error (TNMSE) of SFT domain channels is adopted as the
performance metric, defined by

TNMSE =
1

NF

NF∑
nF=1

∥Ĥ
CP
nF

−HCP
nF
∥2F

∥HCP
nF
∥2F

, (49)

where HCP
nF

and Ĥ
CP
nF

denote the groud-truth and predicted
SFT domain channels of the upcoming OFDM symbols in the
nF-th frame, respectively. To ensure fairness, we evaluate all
algorithms on the same QuaDRiGa-generated channel data.

B. Computational Complexity Analysis

1) Preliminaries: Before delving into the computational
complexity analysis, we first introduce some preliminaries
regarding the computational cost of tensor-matrix multiplica-
tion. Specifically, for a tensor X ∈ CN1×...×ND and a matrix
Ud ∈ CKd×Nd , the mode-d tensor-matrix multiplication is
implemented based on tensor matricization, following the
equivalence Yd = UdXd. This suggests that the computa-
tional complexity of a tensor-matrix multiplication along the
d-th mode is equivalent to the matrix multiplication of Ud

and Xd, with the order of O(KdN1. . .ND). It is worth noting
that the computational complexity of multi-mode tensor-matrix
multiplications depends on the execution order, owing to
the commutativity across different modes. In general, the
execution order that minimizes the size of intermediate tensors
will result in lower computational complexity.

2) Asymptotic Order: Building upon the above preliminar-
ies, we analyze the computational complexity of the proposed
algorithms, which arises primarily from tensor-matrix multi-
plications and scalar arithmetic operations. The former is the
main computational burden in the MO module (Algorithm 1)
and perturbation parameter learning, while the latter dominates
the SP module (Algorithm 2) and hyperparameter learning.
To illustrate the computational complexity reduction achieved
by tensor-matrix multiplication compared with matrix-vector
multiplication, we consider a typical case in which the size of
the ADD and SFT domain channels is of the same order—an
assumption that typically holds in practice. Therefore, the
computational complexity order of tensor-matrix multiplica-
tions are given by O(NhNvNscNsymN̄), where N̄ ≜ Nh +
Nv +Nsc +Nsym. As for the scalar arithmetic operations, the
computational complexity scales linearly with the size of ADD
and SFT domain channels, i.e., O(NhNvNscNsym), and is
significantly smaller than that of tensor-matrix multiplications.
Therefore, the computational complexity per iteration of Al-
gorithm 3 is on the order of O(NhNvNscNsymN̄), and can be
further reduced to O(NhNvNscNsymN̄log) in Online TS-DCP
(PG) due to its fast Fourier transform-based implementation,
with N̄log ≜ log2(Nh) + log2(Nv) + log2(Nsc) + log2(Nsym).
In contrast, when matrix-vector multiplications are employed
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TABLE III
COMPUTATIONAL COMPLEXITY: ASYMPTOTIC ORDER AND FLOPS

Algorithm Asymptotic Order FLOPs

(Nh, Nv) = (32, 16) (Nh, Nv) = (32, 32) (Nh, Nv) = (64, 32)

This work (per iteration)
Online TS-DCP O(NhNvNscNsymN̄) 2.15× 108 4.88× 108 1.20× 109

Online TS-DCP (UIP) O(NhNvNscNsymN̄) 1.92× 108 4.40× 108 1.11× 109

Online TS-DCP (PG) O(NhNvNscNsymN̄log) 3.46× 107 6.98× 107 1.41× 108

VKF O(P 3N3
h N

3
v ) 2.29× 1010 1.83× 1011 1.47× 1012

FIT O(TRNhNvNscNsym) 1.05× 1010 2.10× 1010 4.19× 1010

PAD, MPAD O(N3
h N

3
v +N2

h N
2
v NscNsym) 2.01× 109 1.29× 1010 9.02× 1010

without the separable factor matrices, the computational com-
plexity per iteration will increase to O(N2

h N
2
v N

2
scN

2
sym).

For the benchmarks, the computational complexity of PAD
and MPAD is primarily dominated by the LMMSE esti-
mation for all pilot symbols and subcarriers with shared
spatial correlations, resulting in the computational complexity
of O(N3

h N
3
v + N2

h N
2
v NscNsym). In the case of VKF, the

critical step is the AR parameter learning shared among
all pilot subcarriers, with the computational complexity of
O(P 3N3

h N
3
v ), where P denotes the AR order. Alternatively,

the spatial correlations in PAD, MPAD, and VKF can also be
estimated for each resource element to enhance the channel
prediction performance in practical environments—albeit at
the cost of significantly higher computational complexity. For
FIT, its computational complexity is governed by the ALS
algorithm, i.e., O(TRNhNvNscNsym), where T denotes the
number of iterations, and R denotes the predefined tensor rank,
typically set as the maximum number of identifiable paths
in the environment. The asymptotic orders for the proposed
algorithms and benchmarks are summarized in Table III.

3) FLOPs: Beyond the asymptotic order, the number of
floating-point operations (FLOPs) offers a more direct and
practical measure of computational cost, and serves as another
critical metric for algorithm efficiency. In this analysis, we
set Kh = Nh, Kv = Nv, Kde = Nsc(NTC∆Tcp/∆Tsym), and
Kdo = 2Nsym, where delay domain grids beyond the CP-
limited range are discarded, and slight oversampling in the
Doppler domain improves channel prediction accuracy. Given
these configurations and the scenario parameters detailed in
Table II, the per-iteration FLOP counts for Online TS-DCP,
Online TS-DCP (UIP), and Online TS-DCP (PG) are ap-
proximately 2.15 × 108, 1.92 × 108, and 3.46 × 107, respec-
tively. In the benchmarks, the FLOP counts for VKF, FIT, and
PAD (MPAD) are approximately 2.29 × 1010, 1.05 × 1010,
and 2.01 × 109, respectively, where the AR order P in VKF
is set to 4, the tensor rank R and the number of iterations T
for FIT are adapted to propagation environments, with average
values of approximately 100 and 50, respectively. To assess the
scalability of computational cost with respect to antenna array
size, we report the FLOP counts for enlarged antenna arrays
in Table III. These results, consistent with the asymptotic
order, confirm that the proposed TS-DCP algorithms maintain
favorable scalability, highlighting the computational advantage
in large-scale array settings.

C. Performance Evaluation

1) TNMSE for Different Transmission Power: The TNMSE
of the proposed algorithm and benchmarks versus transmission
power for v = 60 km/h and v = 120 km/h are shown in
Fig. 6. It is clear that the proposed algorithms significantly
outperform the benchmarks across the full transmission power
range. Since FIT depends on the ALS algorithm, it struggles
to incorporate statistical CSI and noise variance, resulting in
a noticeable performance drop in the low transmission power
regime. Furthermore, FIT fails to achieve a TNMSE below
0 dB at v = 120 km/h due to the inaccuracy of the first-
order Taylor series in modeling temporal correlations at high
mobility. While VKF benefits from high-order AR processes
and outperforms FIT in the low transmission power regime,
it still struggles due to the neglect of inter-subcarrier and
inter-antenna correlations. As a result, VKF fails to achieve
a TNMSE below −5 dB at PT = 24 dBm, even at v = 60
km/h. By exploiting statistical CSI by LMMSE estimators and
modeling temporal correlations with Prony and matrix pencil
methods, PAD and MPAD outperform both FIT and VKF
across the full transmission power range, with only marginal
inferiority to FIT at PT ≥ 20 dBm and v = 60 km/h. Among
the proposed algorithms, Online TS-DCP is superior to both
Online TS-DCP (PG) and Online TS-DCP (UIP), owing to
the perturbation parameter learning and structured prior. No-
tably, the proposed algorithms still significantly outperform all
benchmarks, even with pre-sampled grids and the unstructured
independent prior, highlighting the improvement of channel
prediction performance by Doppler domain modeling.

2) TNMSE for Different Prediction Length: To illustrate the
variation of channel prediction performance with prediction
length, we provide the performance for symbols between the
current pilot symbols and the first future pilot symbols in Fig.
7. As expected, the performance of the proposed algorithms
and the benchmarks deteriorates with increasing prediction
length, which is consistent with prior channel prediction stud-
ies. Since FIT captures the temporal correlations by first-order
Taylor series, the modeling error rises with the increasing pre-
diction length, leading to an 8 dB drop in TNMSE at v = 60
km/h and a 15 dB drop at v = 120 km/h. The TNMSE of PAD
and MPAD is more stable with increasing prediction length,
which suggests that Prony and matrix pencil methods provides
a more accurate temporal correlation modeling than the first-
order Taylor series. The limited exploitation of inter-antenna
and inter-subcarrier correlations hinders VKF from achieving
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Fig. 6. Channel prediction performance versus transmission power.
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Fig. 7. Channel prediction performance versus predict length for PT = 24
dBm.
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Fig. 8. CDF of channel prediction error for PT = 24 dBm.

satisfactory performance across all prediction lengths. Due
to the gridless algorithm in FIT, Online TS-DCP (PG) is
slightly inferior to it for short prediction length, demonstrating
the necessity of perturbation parameter learning. Notably,
Online TS-DCP and Online TS-DCP (UIP) outperform all
benchmarks across the prediction lengths. Specifically, for the
first future non-pilot symbols and pilot symbols, Online TS-
DCP achieves TNMSEs below −16 dB and −11 dB at v = 60
km/h and below −15 dB and −9 dB at v = 120 km/h, which
are unattainable by all other algorithms. The TNMSE gap
between Online TS-DCP (UIP) and Online TS-DCP widens
to more than 2 dB with increasing prediction length, indicating
that the structured prior contributes to the acquisition of more
accurate ADD domain channels.

3) CDF of Prediction Errors: In Fig. 8, we present the cu-
mulative distribution function (CDF) of the prediction errors,
measured in terms of normalized mean square error (NMSE),
for the proposed algorithms and benchmarks. FIT and PAD
exhibit similar prediction error distributions at v = 60 km/h,
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Fig. 9. Convergence of the proposed algorithms for PT = 24 dBm.

while FIT is inferior to PAD at v = 120 km/h, but both out-
perform VKF. This highlights the inaccuracy of the first-order
Taylor series at high mobility and emphasizes the necessity
of capturing correlations across antennas and subcarriers for
accurate channel prediction. Owing to the inherent similarity
between Prony and matrix pencil methods, PAD and MPAD
exhibit nearly identical error distributions, with a consistent
performance gap observed under moderate mobility scenarios.
Furthermore, Online TS-DCP (PG), Online TS-DCP (UIP),
and Online TS-DCP achieve the lowest prediction error for
both mobility scenarios. Specifically, the 90-th percentile of
the prediction error for these algorithms is below −12.5 dB,
−11 dB, and −8 dB at v = 60 km/h, and below −10 dB, −7
dB, and −6 dB at v = 120 km/h, respectively.

4) TNMSE for Different Scenarios: To demonstrate the
robustness of the proposed algorithms, we consider three
typical outdoor scenarios defined in 3GPP specficiations [60]:
UMa, urban micro (UMi), and rural macro (RMa). Specifi-
cally, UMa features moderate multipath with frequent NLOS
conditions, UMi exhibits rich multipath with large delay and
angle spreads, and RMa is characterized by dominant line-of-
sight paths with weak scattering and small delay spreads. The
TNMSE of the proposed algorithms and benchmarks across
different propagation scenarios at PT = 24 dBm is summarized
in Table IV for both v = 60 km/h and v = 120 km/h.
In the benchmarks, FIT suffers from substantial degradation
with TNMSEs exceeding 0 dB at v = 120 km/h, due to
inaccurate temporal correlation modeling based on the first-
order Taylor series. Despite employing high-order AR models
that outperform FIT at v = 120 km/h, the channel prediction
performance of VKF remains limited, with TNMSE exceeding
−5 dB in most scenarios. Due to the incorporation of angle-
delay domain structure and improved temporal correlation
modeling, PAD and MPAD deliver better channel prediction
performance than FIT and VKF, but still remain inferior
to the proposed algorithms. Among the proposed algorithms,
the proposed Online TS-DCP achieves the best performance
across all scenarios, achieving TNMSE performance below
−12 dB at v = 60 km/h and below −10 dB at v = 120 km/h.
The simplified variants of the proposed algorithm, Online TS-
DCP (PG) and Online TS-DCP (UIP) still surpass all bench-
marks. These trends, previously detailed for UMa scenarios,
are consistently observed in both UMi and RMa settings. This
reveals that, despite minor performance degradation due to
model simplifications, the core design of the proposed TS-
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TABLE IV
TNMSE (DB) OF CHANNEL PREDICTION VERSUS SCENARIOS FOR PT = 24 DBM

Velocity Scenario Algorithm

Online TS-DCP Online TS-DCP (UIP) Online TS-DCP (PG) PAD MPAD FIT VKF

60 km/h
UMa −13.98 −12.10 −9.06 −7.06 −5.08 −7.19 −4.66
UMi −12.37 −11.43 −8.60 −7.33 −4.70 −6.15 −4.52
RMa −16.56 −13.51 −9.91 −9.73 −5.72 −4.88 −5.01

120 km/h
UMa −11.97 −9.87 −7.72 −5.30 −3.91 0.51 −2.96
UMi −10.40 −8.54 −6.96 −4.34 −3.49 2.05 −2.79
RMa −13.74 −11.54 −8.31 −5.80 −4.42 3.43 −3.64

DCP approaches remains effective across diverse scenarios.
5) Convergence Behaviors: To observe the trend of channel

prediction performance with respect to the number of iter-
ations, we present the convergence performance of Online
TS-DCP, Online TS-DCP (UIP), and Online TS-DCP (PG)
at PT = 24 dBm in Fig. 9, separating the initial and track-
ing phases. It is evident that Online TS-DCP and Online
TS-DCP (UIP) exhibit fast convergence rates and achieve
favorable convergence results in both phases, owing to the
model accuracy improvement enabled by perturbation param-
eter learning. Compared to Online TS-DCP (PG), Online
TS-DCP and Online TS-DCP (UIP) reduce the TNMSE
from approximately −9 dB to nearly −12 dB and −13 dB
at v = 60 km/h, respectively, while from about −8 dB to
below −9.5 dB and −11 dB at v = 120 km/h, respectively.
Besides, the structured prior design in Online TS-DCP and
Online TS-DCP (PG) enables a rapid reduction in TNMSE
during the initial iterations of the tracking phase, allowing for
early termination to reduce computational complexity based
on practical system performance requirements. Specifically,
in the early iterations of the tracking phase, Online TS-
DCP and Online TS-DCP (PG) achieve the TNMSE gains
approximately 1.5∼2 dB and 4.5∼5.5 dB compared to the
initial phase, respectively, with the gap narrowing as the
number of iterations increases.

VI. CONCLUSION

This paper investigated TS-DCP for massive MIMO with
temporal non-stationarity in moderate- to high-mobility sce-
narios. Specifically, by framing the pilot symbols, we cap-
tured intra-frame and inter-frame correlations through Doppler
domain modeling and Markov/AR processes, respectively.
Besides, we employed MRF and TCGD to model signifi-
cant cross-domain correlations of the sparsity structure and
power patterns in the ADD domain channel. Building on the
probabilistic models, the TS-DCP was formulated as the VFE
minimization problem, unifying different variational inference
rules through the structure design of the trial beliefs. By
leveraging the multi-linear structure of channels, the proposed
online TS-DCP algorithm achieved substantial reductions in
computational complexity. Numerical results demonstrated
significant superiority of proposed algorithms over bench-
marks in channel prediction performance. In the future, we
will investigate deep learning approaches to further enhance
the channel prediction performance in massive MIMO-OFDM
systems under complicated propagation environments.

APPENDIX A
PROOF OF PROPOSITION 1

The joint VFE in (18) is given by

FV = FNE − FEL, (50)

where FNE and FEL denote the negative entropy and expected
log-likelihood subfunctions, respectively, given in (51) at the
top of the next page. By substituting (19), (20), and (21) into
(50), they are simplified as (52) at the top of the next page.

After that, we further factorize the joint PDF as (53) at the
top of the next page based on Bayes rules. By substituting (22)
and (53) into (52), and incorporating normalization constraints
of trial beliefs, we complete the proof.

APPENDIX B
PROOF OF PROPOSITION 2

The problem (29) can be solved by the Lagrange multiplier
method, and the Lagrange function is expressed as

LMO,nF = FMO,nF + LMO-FO,nF + LMO-SO,nF , (54)

where LMO-FO,nF and LMO-SO,nF are the subfunctions of FO-
SSCCs and SO-SSCCs defined in (57a) and (57b) at the top
of the next page, respectively.

We begin with the fixed-point equations for factor beliefs
bY,nF , bHG,nF , and bG,nF , given in (30a), (30b), and (30c),
respectively. By differentiating LMO,nF with respect to bY,nF

and setting the result to zero, we can obtain the fixed-point
equation of bY,nF , which satisfies

ln(bY,nF) =ln(PY,nF)− 2Re{⟨UH,bH
nF

,HnF⟩}+
⟨EH,bH

nF
,∥HnF − EbY,nF

{HnF}∥⊙2⟩+ CbY ,nF , (55)

where CbY ,nF denotes the term independent of HnF . The fixed-
point equation of bY,nF is reformulated as in (30a), where
the Gaussian distribution factor arises from the relaxation
from MCCs to FO- and SO-SSCCs. Similarly, the fixed-point
equations for bHG,nF and bG,nF given in (30b) and (30c)
can also be derived by differentiating LMO,nF with respect to
bHG,nF and bG,nF , respectively, and setting the results to zero.
In the fixed-point eqaution of bHG,nF , we substitute the FO-
SSCCs of bY,nF and bHG,nF with respect to HnF , as well as
bG,nF and bHG,nF with respect to GnF to the derivatives.

Next, we move to the fixed-point equation for the beliefs
of the variable beliefs fH,nF and fG,nF , given by (30d) and
(30e), respectively. By differentiating LMO,nF with respect to
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FNE =

∫
b(H(NF),G(NF),S(NF),Q(NF);POG,(NF),PHP)ln[b(H(NF),G(NF),S(NF),Q(NF);POG,(NF),PHP)], (51a)

FEL =

∫
b(H(NF),G(NF),S(NF),Q(NF);POG,(NF),PHP)ln[P(H(NF),G(NF),S(NF),Q(NF),Y(NF);POG,(NF),PHP)]. (51b)

FNE =

∫
b(H(NF),G(NF),S(NF),Q(NF))ln[b(H(NF),G(NF),S(NF),Q(NF))], (52a)

FEL =

∫
b(H(NF),G(NF),S(NF),Q(NF))ln[P(H(NF),G(NF),S(NF),Q(NF),Y(NF); P̂OG,(NF), P̂HP)]. (52b)

P(H(NF),G(NF),S(NF),Q(NF),Y(NF); P̂OG,(NF), P̂HP)

∝
∏NF

nF=1
[P(YnF | HnF)P(HnF | GnF ; P̂OG,nF)P(GnF | SnF ,QnF)P(SnF | SnF−1;M̂)P(QnF | QnF−1; L̂, V̂)]

∝
∏NF

nF=1
P(HnF ,GnF ,SnF ,QnF ,YnF | SnF−1,QnF−1; P̂OG,nF , P̂HP) (53)

fH,nF and setting the result to zero, we obtain the fixed-point
equation of fH,nF , which satisfies

ln(fH,nF) =⟨EH,bH
nF

+ EH,bHG
nF

, ∥HnF − EfH,nF
{HnF}∥⊙2⟩

−2Re{⟨UH,bH
nF

+ UH,bHG
nF

,HnF⟩}+ CfH ,nF , (56)

where CfH ,nF denotes the term independent of HnF . Due
to the FO-SSCCs of bY,nF and fH,nF with respect to HnF ,
the fixed-point equation of fH,nF is reformulated as in (30d),
where the product of Gaussian distribution factors arises from
the relaxation from MCCs to FO- and SO-SSCCs of both
bY,nF and bHG,nF . Similarly, the fixed-point equations for fG,nF

given in (30e) can also be derived by differentiating LMO,nF

with respect to fG,nF , substituting the FO-SSCCs of bG,nF and
fG,nF with respect to GnF , and setting the result to zero.

APPENDIX C
PROOF OF PROPOSITION 3

Due to the singularity in Dirac Delta functions, the condi-
tional PDF P(HnF |GnF ; P̂\h,nF) is approximated by the Gaus-
sian distribution with variance approaching zero. On this basis,
the objective function of perturbation parameter learning in the
horizontal angle domain is given as f(∆̂θnF) = f1(∆̂θnF) +
f2(∆̂θnF), where the objective subfunctions f1(∆̂θnF) and
f2(∆̂θnF) are defined in (63) at the top of the next page.

The parametrized factor matrix Ah(θ̄ + ∆̂θnF) is approxi-
mated by the first-order Taylor series, given by

Ah(θ̄ + ∆̂θnF) ≈ Ah(θ̄) + Ȧh(θ̄)diag{∆̂θnF}, (58)

where Ȧh(·) denotes the derivative matrix of the horizontal
angle domain parametrized factor matrix with respect to the
horizontal direction cosine. Based on the Taylor approximation
and the commutativity of tensor-matrix multiplication across
dimensions, the first subfunction f1(∆̂θnF) is expressed as

f1(∆̂θnF) = ∥∆ĤnF − Ĝ
h
nF

×1 Ȧh(θ̄)diag{∆̂θnF}∥2F
= ∆̂θT

nF
Πh,1∆̂θnF − 2µT

h,1∆̂θnF + C1, (59)

where C1 denotes the term independent of ∆̂θnF , Πh,1 and
µh,1 denote the auxiliary matrix and vector, given by

Πh,1 =
∑

n
(ȦH

h (θ̄)Ȧh(θ̄))
∗ ⊙ (ĝnF,nĝ

H
nF,n), (60a)

µh,1 =
∑

n
Re{diagH{gh

nF,n}Ȧ
H
h (θ̄)∆ĥ(1)

nF,n}. (60b)

Similarly, the second subfunction f2(∆̂θnF) is expressed as

f2(∆̂θnF) = ∥Eh
G,nF

×1 |Ãh(θ̄ + ∆̂θnF)|⊙2∥1
= ∆̂θT

nF
Πh,2∆̂θnF − 2µT

h,2∆̂θnF + C2, (61)

where C2 denotes the term independent of ∆̂θnF , Πh,2 and
µh,2 denote the auxiliary matrix and vector, given by

Πh,2 =
∑

n
(ȦH

h (θ̄)Ȧh(θ̄))
∗ ⊙ diag{εh

G,nF,n}, (62a)

µh,2 = −
∑

n
Re{diag{ȦH

h (θ̄)Ãh(θ̄)} ⊙ εh
G,nF,n}. (62b)

This concludes the proof.

APPENDIX D
PROOF OF PROPOSITION 4

We begin with the learning rule for the transition factor
M̂ of hidden state tensors. The objective function (43a) is
decomposed into the summation of NF subfunctions, given by

fHS,TC(M̂) =
∑NF

nF=1
fHS,TC,nF(M̂), (64)

where fHS,TC(M̂) denotes the objective function in (43a) and
fHS,TC,nF(M̂) denotes the nF-th subfunction, given by

fHS,TC,nF(M̂) = EbS,nF
{lnPTC(SnF | SnF−1;M̂)}. (65)

To incorporate the normalization factor involving M̂ in tem-
poral correlation models, we specify its expression as

CTC,nF =2KhKvKdeKdo
∏

kh,kv,kde,kdo

exp(−[M̂]kh,kv,kde,kdo)∏
kh,kv,kde,kdo

[exp(2[M̂]kh,kv,kde,kdo) + 1]. (66)
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LMO-FO,nF = 2Re{⟨UH,bH
nF

, [EbY,nF
{HnF} − EfH,nF

{HnF}]⟩+ ⟨UH,bHG
nF

, [EbHG,nF
{HnF} − EfH,nF

{HnF}]⟩+
⟨UG,bG

nF
, [EbG,nF

{GnF} − EfG,nF
{GnF}]⟩+ ⟨UG,bHG

nF
, [EbHG,nF

{GnF} − EfG,nF
{GnF}]⟩}, (57a)

LMO-SO,nF = ⟨EH,bH
nF

, [VbY,nF
{HnF} − VfH,nF

{HnF}]⟩+ ⟨EH,bHG
nF

, [VbHG,nF
{HnF} − VfH,nF

{HnF}]⟩
⟨EG,bG

nF
, [VbG,nF

{GnF} − VfG,nF
{GnF}]⟩+ ⟨EG,bHG

nF
, [VbHG,nF

{GnF} − VfG,nF
{GnF}]⟩. (57b)

f1(∆̂θnF) = ∥ĤnF − ĜnF ×1 Ah(θ̄ + ∆̂θnF) ×2 Av(ϕ̄+ ∆̂ϕ⋆
nF
) ×3 B(τ̄ + ∆̂τ ⋆

nF
) ×4 C(ν̄ + ∆̂ν⋆

nF
)∥2F , (63a)

f2(∆̂θnF) = ∥EG,nF ×1 |Ah(θ̄ + ∆̂θnF)|⊙2 ×2 |Av(ϕ̄+ ∆̂ϕ⋆
nF
)|⊙2 ×3 |B(τ̄ + ∆̂τ ⋆

nF
)|⊙2 ×4 |C(ν̄ + ∆̂ν⋆

nF
)|⊙2∥1, (63b)

Therefore, the derivative of the nF-th subfunction with respect
to [M̂]kh,kv,kde,kdo is given by

∂fHS,TC,nF(M̂)

∂[M̂]kh,kv,kde,kdo

≈ 1− exp(2[M̂]kh,kv,kde,kdo)

1 + exp(2[M̂]kh,kv,kde,kdo)
+

(2[ŜnF ]kh,kv,kde,kdo − 1)(2[ŜnF−1]kh,kv,kde,kdo − 1), (67)

where the approximation follows from the online approxima-
tion. By summing the derivative of all objective subfunctions
and setting the result to zero, we have

[M̂
⋆
]kh,kv,kde,kdo = ln

1 + [K̂M ]kh,kv,kde,kdo

1− [K̂M ]kh,kv,kde,kdo

, (68)

where [K̂M ]kh,kv,kde,kdo is defined by

[K̂M ]kh,kv,kde,kdo = (69)
1

NF

∑NF

nF=1
(2[ŜnF ]kh,kv,kde,kdo − 1)(2[ŜnF−1]kh,kv,kde,kdo − 1).

The derivation of the learning rule for transition factors can be
completed by organizing the above results into tensor form.

Similar to the case of transition factors M̂, the objective
function (43b) is also decomposed as

fHV,TC(L̂) =
∑NF

nF=1
fHV,TC,nF(L̂), (70)

where fHV,TC(L̂) denotes the objective function in (43b) and
fHV,TC,nF(L̂) denotes the nF-th subfunction, given by

fHV,TC,nF(L̂) = EbQ,nF
{lnP(QnF | QnF−1; L̂, V̂)}, (71)

where P(QnF | QnF−1; L̂, V̂) is expressed as

P(QnF | QnF−1; L̂, V̂) ∝{
CN(QnF ; (1− L̂)QnF−1, L̂

⊙2
⊙ V̄), nF > 1

CN(QnF ;C(0), V̄), nF = 1
, (72)

and V̄ is defined in (44). It can be observed that fHV,TC,1(L̂)
is independent of L̂, implying that only the subfunctions
with nF > 1 need to be considered. By differentiating the
subfunctions with nF > 1 with respect to L̂, we yield

− ∂fHV,TC,nF(L̂)

∂L̂
≈

2[V̄ ⊙ L̂
⊙2

+KL,1,nF ⊙ L̂+KL,0,nF ] ⊘ (L̂
⊙3

V̄), (73)

where the approximation also follows from the online approx-
imation, KL,1,nF and KL,0,nF are defined as

KL,1,nF ≜ |Q̂nF−1|⊙2 − Re{Q̂
∗
nF−1 ⊙ Q̂nF}, (74a)

KL,0,nF ≜ − |Q̂nF − Q̂nF−1|⊙2 − EQ,nF . (74b)

The derivation of the learning rule for temporal correlation
factor is completed by summing the derivatives of the sub-
functions with nF > 1 and enforcing the non-zero constraints
on both L̂ and V̄ , which concludes the proof.
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