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Secure Rate-Splitting Multiple Access Transmissions in LMS Systems
Minjue He, Hui Zhao, Xiaqing Miao, Shuai Wang, and Gaofeng Pan

Abstract—This letter investigates the secure delivery perfor-
mance of the rate-splitting multiple access scheme in land mobile
satellite (LMS) systems, considering that the private messages
intended by a terminal can be eavesdropped by any others
from the broadcast signals. Specifically, the considered system
has an N -antenna satellite and numerous single-antenna land
users. Maximum ratio transmission (MRT) and matched-filtering
(MF) precoding techniques are adopted at the satellite separately
for the common messages (CMs) and for the private messages
(PMs), which are both implemented based on the estimated
LMS channels suffering from the Shadowed-Rician fading. Then,
closed-form expressions are derived for the ergodic rates for
decoding the CM, and for decoding the PM at the intended user
respectively, and more importantly, we also derive the ergodic
secrecy rate against eavesdropping. Finally, numerical results are
provided to validate the correctness of the proposed analysis
models, as well as to show some interesting comparisons.

Index Terms—Ergodic rate, land mobile satellite system,
Shadowed-Rician fading, and rate splitting multiple access

I. INTRODUCTION

AS land mobile satellite (LMS) systems are inherently
typical multi-user systems, realizing robust multi-user

access and interference management in LMS is vital for pro-
viding the expected quality of service [1]. Relying on the rate-
splitting principle, rate-splitting multiple access (RSMA) has
been recently proposed and regarded as a promising multiple
access, interference management, and multi-user scheme in the
broader communication community [2], [3]. Therefore, consid-
erable research has been conducted to study the performance
of integrating RSMA with LMS systems regarding transmis-
sion sum rate [4]–[6], max-min fairness [7], and unmet system
capacity [8]. Specifically, Refs. [5]–[8] adopted RSMA for
satellite-terrestrial communications, while RSMA was adopted
for unmanned aerial vehicle-terrestrial transmission in [4].

Information security issues can not be ignored in LMS
systems. Because signals are delivered in such large-scale
transmission space, it leads to the increased eavesdropping
probability for malicious receivers located in the coverage
space of the satellite. However, none of the aforementioned
works has studied the secrecy performance of applying RSMA
in satellite-terrestrial communication systems. Though a secure
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beamforming scheme was proposed for RSMA-based cogni-
tive satellite-terrestrial networks in the presence of multiple
eavesdroppers [9], RSMA only worked in cognitive terrestrial
systems, not in satellite-terrestrial transmissions.

To the best of the authors’ knowledge, no studies have
been found to investigate the secrecy performance of RSMA
in LMS systems. This letter considers a typical LMS system
consisting of a satellite delivering both the common messages
(CMs) and the private messages (PMs) simultaneously to
multiple terrestrial terminals under the RSMA scheme to
improve transmission performance. It is obvious that each
terrestrial terminal can eavesdrop on the PMs intended by any
others from the received signal. In this letter, by integrating
the analytical methods in [10]–[13], we derive closed-form
expressions for the ergodic rates for decoding the CM and for
decoding the PM at the intended user respectively, as well as
derive the ergodic secrecy rate against eavesdropping1.

II. SYSTEM MODEL

This work considers a typical LMS system consisting of a
satellite transmitting information to multiple terrestrial termi-
nals via the RSMA scheme and that each terrestrial terminal
can eavesdrop on the PMs intended by any other users from
the received signal. Some assumptions are made as follows.

• An N -antenna satellite communicates with K single-
antenna land users using RSMA technique. The maxi-
mum ratio transmission (MRT) is adopted for the CMs,
denoted by xc with unit-power, while the matched-
filtering (MF) precedes the PMs to the K users
(x1, x2, · · · , xK), where xk (k ∈ [K]) with unit-power
is the PM intended by the k-th user.

• The satellite-terrestrial channels are modelled as indepen-
dent identically distributed (i.i.d) Shadowed-Rician (SR)
fading channels [14], whose statistics are determined by
m, b, and Ω. We use SR(m,Ω, b) to denote a specific
SR fading channel. Specifically, the SR channel gain is
h = h(l) + h(s), where h(l) ∼ Nakagami(m,Ω) mod-
els the line-of-sight component, and h(s) ∼ CN (0, 2b)
models the scatter component.

• The downlink channel training is perfect at the receivers,
while the channel feedback to the satellite appears some
errors, i.e., imperfect channel state information (CSI) at

1Notations. We use C to denote the complex number set. For an integer
K > 0, [K] ≜ {1, 2, · · · ,K}. IL is L × L identity matrix, while 0L

denotes the L×1 vector with all elements equaling zero. Nakagami(m,Ω),
N (0, σ2) and CN (0, σ2) denote the Nakagami-m distribution with the shape
parameter m and the spread parameter Ω, the normal distribution with zero-
mean and the variance σ2, the complex normal distribution with zero-mean
and the variance σ2 respectively. For a matrix A, we use AT , A∗ and AH

to denote the non-conjugate transpose, the conjugate part and the conjugate
transpose of A respectively. E{·} and Tr{·} denote the average and trace
operators respectively. | · | and || · || denote the magnitude of a complex
number and the norm-2 operator respectively.
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the transmitter [3], [10]. For the maximum likelihood
(ML) estimator in TDD training and for the actual chan-
nel vector h ∈ CN×1, the ML estimate at the satellite is
ĥ = h+ h̃, where h̃ ∼ CN (0N , σ2

eIN ) results from the
additive white Gaussian noise (AWGN) during the CSI
estimation, and which is independent of h [15], [16].

Given the precoding matrix W = [wc,w1,w2, · · · ,wK ] ∈
CN×(K+1) and the RSMA power-splitting diagonal matrix
P = Diag(

√
ρ,
√
ρ̄,
√
ρ̄, · · · ,

√
ρ̄) ∈ C(K+1)×(K+1) where

ρ̄ ≜ 1 − ρ and ρ ∈ [0, 1] is responsible for power splitting
between CMs and PMs, the transmitted signal is

s =
√
αWPx =

√
αρwcxc +

∑K

i=1

√
αρ̄wixi, (1)

where α is responsible for the power normalization averaged
over signal symbols and channel realizations under the average
power constraint Pt. Specifically, α = Pt

E{Tr{WHWP2}} .2 The
received signal at the k-th user can be expressed as

yk =
√
αρhT

kwcxc +
∑K

i=1

√
αρ̄hT

kwixi + nk, (2)

where hk∈CN×1 denotes the channel vector from the satellite
to the k-th user, and nk∼CN (0, σ2

k) denotes the AWGN.
At the user side, after perfectly removing the CM xc using

the Successive Interference Cancellation (SIC) technique [10],
the received signal at the k-th user becomes

y
(p)
k =

√
αρ̄hT

kW
(p)x(p) + nk, (3)

where x(p) ≜ [x1, x2, · · · , xK ] ∈ CK×1 and W(p) ≜
[w1,w2, · · · ,wK ] ∈ CN×K .

A. Performance Metrics

The sum rate can be calculated by Rsum = R(c) +∑K
k=1 R

(p)
k , where R(c) = min

{
R

(c)
1 , R

(c)
2 , · · · , R(c)

K

}
is the

rate for the CM, R(c)
k is the rate for the CM at the k-th user,

and R
(p)
k is the rate for the PM intended by the k-th user.

As imperfect CSI is assumed, the delay-tolerant transmis-
sion is considered3. Thus, sending the CMs and the kth PM at
ergodic rates given by R̄

(c)
k = E{R(c)

k } and R̄
(p)
k = E{R(p)

k },
respectively, guarantees successful decoding by the k-th user
[3]. Accordingly, the ergodic sum rate can be evaluated by

R̄sum = E{Rsum} = min
j∈[K]

{
R̄

(c)
j

}
+
∑K

k=1
R̄

(p)
k . (4)

In this work, we are also interested in the particular vul-
nerabilities of RSMA to eavesdropping. In this model, the
eavesdropper can be any user, i, in the system trying to decode
the k-th PM by a) exploiting the CM together with the leakage
caused by imperfect CSI, and b) the leakage caused by the

2It is easy to check that E{||s||2} = αE{xHPWHWPx} =
αE{Tr{WHWPxxHP}}=αTr{E{WHW}PE{xxH}P} = Pt.

3In delivering videos from a geosynchronous (GEO) satellite, the land user
can have a cache or buffer to store some video content for up to several
minutes in order to have a seamless viewing when decoding the received
signals from the GEO [17]. Therefore, the processing delay of advanced
channel coding and signal regeneration in low SNR is acceptable in this case.

MF precoding4. Therefore, the ergodic secrecy rate can be
defined as R̄

(s)
k = E

{[(
R(c) +R

(p)
k

)
−maxi∈[K],i̸=k

{
R(c) +

R
(p)
i→k

}]+}
= E

{[
R

(p)
k − maxi∈[K],i̸=k

{
R

(p)
i→k

}]+}
, where

[x]+ ≜ max(x, 0), and R
(p)
i→k is the rate at which user i

can decode the k-th PM. To ease the calculation, a tight
approximation is proposed in [10, Appendix F], as

R̄
(s)
k ≈ R̃

(s)
k ≜

[
R̄

(p)
k − max

i∈[K],i̸=k

{
R̃

(p)
i→k

}]+
, (5)

where R̃
(p)
i→k ≜ log2

(
1 + E

{
γ
(p)
i→k

})
is the upper-bound of

R̄
(p)
i→k after using the Jensen’s inequality.

B. MRT-MF Precoding
MRT is implemented for the common stream, and MF pre-

coding is applied for the private streams. Thus, the precoding
vector for the CM is wc =

∑K
i=1 ĥ

∗
i , where ĥi ∈ CN×1

is the ML estimate of the actual channel vector hi. Specif-
ically, the ϑ-th element in ĥi (denoted by ĥi(ϑ)) follows
SR(mi,Ωi, bi + σ2

ei/2) for any i ∈ [K] and ϑ ∈ [N ].
The MF precoder based on the estimated channel is W(p) =[

ĥ∗
1, ĥ

∗
2, · · · , ĥ∗

K

]
∈ CN×K . In the following, we will derive

the power normalization factor α for the proposed precoding
scheme. Before that, we define two parameters as follows

Bi ≜ E{|ĥi(ϑ)|2} = 2bi + σ2
ei +Ωi, (6)

Ci ≜ E{ĥi(ϑ)} =
Γ(mi +

1
2 )

Γ(mi)

√
Ωi

mi
. (7)

Now, we can present the expression for α in Proposition 1.

Proposition 1. Under the proposed MRT-MF precoding
scheme designed for the estimated SR channel, the power
normalization factor α in (1) takes the form

α =
Pt

N
∑K

i=1 Bi + ρN
∑K

i=1

∑K
j=1,j ̸=i CiCj

. (8)

Proof. By considering the designed wc and W(p) and after
some simple mathematical manipulations, we can have that

E{Tr{WHWP2}} = ρE
{
||wc||2

}
+ ρ̄N

∑K

i=1
Bi. (9)

As for E
{
||wc||2

}
, we can further have that

E
{
||wc||2

}
= E

{∑K

j=1
ĥT
j

∑K

i=1
ĥ∗
i

}
=
∑K

i=1
E
{
||ĥ∗

i ||2
}
+
∑K

i=1

∑K

j=1,j ̸=i
E
{
ĥT
j

}
E
{
ĥ∗
i

}
(a)
= N

∑K

i=1
Bi +N

∑K

i=1

∑K

j=1,j ̸=i
CiCj , (10)

where (a) follows from considering the definitions of Bi and
Ci. Combining (9) and (10) finally yields (8), which concludes
the proof. ■

4As indicated in [18], ZF often outperforms MRT for multi-user multicas-
ting in the massive MIMO regime that we are interested in. This leads to the
fact that the optimal ρ in RSMA often equals zero under MRT-ZF precoding in
massive MIMO. It is worth noting that MRT-MMSE holds similar conclusions
according to our simulation results, which are removed due to space limitation,
and which will be deeply investigated in our future work. In contrast, MRT-
MF allows us to pick up a non-zero ρ to achieve higher throughput than
conventional MF (cf. Fig. 3). Moreover, MF is simple for implementation
and its performance is as good as MMSE in low SNR [11]–[13]. Thus, MRT-
MF suits the low-SNR-governed LMS system in the massive MIMO regime.
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yk=
√
αρhT

k

(∑K

i=1
h∗
i

)
xc+

√
αρhT

k

(∑K

i=1
h̃∗
i

)
xc+

∑K

i=1

√
αρ̄hT

k h
∗
i xi +

∑K

i=1

√
αρ̄hT

k h̃
∗
i xi + nk. (12)

R̄
(c)
k

•

≈ R̃
(c)
k ≜ log2

1 + αρ
Dk +

∑K
i=1,i̸=k

(
2Fi,k + Ek,i

)
+
∑K

i=1,i̸=k

∑K
j=1,j ̸=k,i Gi,k,j +NAk

∑K
i=1 σ

2
ei

σ2
k + αρ̄

(
Dk +

∑K
i=1 σ

2
eiNAk +

∑K
i=1,i̸=k Ek,i

)
 . (14)

III. PERFORMANCE ANALYSIS

Before presenting the main results, we define some param-
eters for any k, i, j ∈ [K] and k ̸= i ̸= j, as follows

Dk ≜ E
{
||hk||4

}
, Ek,i ≜ E

{
|hT

k h
∗
i |2
}
,

Fi,k ≜ E
{
hT
i h

∗
k||hk||2

}
, Gi,k,j ≜ E

{
hT
i h

∗
kh

T
k h

∗
j

}
, (11)

and the expressions for them are derived in Lemma 1.

Lemma 1. The closed-form expressions for Dk, Ek,i, Fi,k

and Gi,k,j respectively take the forms

Dk = N
(
4b2k + 4bkΩk +

Ω2
k

mk

)
+N2A2

k,

Ek,i = NAkAi +N(N − 1)C2
kC

2
i ,

Fi,k=NCi

(
Γ(mk + 3/2)

Γ(mk)

(Ωk

mk

) 3
2

+3bkCk+Ck(N − 1)Ak

)
,

Gi,k,j = NCiCj

(
Ak + (N − 1)C2

k

)
,

where Ak≜E{|hk(ϑ)|2}=2bk+Ωk for k ∈ [K] and ϑ ∈ [N ].

Proof. See Appendix I. ■

A. Ergodic Rate for Decoding CMs
By using the relationship between the actual channel and

the estimated channel, we can derive the received signal for
decoding CMs in (2) under the proposed MRT-MF precoding
scheme as (12), shown at the top of this page, and therefore,
the SINR for decoding xc at the k-th user takes the form

γ
(c)
k =

αρ
∣∣hT

k

(∑K
i=1 h

∗
i

)∣∣2 + αρ
∑K

i=1 σ
2
ei ||hk||2

σ2
k + αρ̄

∑K
i=1

(
σ2
ei ||hk||2 + |hT

k h
∗
i |2
) . (13)

Now, we present the first main result for the ergodic rate
for decoding the CMs in RSMA-aided LMS systems.

Theorem 1. Under the proposed MRT-MF precoding scheme
based on the estimated satellite-terrestrial channel, the ergodic
rate for decoding the CM at the k-th user takes the form in
(14), as shown at the top of this page, where

•

≈ represents that
the derived approximation converges to R̄

(c)
k as N → ∞ and

K → ∞.

Proof. Based on the SINR in (13), the ergodic rate for
decoding the CMs at the k-th user takes the form R̄

(c)
k =

E
{
log2

(
1 + γ

(c)
k

)}
. According to [11, Lem. 1], we can

approximate R̄
(c)
k as

R̄
(c)
k

•

≈ log2

1 + αρE
{∣∣∣hT

k

K∑
i=1

h∗
i

∣∣∣2 + K∑
i=1

σ2
ei ||hk||2

}
σ2
k + αρ̄

K∑
i=1

E
{
σ2
ei ||hk||2 + |hT

k h
∗
i |2

}
 , (15)

where the gap between R̄
(c)
k and R̃

(c)
k decreases as N and K

increases [11], [12]. For the useful signal power for decoding
in (15), we can have that

E
{∣∣hT

k

∑K

i=1
h∗
i

∣∣2} = E
{∣∣hT

k h
∗
k +

∑K

i=1,i̸=k
hT
k h

∗
i

∣∣2}
= E

{
||hk||4

}
+
∑K

i=1
i ̸=k

∑K

j=1
j ̸=k,i

E
{
hT
i h

∗
kh

T
k h

∗
j

}
+ 2

∑K

i=1
i ̸=k

E
{
hT
i h

∗
k||hk||2

}
+
∑K

i=1
i̸=k

E
{
hT
i h

∗
kh

T
k h

∗
i

}
.

We can easily derive (14) by using Lemma 1 into the equation
above and into (15), which concludes the proof. ■

B. Ergodic Rate for Decoding PMs

After removing the CM via SIC, the received signal at the
k-th user in (12) becomes y

(p)
k =

√
αρ̄hT

k (h
∗
k+ h̃∗

k)xk+nk+√
αρ̄
∑K

i=1,i̸=k h
T
k (h

∗
i + h̃∗

i )xi. The SINR for decoding xk at
the k-th user takes the form [3], [10]

γ
(p)
k =

αρ̄||hk||4 + αρ̄||hk||2σ2
ek

σ2
k + αρ̄

∑K
i=1,i̸=k

(
|hT

k h
∗
i |2 + ||hk||2σ2

ei

) . (16)

In Theorem 2, we derive a tight approximation for the
ergodic rate for decoding the PM intended by the k-th user.

Theorem 2. Under the proposed MRT-MF precoding scheme,
a tight approximation for R̄

(p)
k takes the form R̄

(p)
k

•

≈ R̃
(p)
k ,

where R̃
(p)
k is given by

R̃
(p)
k ≜ log2

(
1+

αρ̄Dk + αρ̄σ2
ek
NAk

σ2
k+αρ̄

∑K
i=1
i ̸=k

(
Ek,i + σ2

eiNAk

)), (17)

and where
•

≈ represents that the derived approximation con-
verges to R̄

(p)
k as N → ∞ and K → ∞, and where Ak, Dk

and Ek,i are respectively given in Lemma 1.

Proof. The proof is similar to that of Theorem 1. ■

C. Ergodic Secrecy Rate

Based on the RSMA principle, user i detects first the CM
and his own PM, then removes them using SIC to eavesdrop
on the k-th PM. Accordingly, the received signal at user i

to detect the k-th PM is y
(p)
i→k =

√
αρ̄hT

i (h
∗
k + h̃∗

k)xk +√
αρ̄
∑K

j=1,j ̸=k,i h
T
i (h

∗
j + h̃∗

j )xj + ni. Then, the SINR for
decoding xk at the i-th user is

γ
(p)
i→k=

αρ̄
(
|hT

i h
∗
k|2 + σ2

ek
||hi||2

)
σ2
i + αρ̄

∑K
j=1,j ̸=k,i

(
|hT

i h
∗
j |2 + σ2

ej ||hi||2
) . (18)
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Proposition 2. In low SNR, we can tightly approximate the
upper-bound R̃

(p)
i→k in (5) as5

R̃
(p)
i→k ≈ log2

(
1+

αρ̄
(
Ei,k + σ2

ek
NAi

)
σ2
i + αρ̄

∑K
j=1,j ̸=k,i

(
Ei,j + σ2

ejNAi

)).
(19)

Proof. As proposed in [13], for a random variable X with
a finite variance Var{X}, we have that Y = cX is near
deterministic (“nearly all” random variables close to the mean)
as c goes to zero. This is can be easily verified by using the
Chebyshev’s inequality. For an arbitrary ϵ > 0, we have that
Pr
{∣∣Y −E{Y }

∣∣ ≥ ϵ
}
≤ c2Var{X}

ϵ2 −→ 0, as c → 0. Therefore,
for a fixed ϵ > 0, Y converges to E{Y } as c → 0 [13]. By
using this approximation method, for α → 0 (i.e., low SNR)
in (18), we have that

α
∣∣hT

i h
∗
k

∣∣2 ≈ αE
{∣∣hT

i h
∗
k

∣∣2} = αEi,k, (20)

α
∣∣hT

i h
∗
j

∣∣2 ≈ αE
{∣∣hT

i h
∗
j

∣∣2} = αEi,j , (21)

α||hi||2 ≈ αE{||hi||2} = αNAi. (22)

Applying (20)–(22) in (18) and then considering that R̃(p)
i→k =

log2
(
1+E

{
γ
(p)
i→k

})
, finally yields (19) . ■

Theorem 3. Under the proposed MRT-MF precoding scheme
and in low SNR, the tight bound in (5) for the ergodic secrecy
rate for the k-th user against eavesdropping from other users
can be approximated as

R̃
(s)
k ≈

[
R̃

(p)
k − max

i∈[K],i̸=k

{
R̃

(p)
i→k

}]+
, (23)

where R̃
(p)
k and R̃

(p)
i→k are given in (17) and (19) respectively.

Proof. We can easily obtain (23) by using Theorem 2 and
Proposition 2 in (5). ■

IV. NUMERICAL RESULTS

We proceed to numerically demonstrate the accuracy of the
derived expressions. To ease the simulation, we assume that
the land users are statistically symmetric, i.e., σ2

k = σ2, mk =
m, bk = b and Ωk = Ω for any k ∈ [K]. In the imperfect
CSI model, we consider that the CSI quality is allowed to be
scaled with the SNR ≜ Pt/σ

2, where σ2 is normalized to 1 for
simplicity. For that, σ2

ek
= (SNR ·L)−1, as suggested in [16],

where L is the number of training symbols. In the numerical
results, we consider three typical shadowing scenarios in the
LMS channels [14], as listed in the following table.

Shadowing Scenarios m b Ω

Frequent Heavy Shadowing (FHS) 0.739 0.063 8.97× 10−4

Overall Results (ORs) 5.21 0.251 0.278

Average Shadowing (AS) 10.1 0.126 0.835

In Fig. 1, we plot the ergodic sum rate versus SNR with
different CSI estimation accuracies in AS. It is easy to see
that the ergodic sum rate becomes larger as L increases in

5It is intractable to derive an exact expression for R̃
(p)
i→k from which we

can draw some useful insights. For that, we are interested in a simple but
tight approximation in low SNR by following the proposed method in [13].
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the low to medium SNR region, while the rates converge in
the high SNR region. This is because the estimation error
variance σ2

ek
= (SNR · L)−1 decreases as SNR increases,

which finally leads to a marginal impact of estimation errors
on the transmission performance when the SNR is sufficiently
large.

Fig. 2 plots the ergodic secrecy rate versus SNR for serving
different numbers of land users in FHS. It is obvious that the
secure performance is improved as K decreases due to fewer
potential eavesdroppers. In Figs. 1–2, both the ergodic sum
rate and the ergodic secrecy rate are monotonically increasing
with SNR, but they almost remain unchanged when the SNR is
sufficiently large, as the MF precoder is interference-limited.

In RSMA, we are particularly interested in how the power-
splitting factor ρ affects both the ergodic sum rate and the
ergodic secrecy rate. Fig. 3 presents not only the ergodic sum
rate versus ρ but also how the ergodic secrecy rate changes
with ρ in ORs. In Fig. 3, the ergodic sum rate first increases
up to a peak point, after which it decreases as ρ increases.
In contrast, the ergodic secrecy rate is always monotonically
decreasing with ρ. It is also worth noting that apart from
boosting both the ergodic sum rate and the ergodic secrecy
rate, a larger scale of antennas also makes the ergodic secrecy
rate decrease slowly. This implies that multiple antennas play
an important role in improving the tradeoff between the
ergodic sum rate and the ergodic secrecy rate in RSMA.

Last but not least, from the presented numerical results,
we can easily observe that the derived expressions provide



IEEE COMMUNICATIONS LETTERS 5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ρ

5

6

7

8

9

10

11

12
E
rg
o
d
ic

S
u
m

R
at
e
[b
it
s/
s/
H
z]

N = 128 Simulation
N = 512 Simulation
Analysis

0 0.2 0.4 0.6 0.8 1

0

0.5

1

E
rg
o
d
ic

S
ec
re
cy

R
at
e

Fig. 3. R̄sum and R̄
(s)
k vs. ρ for K = 6, SNR = 0 dB and L = 10 in ORs

good approximations of the real performance in the considered
RSMA-aided LMS system, even for not-so-large K and N .

V. CONCLUSIONS

We have investigated the delivery performance of RSMA in
LMS systems. Specifically, we have derived simple but tight
approximations for the ergodic rates for decoding the CM and
for decoding the PM at the intended user respectively. More
importantly, we have also analyzed the secrecy performance of
the considered RSMA-aided LMS system by deriving a tight
approximation for the secrecy ergodic rate.
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APPENDIX I: PROOF OF LEMMA 1
As hk ∼ SR(mk,Ωk, bk), we can have that

Dk = E
{
||hk||4

}
= E

{ N∑
i=1

|hk(i)|2
N∑
j=1

|hk(j)|2
}

=

N∑
i=1

E
{
|hk(i)|4

}
+

N∑
i=1

N∑
j=1,j ̸=i

E
{
|hk(i)|2

}
E
{
|hk(j)|2

}
,

which yields Dk in Lemma 1 by using [19, Prop. 5.1].
For Ek,i, we have that Ek,i = E

{
Tr{h∗

kh
T
k h

∗
ih

T
i }
}

=
Tr
{
E{h∗

kh
T
k }E{h∗

ih
T
i }
}
, which yields Ek,i in Lemma 1.

For Fi,k, we have that

Fi,k =
∑N

ϑ=1
E{hi(ϑ)}E

{
h∗
k(ϑ)

∑N

ℓ=1
|hk(ℓ)|2

}
, (24)

where

E
{
h∗
k(ϑ)

∑N

ℓ=1
|hk(ℓ)|2

}
= E{h∗

k(ϑ)|hk(ϑ)|2}+ E
{
h∗
k(ϑ)

∑N

ℓ=1,ℓ̸=ϑ
|hk(ℓ)|2

}
= E{h∗

k(ϑ)|hk(ϑ)|2}+ Ck(N − 1)Ak. (25)

We can write hk(ϑ) as hk(ϑ) = Z +X + ȷY , where Z,X, Y
are independent. Specifically, Z ∼ Nakagami(mk,Ωk), while
X,Y ∼ N (0, bk). We have that

E{h∗
k(ϑ)|hk(ϑ)|2} = E{(Z +X − ȷY )((Z +X)2 + Y 2)}

= E{Z3 + 3X2Z}+ E{Z +X}E{Y 2}

=
Γ(mk + 3

2 )

Γ(mk)

(Ωk

mk

)3/2
+ 3bkCk. (26)

Combining (24)–(26) yields Fi,k in Lemma 1.
Finally, Gi,k,j = Tr

{
E
{
h∗
kh

T
k

}
E
{
h∗
j

}
E
{
hT
i

}}
, which

easily yields Gi,k,j in Lemma 1.
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