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Abstract— This paper addresses the computation of a non-
asymptotic lower bound, given by the nonanticipative rate-
distortion function (NRDF), for the discrete-time zero-delay
variable-rate lossy compression of discrete Markov sources
under per-stage single-letter distortion constraints. We first
derive a new information structure for the NRDF and new
convexity results that allow reformulating the problem as
an unconstrained partially observable finite-horizon stochastic
dynamic program (DP) using Lagrange duality theorem subject
to a belief state that summarizes past information and evolves
in a continuous space. Rather than directly approximating
the DP, we derive implicit optimal conditions via the Karush-
Kuhn-Tucker (KKT) conditions and propose a novel alternating
minimization (AM) scheme to approximate both the control
policy and cost-to-go function through backward recursions
with provable convergence guarantees. We evaluate the control
policies and cost-to-go functions per-stage using an online
forward algorithm that executes for any finite horizon. Our
methodology yields a near-optimal approximation of the NRDF
as the belief state space becomes sufficiently large. Simulation
results using time-varying binary Markov sources validate the
effectiveness of our approach.

I. INTRODUCTION

The classical lossy source coding problem involves en-
coding long blocks of source symbols to asymptotically
achieve Shannon’s limit, minimizing the average bit rate
for a given distortion level [2]. However, such block-based
schemes introduce significant coding delays, making them
undesirable for delay-sensitive applications spanning from
networked control systems [3] to applications within the
emerging field of semantic communications [1].

A more appropriate lossy compression paradigm for delay-
sensitive applications is the zero-delay lossy source coding.
Unlike classical schemes, it generates compressed source
symbols by the encoder without delay and transmits over a
discrete noiseless channel to the decoder, which immediately
reconstructs the source symbols under a fidelity constraint.
The discrete noiseless channel may operate assuming either
fixed or variable rates.

Several key results are documented in the literature on
zero-delay lossy compression schemes. Early foundational
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works [4], [5] explored the structural properties of opti-
mal zero-delay codes for primarily fixed-rate systems using
stochastic control and DP [6], with later generalizations
in [7]-[9]. In [10], they developed structural theorems for
variable-rate coding with and without side information at
the decoder. Recently, [11] invoked reinforcement learning
via a quantized Q-learning to near-optimally approximate
the infinite-horizon fixed-rate zero-delay coding problem
for finite-alphabet stationary Markov sources. Another rel-
evant research direction, instead of designing directly zero-
delay lossy codes subject to variable-rate constraints, derives
information-theoretic upper and lower bounds building on
nonanticipatory e—entropy' introduced by [14]. This line
of research primarily studied bounding techniques on lin-
ear (perhaps controlled) Markov systems driven by addi-
tive Gaussian or non-Gaussian noise and the derivation of
information-theoretic closed-form solutions [12], [15]-[17].

Contributions: In this paper, we analyze a non-asymptotic
lower bound on the empirical rates of a discrete-time zero-
delay variable-rate lossy source coding system assuming
discrete and possibly time-varying Markov sources subject
to per-stage average single-letter distortion criterion. We first
derive a structural property of the NRDF specific to the
particular class of sources and fidelity constraint (see Lemma
1). We then derive new convexity properties results (see
Theorem 2, 3) that enable reformulating the problem as an
unconstrained partially observable finite-horizon stochastic
DP with an continuous information state space [6] (see
equations (13), (14)). Instead of solving the DP recursions
directly, we optimize with respect to (wrt) the control policy
(which corresponds to the minimizing distribution of the
NRDF) and thereby derive implicit closed-form backward
recursions. These are computed via a new dynamic AM
scheme (see Lemma 4) that approximates offline the control
policy and the cost-to-go function (a function of the rate)
using a discretized belief state space at each time stage (see
Algorithm 1). A forward (online) algorithm (see Algorithm
2) is then proposed to evaluate the resulting functional
quantities for any finite-time horizon. Our offline scheme has
provable convergence guarantees per-stage (see Theorems 5,
6) and approaches a near-optimal solution as the discretized
belief space (finite state-space) becomes sufficiently large.
We corroborate our theoretical results with numerical sim-
ulations on time-varying binary Markov sources with the
illustration of the stagewise rate.

L Also found in the literature as sequential rate-distortion-function (RDF)
[12] and nonanticipative RDF (NRDF) [13].



To the best of our knowledge, this is the first work to
(i) reformulate the NRDF optimization for discrete Markov
sources and single-letter distortion as an unconstrained par-
tially observable stochastic DP with continuous state space,
and (ii) approximate the optimal policy via a dynamic
AM scheme that generalizes the Blahut-Arimoto algorithm
(BAA) [18] into offline training, followed by an online
computation.

Notation: N £ {1,2,...}, Ng £ {0,1,...}, and N} £
{j,...,n}, 7 < n, n € N. We denote a sequence of
random variables (RVs) by X! = {Xg, X1,..., X3}, t €
N and their values by 2 € X' = {X,,...,X;}, where
X, denotes the alphabet and hence X the alphabet se-
quence. A truncated sequence of RVs is denoted by X; =
{X;,...,Xs}, 7 € Nb, t > j, and its realizations by
af o= {zj,.. 2} € X = {&;,... X}, t > j. The
distribution of a RV X on X is denoted by P(z), and
the conditional distribution of Y given X = x denoted by
P(y|z). Functional dependencies are indicated using square
brackets; e.g., P[Q](x) and P[y](x) express the functional
dependence of a distribution P(z) on another distribution
@ and on another realization y, respectively. Expectation
operator is denoted by E{-}, and by EF’{-} when taken
wrt a specific distribution P(-) = P°(-).

II. PROBLEM STATEMENT AND PRELIMINARIES

We consider the discrete-time zero-delay lossy source
coding system illustrated in Fig. 1, operating at any finite-
time horizon n € Nj.

¥ M, € {0,1} v
- [ noiseless channel | [SNBEICeT [
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Fig. 1: A generic zero-delay lossy source coding system

Operation: At each time instant ¢ € T, the
source is modeled as a Markov process (not necessarily
time-homogeneous) with transition probability distribution
Py (x¢|z¢—1) and initial distribution Py(zg), which induce the
joint distribution of the sequence of RVs X*, ¢t € N'. For
any X; € X;, we assume that the cardinality of &} is finite.
The encoder (E) f; encodes the information X, generated
from the source based on the past information X‘~! and
produces a variable-rate codeword M; € M; C {0, 1} of
length I; and expected rate R; = E|l;|. The decoder (D) g;
receives the past and current codewords M? to reproduce
Y; € ), provided that Y1 is already reproduced. Again,
we assume that for any Y; € ), the cardinality of ) is
finite. Formally, the (E), (D) pair is specified by the sequence
of possibly stochastic mappings f; : M!~1 x Xt — M,,
and g; : M? — ), respectively. We note that at ¢t = 0,
the encoder’s output is mg = fo(zg) and the decoder’s
output yo = go(mo). This means that no prior information
is assumed at both the encoder and the decoder.

Fidelity constraint: The system in Fig. 1, is penalized
at each time instant by an additive fidelity {D; > 0 :
t € N{}. The constraint between the source process {X; :

t € N{} and the reproduction process {Y; : ¢ € N{} is
described by the per-stage average single-letter distortion,
ie., E{p:(X:,Y:)} < Dy, where pi(xs,y:) is the single-
letter distortion function between the source information x;
and its reproduction y; at each t.

Performance: The system model in Fig. 1, subject to the
fidelity criterion described above, can be computed by the
following empirical rate optimization:

1
R ,(Do,...,Dy) = inf E R;,. (1)
. ']( 0 ) {(fe, gv): n+1&= t
E{p+(X+,Y:)}<Dx, -
VteN? }

Solving (1) requires considering all possible coding schemes,
making it extremely difficult to obtain a globally optimal
solution with tractable computational complexity. As a result,
it makes sense to pursue approximate solutions via bounds.

A well-known lower bound on (1), assuming a Markov
source and a per-stage average single-letter distortion, is the
NRDF [14] given as follows:

R (Dqy,...,D,) % inf
[O,YL]( 0, ) ) QI[I()l,n]

(D07'~~7Dn)

— (XM=Y (@)

where the constraint set is expressed as
Q[O,n](DOa SR DTL) £ {Pt(yt‘yt_lth) :
E{p:(X:,Y:)} < Dy, Vt € Ng}  (3)

and I(X™ — Y™) is a variant of directed information (DI)
[19] defined as follows

I(X™"—=Y")
n P (Ytlyt—l Xt) n B
2 E E<I AN e et 24 _ 10X vyt
t=0 {Og< Pt(Yt|Yt*1) gt ( ts t| )

- Pt(yt|yt17xt)>
= 10g< Pi(x¢|xi—1)
;/Xf_lxy‘ Pi(yslyt=1) P
Py(yely' ™" we) Pi(mer [y ") Pe(y' ™)
(a) n n n
= H[Om](ﬁom(x )’?[o,n](y |z")) 4)

where (a) denotes the functional dependence of
I(Xn — Yn) wrt [0,n] (an) £ ®?:0Pt ($t|$t_1)
and ﬁ[o,n] (y"]x™) & @1 o Py (ye|y' 1, x), respectively.

We state some noteworthy remarks related to (2).

Remark 1: (On the bound of (2)) (i) In accordance with
the system model in Fig. 1, (2) does not assume any prior
information at ¢ = 0 available in the system model but only
Py(zo) and Py(yo) are fixed. This means that at ¢ = 0,
I(Xo; Yo|Y 1) = I(Xo; Yp). (ii) The bound of (2) has been
thoroughly studied for continuous sources, see e.g., [20] but
not adequately for discrete sources, with a notable exception
perhaps the work of [21] which alas does not provide general
methodologies for computation or tangible proofs to certain
analytical expressions. (iii) Although (2) under the constraint
set (3) makes sense to be a convex program, there is no
available proof in the literature. On the other hand, (2) forms
a convex program when I(X™ — Y™) is a convex function



wrt the product ?[O,n] for a fixed $[0,n] (z™) and for a
constraint set defined as

a[o,n](Dm ooy Dp) £ {3(yn|xn) £ ®?:0Pt(yt|yt_l,$t) :
E{p:(X:,Y3)} < Dy, Yt € Ny} @)

(see e.g., [22]). Hence, no proof of the convexity of (2)
exists wrt the constraint set (3). (iv) There is no generic
implicit or explicit solution of (2) under the constraint set of
(3). However, implicit closed-form recursions of the optimal
minimizer are reported (without a complete proof) in [20,
Theorem 4.1] assuming the constraint set in (5).

In this work, we provide a generic methodology to approx-
imate (2) assuming discrete Markov sources aiming primarily
to close the gaps mentioned in Remark 1, (iii), (iv).

III. MAIN RESULTS

In this section, we give our main results. To do it,
we restrict ourselves to finite alphabet spaces, e.g., with
cardinality |X; | < oo, Vt, throughout the paper.

First, we give a new information structure that simplifies
the multi-letter variant of DI in (2).

Lemma 1: (Structural Property) For a given Markov
source { Py(z¢|zi—1) : t € Ny} and a single letter distortion
function {p;(x¢,y:) : t € Nj}, the characterization in (2)
can be simplified as follows’

,D,)%  min
Q0,n](Dosees

I(X" Y™,
(6)

[On}( 05 Doyt 1

where
Q[O,n] (D()a sy Dn) £ {Pt(yt|yt71>$t) :

E{pu(X0,Yo)} < Dy, Ve NG} (D)

2N I(XiYilYiew). (8)

The result in Lemma 1 is tg_e%eric and holds for both discrete
and continuous alphabets. Indeed, such property is already
verified for joint Gaussian-Markov processes, e.g., [20], [23].
The next two results provide conditions to ensure new
convexity properties for (6). The first result demonstrates a
new convexity property of (8) for a given posterior distribu-
tion {Py(zi—1|y1—1) = PP(xi—1lyi—1) : t € N§}, wrt the
minimizing distributions {P;(y¢|yi—1,¢) : t € Nj}.
Theorem 2: (Convexity of (8)) For a fixed source dis-
tribution {P;(x¢|xi—1) : t € Nj}, and a given posterior
distribution {P?(z1—1|ys—1) : t € Njj} obtained for a fixed
Yi_1 = wy;_1, define the conditional mutual information
Tt—1 x€X,

I(X; Y3|Yi—1 = y¢—1) as follows
Pt yt\yt 1)
€EXi—1 y €Wy

£ > D log
Py(x|ze—1)Pe(ye|ye—1, xe) PP (xp—1|ye—1), Yt € NG (9)

I(X" Y™

(Xtyyt‘yt 1= Y- 1

2For non-empty finite sets, we can replace infimum with minimum due
to the compactness of the constraint sets.

TABLE I: Elements of stochastic optimal control problem
Variables of DP
belief
disturbance
control policy

Connection to (12)
Pi(xi—1|yi—1)
Pi(xt|zi—1)
Py(ytlye—1, )

Pi(ytlyr—1,7¢) . -
g( Pr(welvi—1) st(pt(ze,yt)

—Difys—1,P(xs—1lys—1)])

cost function

Then, (9) is a convex functional wrt { P (y¢|yi—1,2¢) : t €

N§ }. Moreover, the additive term

:Z > Pyl

t=0 Yt—1
€EVit—1

I(X"—=Y") (Xe;YiYio1 = Y1)

(10)

is also convex wrt {P;(y|ys—1,2¢) : t € N}
The following result establishes the convexity of the
constraint set in (7) for a given {P?(z¢—1|y:—1) : t € Nj}.
Theorem 3: (Convexity of (7)) For a fixed source dis-
tribution {P;(z¢|z:—1) : ¢t € Ny}, and a given posterior
distribution {P?(z¢—1|y1—1) : t € N} obtained for a fixed
Y;_1 = y4_1, define the constraint set

Q(0.n](Do, D1[yo, PY], ..., Dnlyn—1, P2]) 2
{Pelye—r,20),t € NG : E{ po(X0,Y0) } < Do

X { (X0, V)| Yerr = yer } < Dila, Pt €N,
(an

where D;[y;—1, P?] denotes the functional dependence of D;
wrt the given {P?(x1—1|y:—1) : t € Nj} obtained for a fixed
Yi—1 = y¢—1. Then, (11) forms a convex set. If averaging
the constraints in (11) wrt y;_1 € ;1 for each t € N7, (7)
is also convex for a given {P?(zi—1|ys—1), t € N§}.

Using Theorems 2, 3, we can exploit Lagrange duality
theorem [24] with Lagrange multipliers {s; < 0, ¢ € Nj},
to cast (6) for a given {P?(z—1|yi—1), ¢t € Nij} obtained
for a fixed Y;_1 = y;—1, into the following unconstrained
convex optimization problem:

[0, 7L](D07D1[y07PO]

. Dn[yn—lyp»s]) = sup

{s:<0: teN{}

. . 0 P(Y;|Y; 1 Xt))
min EP{ 1o (’
{P:(yelys—1,2¢): tENG} ; { & Pt(Yt|Yt71)

*St(pt(Xt,Yt) D[y I»PD

Yio1 =y 1} (12)

Note that if we average (12) wrt to Py(y;—1) > 0, then, we
obtain (6) for a given {P?(x¢—1|ys—1),t € N }.

Hence we can reformulate (12) using stochastic optimal
control arguments as an unconstrained partially observable
finite-time horizon stochastic DP with a continuous state
space [6]. The reformulation with its one-to-one correspon-
dence in (12) is illustrated in Table I. Let R;(-) denote
the optimal expected cost or pay-off in (12) on the future
time horizon {¢,t+1,...,n}. Then, for a given belief state
PP(x4—1|ys—1) obtained for a fixed Yi—1 = y¢_q, it is



described as follows

Ry(Dy [yt—la Pto])

(Vi Yie 1,X)>
= min log | ————7-—7—2
(Pl ): {Z ( Pi(YilYi-1)

ie{t,t+1,...,n}}

n
=) s (Pi(Xi,Yi) = Dilyi-1, Pf]) Yio1 = yi—l}-
i=t

Applying the principle of optimality [6] yields the following
exact finite-time horizon stochastic DP recursions obtained
mln

backward in time
Pp(Ynlyn—1,2n Z
Wnlyn—1.2n) X ynewn

Palynlyn-1,20)\ _ o .
{<log( Pa(ynlm_1) ) ol "’y")>P”( ol

Pn(yn|yn—1>xn)PS(xn—ﬂyn—l)} + 80 Dnlyn—1, Pyl

(13)

Rn(Dn [yn—lz Pv(:]) =

Rt(Dt[ytflv Pto]) =

D

Ty EX! Y€V
Pt(ytyt—l,xt))
log | ——F——= | — stpe(,
{( g( Py(yelye—1) P (0 1)

+Rt+1(Dt+1[yt’Ptgrl])>Pt(yt|yt 1, 2) PP (2 —1]ye—1)

min
Py(ytlye—1,7t)

Pt(xtxt_l)} —+ StDt[yt_l,Pto], t=n— 1, .. .,0. (14)

Note that the given belief state for fixed Y;_1 = y;—; in (13),
(14) can be identified at each time stage ¢ by the following
recursion

Pt(iUt yt)
PP (ze|y) = ——4
t+1( t| t) Pt(yt)
Yovirevios Pe(yelys—1, xe) Pe(xe|ze—1) PP (we—1]ys—1)
Ti_1€EX 1
Zyt vV Pr(yelye—1, o) Po(we|oe 1) PP (2 -1]ye-1)
xp_ex)

which is Markov, conditional on Y;, P?(x¢—1|y:—1). More-
over, at t = 0, we adopt the assumptions of our system model
in Fig. 1 and assume that Py(yo|y—1,x0) = Po(yo|zo), and
Py(yoly—1) = Po(yo). hence the initial time stage in (14)
can be modified accordingly. To compute (6) for a given
{P?(xt—1|ys—1) : t € N7}, we need to move forward in
time from Ry and obtain the clean value of the cost-to-go
functions at each time stage ¢ averaging over y;—1 € Vi—1
and exploring over all possible values of the belief state space
generated by {P?(x¢—1|ys—1) : t € N7}

The partially observable stochastic DP defined in (13),
(14) can be solved offline using approximation methods [25],
assuming that the belief state per-stage takes values in (0, 1).
Instead of following that direction, we exploit the convexity

of our problem and optimize wrt the control policy (test-
channel) via a more efficient policy approximation method.
We first discretize the given continuous belief state space into
a finite state space denoted by B;, V¢ € Njj and then rely on
a dynamic AM scheme (it was used to compute the classical
RDF for discrete sources [18]) to generate an offline training
algorithm. The following lemma builds the dynamic AM.

Lemma 4: (Double minimization) For any ¢t € Ng, let
s; < 0 and D; > 0, then for a fixed Markov source
Pi(xt|zt—1), and a given belief state P?(zi—1|y:—1) € B
obtained for a fixed Y;_1 = y:—1, (13), (14) can be expressed
as a double minimum as follows

>

Ri(D¢[yt—1, P7]) = min min
xt_ L €X! |y €V

Pr(ytlye—1,2¢) Pr(yelye—1)

Pt(yt|yt—17xt)>

10 - - 5/ X s It

{( g< Pi(ytly:—1) Pe{oe %)

+ Ry 1(Deya[ye, Pﬁrﬂ)) Py(yelye—1, 2e) PP (w4—1]ye—1)

Pt(It|CCt_1)} +3tDt[yt—17P ] t= n,n— 0 (15)
where Ryi1(Di41[ys, PPyq]) is the cost-to-go that is equal
to 0 when ¢t = n, and Dy[y;—1, P?] is a functional of the
distortion level expressed as

Dilye—1, Pl = > PM(@elye—1) P (welye—1, 20) pe (e, y2)
T E€EXy
Y€Vt

(16)

with P (y¢|yt—1,x¢) achieving the minimum and

PMO(zelye-1) = Yuiex,y Pel@elze1) PP (ze-1]ye-1).
Moreover, for a fixed Pi(y:|y:—1,¢), the right hand side
(RHS) of (15) is minimized by

=> pv
T €EXy

whereas for fixed P;(y¢|y:—1), the RHS of (15) is minimized
by

P ytlyt 1 mt\ytq)Pt(ytlytq’xt), (17)

Pi(yelye—1) AP
ZytEyt Pt(yt‘yt—l)At[ t-‘,—l]

where At[ t+1] _ eStPt(It’yt)*RtJrl(DtJrl[yt’PtoJrl]).

Pt(yt|yt71,$t) = (18)

From Lemma 4, substituting (18) into (16) yields:

DSt [yt—lapto] = Z PtMO('rt|yt—1)
ItGXt Y+ EVt

(yt|yt l)At[ t+1]
Zyté% (yt|yt 1)At[ t+1

Lemma 4 provides a parametric model that establishes the
use of a new dynamic version of BAA [18], enabling an AM
scheme between Pi(y:|y:—1,x+) and P(y:|y:—1) at any ¢ €
N{. We now describe the convergence of the offline training
algorithm that approximates the optimal control policy.
Theorem 5: (Offline training algorithm) For each t €
o, consider a fixed source Pj(x:|x;—1), and a given

}Pt(ﬂ%yt)- (19)



PP(x4—1|ys—1) obtained for a fixed Y;_; = y;_1. More-
over, let s; < 0 and P (yt|yt 1) > 0 be the initial

output probability distribution, and let Pt(k+1)(yt|yt_1)
B[P, " (yelye—1)(yelye—1,2¢) and Pt(k+1)(yt|yt717xt)
P[P, ®) (ytlye—1)](yt|ys—1) be expressed as follows

P(k)(yt|yt 1)At[ fo-s-l]

Pt(k+1)(yt|yt—17 !Et) =

nyeyf (yt|yt 1) Ag[ tﬂ]
(20)
B (o) P(k)(yt|yt 1)
> (MM1M4”J NG
TLEX: Zyteyt (yt|yt 1) A t+1]

Then as k — oo, we obtain for any ¢ that
Dy 17Ptovp(k)(yt‘yt 1, %)) = Dg, [ye—1, PY]
I [yt 17Pt 7P( (yt‘yt 17$t)] — Rt(Dst[ytflaPto])

where (Ds, [yt—1, PY], Re(Ds, [y:—1, PP])) denotes a point

on the cost-to-go curve parametrized by s; given
PP(x4—1|ys—1) obtained for a fixed Y;_1 = y;—1 and
Le[ye—1, P2, P2 (yelye—r, w0)] = Z P (24]ye-1)
T1EXt, Yt €Vt
() Pt(k) (Yelyi—1,24)
Py (yelye—1,2¢) | log BN )
P (yelye—1)
+ Rep1(Diylye, Ptoﬂ])) ) (22)
Dilye—1, P2 PP pelyerz)l = > PM(alye)
Tt EXt, Yt EVt
P (yelyr—1, 2e)pe (e, o). (23)

The implementation of Theorem 5 is illustrated in Algorithm
1. The following theorem supplements Algorithm 1 with a
stopping criterion after a finite number of steps.

Theorem 6: (Stopping criterion of Algorithm 1) For each
t € Njj, the point Dy, [y;—1, P7] given by (19) admits the
following bounds

Ri(Ds, [yt—1, PY]) < 5D, [ye—1, P] —

2.

T EX

(Pth’(xth)

fou( Y- Pl 42D

Yt €Vt
= > Piwnlye—1)edyr1](ye) log celye—1](ve),

Yt €Vt
2

Rt(Dst[yt 1,P ])>StDst[yt 17P}

(24)

(PtMowa)

T EXy
foa( Y- Pullyn-1) [P ]) ) = ma o ol o)
Yt E€EVe YeE
(25)

where c:[y:—1](y:) is expressed as a function of fixed y;—1

Z PM xt|yt 1)At[ t+1]
T EX Z’llteyt Pt(yt|yt 1)At[ t_;'_ﬂ

ytl

Algorithm 1 Approximation of the Control Policy Backward
in Time (Offline Training)
Input: {P;(x¢|ri—q1): t€NR}, {s: <0: t NI},
given belief state PP (x:—1|yt—1) € B, € > 0.
1: Initialize {P\” (y,|y,—1) : t € NI}
2. fort=n:1do

3: k<0

4: while TLt [yt 1,P ] TUt [yt 1, Pto] > ¢ do
5: )(yt|yt 1,2¢) + (20)

6 P D (gelye—1) + Q1)

7: Rt(Dt [ytfl, PO]) — (22)

8: k+—k+1

9:  end while

10: end for

Output:

{PF[P)(yelye—1,2¢) : t € NT}, { Py Py
NP Y {R(Ds, [ye—1, PP]) : t € N7 }.

Theorem 6, generates a stopping criterion for Algorithm 1 at
the k-th iteration by setting the estimation error e per stage,
1e TLt[yt 1,P } TUt [yt 1, tOH where

Tu, [y, P2V =Y Pilyelyr—1)eelye—1)(ve) log eelys—1)(ve)
Yt €Vt
Ty, ye—1, PY] = max log c¢[yi—1](y:)-

J(Yelye—1) : t €

Comments on Algorithms 1, 2: Algorithm | approximates
the control policy {P;[P?])(yt|lyt—1,x¢) : t € NP}, the
output distribution {P*[PO](yt\yt_l) : t € N7}, and the
cost-to-go function {R:(Ds, [yt—1,P7]) t € NP} as
functions of the fixed Y;_1 = y;_1, the quantized belief state
PP(x4—1|yt—1) € By, and also the one-step lookahead belief
state PP, (x¢|y;) € By11. After computing these quantities
backward in time, the online Algorithm 2 operates forward in
time to evaluate the cost-to-go and identify the approximate
minimizers of (6). The initial source and output distributions
Py(zo) and Po(yo) at t = 0 are given, yielding the initial
control policy Py(yo|zo) and the corresponding posterior
Py (zo|yo), which initialize belief state P;*(zo|yo). At each
t, the best policy P (yt|y+—1,x+) is determined by following
the best trajectory Py, (x¢|y;) such that

Pttrl(xt‘yt) = arg

>

Yi—1€Ve—1

m
to+1($t|yt)65t+1

Ri(Ds, [ye—1, P;)) Pi(ye—1), V¢t =N3~1, (26)

and eventually the minimum in (6) is approximated. Clearly,
the larger the search space of the finite belief state, the better
the approximation. Ideally, a sufficiently large belief state
space can approximate near-optimally the minimum in (6).

IV. NUMERICAL EXAMPLES

This section provides numerical simulations to support our
theoretical findings that led to Algorithms 1, 2. We assume
binary alphabet spaces {X; = V; = {0,1} : t € N}, with
Hamming distortion metric given by

0,

if z;, =
pe(xe,ye) = p(@e,ye) = {1 e

it o £y VEENE.

27)



Algorithm 2 Forward Computation of the Approximate
Control Policy (Online Computation)
Input: {B;:t € N7} of given {P?(xt—1|yt—1) : t € NI},
outputs of Algorithm 1.
1: Initialize Po(l’o), Po(yo), Pl*(l‘()|yo) = P(1‘0|y0)
2. fort=1:n—-1do
P (xe]ye) < (26)
P (yelyi—1, m1)
Py (ze—alye—1), Pl (ely) | (velye—1, 2e)
5: end for
6: Pp(Ynlyn—1,2n) < P[Py (@n—1|yn—1)](Yn|yt—1,2n)
Output:
{P7 (we-1lye—1) : t € Ng b, {P7 (gelye—1,2¢) : T € Ni},
Rﬁfn](Do,Dh ooy D).

Bl

We consider a belief state P?(x¢—1|y:—1) € By, that consists
of a matrix comprising two “quantized” binary probability
distributions drawn from the continuous space. We denote
with N; each quantization level per ¢, which leads to a
belief state space B; with size |B;| = N7, representing the
combinations of 2 out of NV; quantized binary distributions.

Example 1: (Time-varying binary symmetric Markov
source) The source distribution P;(x¢|z:—1) at each ¢ € N}
is chosen such that for each t, we have

Py(x4|wy 1) = <

1—at Qi
oy 1— oy

), o €(0,1).  (28)

Moreover, we choose the quantization levels {N; = N : t €
N7} and the stagewise Lagrange multipliers {s; = s: t €
Ni}. We demonstrate the results applying Algorithms 1, 2
in Fig. 2 for N = 20, s = —2, and n = 100, whereas Fig.
2b illustrates several time stages selected during backward
computation to verify the convergence of Algorithm 1.

V. CONCLUSION

We derived a non-asymptotic lower bound for a zero-delay
variable-rate lossy source coding system assuming discrete
Markov sources. We derived new structural and convexity
properties of NRDF that helped us cast the problem as an
unconstrained partially observable finite-horizon stochastic
DP and solved it approximately via a novel dynamic AM
scheme to compute the control policy and the cost-to-go
function through an offline training algorithm followed by an
online computation. Our theoretical results are supplemented
with simulation studies.

REFERENCES

[1] E. C. Strinati et al., “Goal-oriented and semantic communication in
6G Al-native networks: The 6G-GOALS approach,” in Joint Euro-
pean Conference on Networks and Communications & 6G Summit
(EuCNC/6G Summit), 2024, pp. 1-6.

[2] C. Shannon, “Coding theorems for a discrete source with a fidelity
criterion,” IRE Conv. Rec., pp. 142-163, 1993.

[3] S. Yiiksel and T. Basar, Stochastic networked control systems: stabi-
lization and optimization under information constraints. Birkhéduser
New York, NY, 2014.

[4] H. S. Witsenhausen, “On the structure of real-time source coders,”

Bell Syst. Tech. J., vol. 58, no. 6, pp. 1437-1451, July 1979.

P. Varaiya and J. Walrand, “Causal coding and control for markov

chains,” Systems & Control Letters, vol. 3, no. 4, pp. 189-192, 1983.

[5

=

0.6
)
© 0.5 1 1.05
£
0.4
2 1.00
@ 03]
o 03
E 0.2+ 0.95
S 014 —— Rate per stage with N =20 g
==0.90
20 40 60 80 100 | 5 10 15 20 25
g o6 15 — alye1=10=0),t=n
g 0.5 /—— Distortion per stage with N =20 C1.10 — cdyrer=1lye=1),t=n
= 105 cdye-1=1lye=0),t=n-1
g g e == 1), t=n—1
c 034 1.00 ———eyr=r="1yr="0}t=n—2
o = = =n-
£ 02 0.95 cdye-1=1lye=1),t=n-2
S — alye-1=1lye=0).t=n-3
B 01 0.90 —— alye-i=1lye=1)t=n-3
o
0 20 40 60 80 100 5 10 15 20 25
Time Iteration k

(a) Stagewise rate & distortion (b) Stagewise convergence
Fig. 2: Illustration of the stagewise rate & distortion and
convergence for the time-varying case.

[6] D. P. Bertsekas, Dynamic programming and optimal control. Athena
Scientific, 2005.

[7] D. Teneketzis, “On the structure of optimal real-time encoders and
decoders in noisy communication,” IEEE Trans. Inf. Theory, vol. 52,
no. 9, pp. 4017-4035, Sep. 2006.

[8] A.Mahajan and D. Teneketzis, “Optimal design of sequential real-time
communication systems,” IEEE Trans. Inf. Theory, vol. 55, no. 11, pp.
5317-5338, 2009.

[9] M. Ghomi, T. Linder, and S. Yiiksel, “Zero-delay lossy coding of
linear vector Markov sources: Optimality of stationary codes and near
optimality of finite memory codes,” IEEE Trans. Inf. Theory, vol. 68,
no. 5, pp. 3474-3488, 2022.

[10] Y. Kaspi and N. Merhav, “Structure theorems for real-time variable rate
coding with and without side information,” IEEE Trans. Inf. Theory,
vol. 58, no. 12, pp. 7135-7153, 2012.

[11] L. Cregg, T. Linder, and S. Yiiksel, “Reinforcement learning for near-
optimal design of zero-delay codes for Markov sources,” IEEE Trans.
Inf. Theory, vol. 70, no. 11, pp. 8399-8413, 2024.

[12] S. Tatikonda, A. Sahai, and S. Mitter, “Stochastic linear control over
a communication channel,” IEEE Trans. Autom. Control, vol. 49, pp.
1549 — 1561, 2004.

[13] C. D. Charalambous, P. A. Stavrou, and N. U. Ahmed, “Nonantici-
pative rate distortion function and relations to filtering theory,” IEEE
Transactions on Automatic Control, vol. 59, no. 4, pp. 937-952, 2014.

[14] A. K. Gorbunov and M. S. Pinsker, “Nonanticipatory and prognostic
epsilon entropies and message generation rates,” Problems Inf. Trans-
miss., vol. 9, no. 3, pp. 184-191, July-Sept. 1972.

[15] T. Tanaka, K. K. K. Kim, P. A. Parrilo, and S. K. Mitter, “Semidefinite
programming approach to Gaussian sequential rate-distortion trade-
offs,” IEEE Trans. Autom. Control, vol. 62, no. 4, pp. 1896-1910,
April 2017.

[16] P. A. Stavrou, J. @stergaard, and C. D. Charalambous, “Zero-delay
rate distortion via filtering for vector-valued Gaussian sources,” IEEE
J. Sel. Topics Signal Process., vol. 12, no. 5, pp. 841-856, Oct 2018.

[17] P. A. Stavrou, M. Skoglund, and T. Tanaka, “Sequential source coding
for stochastic systems subject to finite rate constraints,” IEEE Trans.
Autom. Control, vol. 67, no. 8, pp. 3822-3835, 2022.

[18] R.E. Blahut, Principles and practice of information theory. Addison-
Wesley Longman Publishing Co., Inc., 1987.

[19] J. L. Massey, “Causality, feedback and directed information,” in Proc.
Int. Symp. Inf. Theory Appl., Nov. 27-30 1990, pp. 303-305.

[20] P. A. Stavrou, T. Charalambous, C. D. Charalambous, and S. Loyka,
“Optimal estimation via nonanticipative rate distortion function and
applications to time-varying Gauss-Markov processes,” SIAM J. on
Control Optim., vol. 56, no. 5, pp. 3731-3765, 2018.

[211 P. A. Stavrou, C. D. Charalambous, and C. K. Kourtellaris, “Infor-
mation nonanticipative rate distortion function and its applications,”
arxiv.org, 2014.

[22] C. D. Charalambous and P. A. Stavrou, “Directed information on
abstract spaces: Properties and variational equalities,” IEEE Trans. Inf.
Theory, vol. 62, no. 11, pp. 6019-6052, Nov 2016.

[23] A. K. Gorbunov and M. S. Pinsker, “Prognostic epsilon entropy of a
Gaussian message and a Gaussian source,” Problems Inf. Transmiss.,
vol. 10, no. 2, pp. 93-109, Apr.-June 1972, translation from Problemy
Peredachi Informatsii, vol. 10, no. 2, pp. 5--25, April-June 1974.

[24] S. Boyd and L. Vandenberghe, Convex Optimization. New York, NY,
USA: Cambridge University Press, 2004.

[25] D. Bertsekas, Reinforcement learning and optimal control.
Scientific, 2019.

Athena



